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Conventions

Throughout the book, we adopt the following conventions:

* A complex space is not necessarily Hausdorff or paracompact/o-compact;
+ Given a complex space X, C°(X) is the space of continuous functions X — C
endowed with the compact-open topology.
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Chapter 1
Preliminaries
Wir wissen nicht, was Mathematik ist. Aber was gute

Mathematik ist, das wissen wir.
— Reinhold Remmert”

¢ Reinhold Remmert (1930-2016) was one of the central figures
of the Miinster school in several complex variables. A student
of Heinrich Behnke, he worked at the meeting point of function
theory, Stein theory, and the new language of complex analytic
spaces. Together with Hans Grauert, he helped establish complex
spaces as a natural category for analytic geometry; the Grauert—
Remmert theory made local analytic algebras, coherent sheaves,
and finite analytic maps part of the basic vocabulary of the subject.

1.1 General topology

Lemma 1.1.1 Let f: X — Y be a quasi-finite, open and continuous map between
compact Hausdorff spaces. Assume that Y is connected. Then X has only finitely
many connected components.

Recall that a map of sets f: X — Y is quasi-finite if for any y € Y, the inverse image
£~ () is a finite set.

Proof 1f X = @, there is nothing to prove. Let C C X be a connected component.
We claim that

f(€)=v.

Assume this for the moment. Then for any y € Y, each connected component C of X
meets the finite set ! (y), and hence X has at most #£~! () connected components.

It remains to prove the claim. Choose ¢ € C. Suppose, by contradiction, that there
exists y € Y\ f(C). Since f~!(y) is finite, write

fﬁl(y) = {xlv"'rxn}’

where each x; ¢ C.

For eachi = 1,...,n, since X is compact Hausdorff, the connected component
of ¢ coincides with the quasi-component of ¢. Hence there exists a clopen subset
A; C X such that

cEA;, x; ¢ A;.

Since A; is clopen and contains c, it contains the whole connected component C. Set

n
A= ﬂAi.
=1

13
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Then A is clopen, C C A, and y ¢ f(A). Since A is compact and Y is Hausdorff,
f(A) is closed in Y. Since f is open, f(A) is also open in Y. Moreover f(A) is
non-empty. Thus f(A) is a non-empty clopen subset of the connected space Y, so
f(A) =Y, a contradiction. O

Lemma 1.1.2 Let E be a compact Hausdorff space, let U C E be open, and let
K € U be a connected component of U. Assume that K is compact. Then K is a
connected component of E.

Proof Let C be the connected component of E containing K. We show that C = K.
Since E is compact Hausdorfl, it is normal. As K is compact and U is an open
neighborhood of K, there exists an open subset V C E such that

KCcvVcVcU.

Put L = V. Then L is compact HausdorfF.
We first claim that K is a connected component of L. Indeed, if T C L is a
connected subset meeting K, then

TCLCU.

Since K is a connected component of U, we must have T C K. Thus K is a connected
component of L.

In a compact Hausdorff space, connected components coincide with quasi-
components. Hence, for every point x € L \ K, there exists a clopen subset W, C L
such that

K c W, x & W,y

Apply this to the compact subset L \ V € L \ K. The open subsets L \ W, cover

L\ 'V, so we may choose xy, ...,x, € L\ V such that
m
L\V | L\ W)
v=1
Set

W = ﬂ Wy, .
v=I

Then W is clopen in L, and
KCcwcVv.

Since L is closed in E, the subset W is closed in E. Moreover,asV C Land W C V,
we have
W=Vn(E\(L\W)),

so W is also open in E. Hence W is clopen in E.
The connected component C of E meets W, since K € CNW. As W is clopen in
E, connectedness of C gives
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Ccwclu.

But C is a connected subset of U meeting the connected component K of U. Hence
C C K. Since K C C by definition of C, we get C = K. O

Lemma 1.1.3 Let {f;: X; — Y;}icq be a family of continuous maps between topo-
logical spaces, and assume that X; # @ for all i € 1. Consider the product map

f:]_[fi: l_[Xi—>l_[I/i.
iel iel iel
Then the following are equivalent:

(1) The image f(I1;c; X:) is dense in [1;¢; Y;.
(2) Foreveryi € I, the image f;(X;) is dense in Y;.

Proof (1) = (2).Fixi € I,andlet p;: [];¢; Y; — Y be the projection. Then
pilF( ] X)) = fi(X0.
J

Since p; is continuous, we have

7O =pi(r( [x0) 2 mile ([ [ x0) =pi( [ ]15) =72
J j j

hence f;(X;) is dense in ¥;.
(2) = (1).LetU C [];¢; ¥ be a nonempty basic open set. Then

U= [_[ uU;,
iel

where each U; C Y; is open and U; = Y; for all but finitely many i. Let F C [ be the
finite set of indices such that U; # Y;.

For each i € F, since f;(X;) is dense in ¥;, we can choose x; € X; such that
fi(x;) € U;. Fori ¢ F, choose any x; € X; (possible since X; # @). Then

f((xi)iel) ev.
Thus every nonempty basic open set intersects f([]; X;), which proves that f(]; X;)
is dense in []; Y;. O

Lemma 1.1.4 Let f: X — Y be a continuous, surjective and open map of topologi-
cal spaces. Then for every subset S C Y, one has

FF1s)) =S. (1.1)

Proof We first prove the C direction in (1.1). Since f is continuous, we have

1S < £719).
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Applying f and using the surjectivity, we get C.
Conversely, let y € S. Since f is surjective, there exists x € X such that f(x) = y.

We claim that x € f~1(S).
Let U C X be an open neighborhood of x. Since f is open, f(U) is an open
neighborhood of y in Y. Since y € S, we have

f{UNS 2.
Choose s € f(U) N'S. Choose u € U such that f(u) = s. Thenu € f~(S). Thus
Uun f~1(S) # @.
We conclude the proof. O

Lemma 1.1.5 Let (X;, ¢ij)i<j, i,jen be a cofiltered inverse system of topological
spaces. Let
X =lim Xi
—
12

be the inverse limit in the category of topological spaces, and denote by p;: X — X;
the canonical projections. Then for every subset S C X and every x € X, the
following are equivalent:

(D xes;
(2) pi(x) € p;(S) for everyi € N.
Proof Since each projection p;: X — X; is continuous, we have p;(S) C p;(S).
Therefore, 3
Sc(pi'(pi()).
ieN

Conversely, let

x e ()7 (pi(S)).

ieN

We show that x € S. Let U C X be an open neighborhood of x. By the definition of
the inverse limit topology, there exist indices

I1y...,im €N

and open neighborhoods U;, € X;, of p;, (x) such that
m
x € ﬂp;k‘(Uik) cu.
k=1

Let
N =max{iy,...,im}

For each k, we have
Dix = PixN °DPN-
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Define the open neighborhoods
m
VN = ﬂ Qﬂi_klN(Uik) C Xy
k=1

of pn (x). Since py (x) € pn (S), there exists s € S such that py (s) € V.
It follows that for every &,

Pic(s) = oin (PN (5)) € Ui,

Hence,
s € ﬂpil(Uik) cu.
k=1
Thus U N S # @. Since U was arbitrary, x € S. O

Lemma 1.1.6 Let (Y;,7ji)ier be a cofiltered inverse system of topological spaces,
and let Y be the inverse limit of the system. Let X be a topological space, and suppose
that f;: X — Y; is a compatible family of continuous maps, inducing f: X — Y.
Assume that for every i € I, the image f;(X) is dense in Y;. Then f(X) is dense inY.

Proof 1t suffices to show that every nonempty basic open subset of ¥ meets f(X).
A basic open subset of Y is of the form

Y[\ py (W),
k=1

where i, ...,i, € I,each Uy CY; isopen, and p;: Y — Y; denotes the projection.
Since [ is filtered, choose j € I with j > iy for all k. Then

n
Y ) pi (W) = pi' V),
k=1

where .,
V=) a0 < ¥y
k=1
If the original basic open set is nonempty, then V' is a nonempty open subset of Y.
Since f;(X) is dense in Y}, there exists x € X such that f;(x) € V. By compatibility,
this implies f;, (x) € Ux forall k = 1,...,n. Hence f(x) lies in the given basic open
subset of Y. Therefore f(X) is dense in Y. O

Lemma 1.1.7 Let (X;);e; be a cofiltered inverse system of topological spaces, and
let
X =lim X[
—
iel

with projections p;: X — X;. Let Y C X be a closed subset, and set
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Yi=pi(Y)CX;
with the subspace topology. Then the natural map

Y - limY;
—
iel

is a homeomorphism.

Proof The transition maps of the system (X;) send Y; into Y;, so the ¥; form an
inverse system. The projections p;|y : ¥ — Y; therefore induce a continuous map

®:Y - limY;.
A

12

The map @ is injective, since the projections p;: X — X; separate points of the
inverse limit X.
We prove surjectivity. Let

(yi)ier € linyl
1

Since each Y; is a subset of X;, the compatible family (y;) also defines a point

x €limX; = X.
<

13

We claim that x € Y.
Let W C X be an open neighborhood of x. Since the topology on X is the inverse
limit topology, after shrinking W we may assume that

n
w=("\pi (Vy),
v=1

where V,, C X; isopenandy; €V,.

Because ! is cofiltered, there exists an index k mapping to all i,,. Since yx € Yi =
pi(Y), there exists a point z € Y such that py(z) = yi.

By compatibility of the family (y;), it follows that p; (z) = y;, for all v. Hence
z € WNY. Thus every open neighborhood of x meets Y, so x € Y. Since Y is closed,
x € Y. Therefore @ is surjective.

It remains to check that @ is a homeomorphism. The topology on Y is the initial
topology with respect to the maps

pily: Y =Y.
The topology on 1(21 Y; is the initial topology with respect to its projections
12

qi: l<iLnYl- — Y.

4
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Under the bijection @, these maps agree:

gi ©® = pily.
Therefore ® and ®~! are both continuous. Hence @ is a homeomorphism. O

Lemma 1.1.8 Let (X;);er be a family of topological spaces, and let
x=[]x
iel
be endowed with the product topology. ForY C X, one has
Y= ﬂ py (ps(V)),

Jcl
J finite

where

pJIX—>1_[Xj
jeJ

is the natural projection.

Proof A basis of neighborhoods of a point x = (x;);¢; € X is given by sets of the
form
n Uj X 1_[ X;,
jeJ igJ
where J C [ is finite and each U; C X; is an open neighborhood of x ;.
Thus x € Y if and only if every such basic neighborhood meets Y. This is

equivalent to saying that, for every finite J C I, every neighborhood of p;(x) in
[1;es X;j meets p;(Y). In other words,

ps(x) €py(Y)
for every finite J C I. This gives the claimed formula. O

Lemma 1.1.9 Let

0 yA—Lsp-L s 5 0
el ]
0 N LA N Ny )

be a commutative diagram of Fréchet spaces and continuous linear maps, with exact
rows. Suppose that a(A) is dense in A’ and y(C) is dense in C’. Then B(B) is dense
in B'.

Proof Let b’ € B’ and let V C B’ be an open neighborhood of b’. We must show
that V N B(B) # .
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Since p’: B’ — C’ is a continuous surjective linear map between Fréchet spaces,
it is open by the open mapping theorem. Hence p’(V) is an open neighborhood of
p’(b”) in C’. Since y(C) is dense in C’, there exists ¢ € C such that y(c) € p’(V).
Choose b € B with p(b) = c. Then

p'(B(b)) =y(p(b)) =y(c) € p'(V).
Thus there exists v € V such that
p'(v) =p'(B(D)).

Therefore
v —B(b) € kerp’ =Imi’.

Thus there exists a’ € A” with
i'(a’) =v - B(b).
Since @ (A) is dense in A” and i’ is continuous, we can choose a € A such that
B(b+i(a)) = B(b) +i'(a(a))
is arbitrarily close to v. In particular, choosing a sufficiently well, we get
B(b+i(a))eV.
Thus V N B(B) # @. Hence B(B) is dense in B’. O

Lemma 1.1.10 Let K be a compact Hausdor{f space. Let (F;)ic; be a filtered induc-
tive system of sheaves of abelian groups on K. Then, for every p > 0, the canonical
morphism

limHP (K, ¥;) — H” |K, lim?})
— —
is an isomorphism.
Proof Recall that there is a site LCy defined in [ , Tag 0OOWY]. Let

ak: Sh(LCye/K) — Sh(K)

be the comparison morphism from the site LC,./K to the usual topological space K.
By the comparison theorem for cohomology on a Hausdorff locally quasi-compact
space, we have, for every sheaf G of abelian groups on K,

HP(K,G) = HY (K, a¢' @),

see [ , Tag OOWY].
Apply this first to each ¥; and then to h_II)l Fi. We get
L


https://stacks.math.columbia.edu/tag/09WY
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lim H” (K, %) = lim HY,. (K, ag' 77).
L 12
Since K is compact Hausdorff, it is an object of LCy. and is quasi-compact. On
the site LC,./K, the object K admits a cofinal system of finite qc-coverings by
quasi-compact objects, and finite fibre products of quasi-compact objects are again
quasi-compact. Hence the hypotheses of the filtered-colimit criterion for cohomology
are satisfied. Therefore

lim H (K, ag Fi) = HE,

L

. -l
Kah_ljl)laK ﬁ) >
l

by [ , Tag 0737].
Finally, since inverse image functors commute with colimits, we have

. —1 o =111
h_g)laK?} =ay (h_r)n?:)

L 13

Hence
lim HP (K. ;) = Hj, | K.ay/ h_n;f))
L 13
= H? | K,lim 7—}) ,
-
1
where the last isomorphism again follows from [ , Tag 09WY]. This proves the
claim. O

1.2 Commutative algebra

Unless otherwise specified, all rings are commutative and unital.

Lemma 1.2.1 Let A be a ring, let m C A be a maximal ideal, and let n > 0 be an
integer. Then m"* is an m-primary ideal.

Proof First observe that
mt =m.

Indeed, since m” C m, we have
vm® C ym=m.
Conversely, if x € m, then x" € m”, hence

X € ym”,


https://stacks.math.columbia.edu/tag/0737
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Thus ym” = m.
It remains to check that m” is primary. Suppose that

abem”, ag¢m’.

We claim that b € m. Indeed, if b ¢ m, then the image of b in the field A/m is
nonzero, hence invertible. Therefore there exists ¢ € A such that

bc=1+u
for some u € m. In A/m", the element 1 + u is invertible, with inverse
l—u+u® =+ (—u)" ",

because u" € m”. Hence b is invertible in A/m".
Since ab € m", this implies
aem’,

contradicting the assumption. Therefore b € m. Consequently,
b" em”.
This proves that m” is primary. O

Theorem 1.2.1 (Cohen) A ring R is noetherian if and only if any prime ideal in R
is finitely generated.

See [ , Tag 05KG].

Definition 1.2.1 Aring R is stalkwise noetherian if the localization of R at any prime
ideal is noetherian.

Equivalently, it suffices to check the localization at all maximal ideals.

Remark 1.2.1 1t is very tempting to call these rings locally noetherian, but Spec R is
not locally noetherian in general. This terminology would then be very confusing.

Definition 1.2.2 A ring R is stalkwise regular if the localization of R at any prime
ideal is regular.

Equivalently, it suffices to check the localization at all maximal ideals.
Recall that a ring R is regular if Spec R is regular, equivalently if R is stalkwise
regular and noetherian, cf. [ , Tag 02IR].

Example 1.2.1 A stalkwise noetherian ring is not noetherian in general. For example,
R = (z/)22)".

Proposition 1.2.1 Let f: R — S be a ring homomorphism of finite type. If R is
stalkwise noetherian, then so is S. In particular, if 1 is an ideal in R and R is
stalkwise noetherian, then so is R/1.


https://stacks.math.columbia.edu/tag/05KG
https://stacks.math.columbia.edu/tag/02IR
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Proof Let p be a prime ideal in S. Write q = f~!(p). Then by localization, we get a
ring homomorphism
Ry — Sp

of finite type. It follows that Sy is noetherian. O

Proposition 1.2.2 Let R be a ring and I C R a finitely generated nilpotent ideal. If
R/1 is stalkwise noetherian, then R is stalkwise noetherian.

Proof Let p C R be a prime ideal. Since / is nilpotent, we have / C p. Hence
Iy € PRy, and there is a canonical isomorphism

(R/Dpj1 = Ry/Iy.

Because R/I is stalkwise noetherian, the ring (R/I),;; is noetherian. Therefore,
Ry /1, is a noetherian local ring. We wish to show that R is noetherian. By Theo-
rem 1.2.1, it suffices to show that each prime ideal q in R, is finitely generated. But
since I, is nilpotent, q 2 I,. Then q/I, is finitely generated, as R, /I, is noetherian.
Since [ is finitely generated, we conclude that q is finitely generated. O

We say an R-module M is forsion-free if for any non-zero divisor r € R and any
m € M, if rm = 0, then m = 0. For a noetherian ring R and a finite R-module N, by
[ , Tag OOLD], N is torsion-free if and only if Assg(N) C Assg(R).

Lemma 1.2.2 Let A be a noetherian ring, and let M be a finite A-module. Then
U = {p € Spec A : M, is torsion-free over A}
is a Zariski open subset of Spec A.
Proof Note that
M, is torsion-free over Ay, &= Assa,(Mp) C Assa,(Ap),
By [ , Tag 05BZ], for any p € Spec A we have
Assa,(My) ={aAp | a € Assa(M), a € p},  Assa,(Ap) = {rA, | T € Assa(A), r C p}.

We conclude that

Spec A\ U = U V(q).
q€Assa (M)\Assa (A)

Since Ass4 (M) is finite, this is a closed subset of Spec A. Therefore U is open. O
Proposition 1.2.3 Let X be a quasi-excellent scheme, and let ¥ be a coherent Oy -

module. Then the locus of x € X at which Fx as an Ox x-module satisfies Serre’s
condition (S,) is open.

This is a special case of [ , Proposition 6.11.6]. More generally, the same
holds for any CM-quasi-excellent scheme as studied in [ ].


https://stacks.math.columbia.edu/tag/00LD
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Proposition 1.2.4 Let f: R — R’ be aflat local homomorphism between noetherian
local rings. Assume that I is a proper ideal in R. Then

ht(IR’) = ht(I).

Recall that the height ht(7) of I is the minimal height of the prime ideals containing
I. Equivalently, it is the codimension of V(7) in Spec R.

Proof Since f is flat and local, it is faithfully flat.
We first prove
ht(IR’) > ht([).

Let g C R’ be a prime ideal containing IR’, and put p = f~!(q). Then p 2 I. Since
R — R’ is flat, going-down holds. Therefore every chain of prime ideals in R ending
at p lifts to a chain of prime ideals in R’ ending at q. Hence

ht(q) > ht(p) > ht(/).

Taking the infimum over all q 2 IR’, we get the first inequality.
Conversely, choose a prime ideal p 2 [ such that

ht(p) = ht(1).

Since R — R’ is faithfully flat, the ideal pR’ is proper. Choose a prime ideal g C R’
minimal over pR’. Then q 2 /R’. By the height inequality for flat morphisms at
primes minimal over the extended ideal,

ht(q) < ht(p).

Therefore
ht(/R") < ht(q) < ht(p) = ht(1).

The two inequalities give the claim. O

Proposition 1.2.5 Let (A,)nen be a sequence of nonzero finite-dimensional C-
algebras. Then every C-algebra homomorphism

X: l_[An — C
neN

factors through one of the projections [1,en An — Ap,.
Proof Write A = [],,ciy An. For each subset § C N, define an idempotent
es = (en)nen € A

by

]An’ nes,
En =
0, negs.
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Since % = es, we have y(es)? = y(es) and therefore x(es) € {0, 1}. Therefore

U, ={SCN: y(es) =1}

is an ultrafilter on N.
We now show that this ultrafilter is principal. Consider the central element

t=(1,2,...) € A.
Put ¢ := y(¢t) € C. Then y (¢t — ¢) = 0. Let
Z. ={neN:n=c}.

Forn ¢ Z., the element (n—c)14, € A, is invertible. Hence there exists an element
g = (gn)nen € A such that

(t—c)g =emz.-

Indeed, one can take

_ (n - C)_llAn’ né¢Ze,
&n = 0, neZze.

Applying y, we obtain

x(emz.) =x(t—-c)x(g)=0.

Since
ez. tenz. = 1,
it follows that y(ez.) = 1. Hence, Z. € U,.

But Z, is either empty, if ¢ ¢ N, or a singleton {ng}, if ¢ = ng € N. Since
an ultrafilter cannot contain the empty set, we must have ¢ = ng € N. Therefore
{no} € U,. Hence U, is the principal ultrafilter at n.

In particular,

x(emne}) =0, x(egny) = 1.

Now let a = (a,)nen € A. We can decompose
@ = €{ngyd + €n\{ng}a-

Applying y, we get

x(a) = x(egmgya) + x(en (nyya)-
Since

X (en\(ngya) = x(em\ (no}) x(a) =0,
we have
x(a) = x(e(nya).

Thus y(a) depends only on the ng-th component ay,,. O
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For the notion of derivations, we refer to [ , Tag OORNT].

Definition 1.2.3 Let R be aring, and let S be an R-algebra. An R-derivation S — M
is

(1) finite if M is finite as an S-module;

(2) universally finite if it is finite, and for any finite R-derivation S — N, there
is a unique S-module homomorphism M — N making the following diagram
commutative:

S —M
|
\\L
N.

Lemma 1.2.3 Let R be a ring, let S be an R-algebra, and let d: S — M be a
universally finite R-derivation. Then the S-submodule of M generated by d(S) is just
M.

Proof Let N be the S-submodule of M generated by d(S). Since M is finite, M /N
is a finite S-module. Let
.M — M/N

be the quotient map. Then
mod=0.

Hence both 7 and the zero map M — M /N make the following diagram commuta-
tive:

s—4 s m

|
\/‘ <+

M/N.
By the uniqueness in the universal property of d, we get 7 = 0. Thus M = N. O

Definition 1.2.4 Let R be a ring. An R-module M is called prefinite if for every
x € M\ {0}, there exists a finite R-module N and an R-linear map ¢: M — N such
that

p(x) #0.

Proposition 1.2.6 Let R be a ring, let S be an R-algebra, and let d: S — M be
a universally finite R-derivation. Then for any R-derivation 6: S — N with N a
prefinite S-module, there is a unique S-module homomorphism M — N making the
following diagram commutative:

s —4

6 (1.2)

¢--%

=
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Proof The uniqueness of the map M — N follows immediately from Lemma 1.2.3.
It remains to prove its existence.
Since N is prefinite, the natural map

LZN—>1_[N,1

obtained by taking all homomorphisms from N to finite S-modules is injective.
Hence, the composite
tod: S — ]_[ N,
AeA
is an R-derivation.
Because d is universally finite, for each 4 € A, we can find a unique S-module
homomorphism M — N, making the following diagram commutative:

s34 m

Nl

N,.
Therefore, there exists an S-linear map

h: M — HN,I
AeA

such that the following diagram is commutative:

s—4 v m
< (1.3)
\l/

[Trea Na-

Observe that
h(M) C «(N).

In fact, by Lemma 1.2.3, it suffices to verify that if s € S, then 4(d(s)) € ¢«(N). But
this follows immediately from (1.3).

Thus, & factors uniquely through ¢, and the resulting map M — N is exactly the
desired homomorphism in (1.2). O

Theorem 1.2.2 Let R be a ring. Let S be a noetherian R-algebra and letd: S — M
be a finite R-derivation. Then the following are equivalent:

(1) d is universally finite;
(2) for every maximal ideal m C S, the localized R-derivation

din: S — My
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is universally finite.

Proof (1) = (2): Assume (1). Fix a maximal ideal m C S. We will show that d,;,
is universally finite.

Letd: Sy — N be a finite R-derivation, where N is a finite S,,-module. We shall
construct an S-module homomorphism M — N making the diagram commutative:

dm
Sm —> Mm

\5/‘ ]% (1.4)

Since Sy, is local and N is finite over Sy,, the natural map

N — | | N/m'N
i=1

is injective by Krull’s intersection theorem. Each quotient N/m‘N is a finite
Sm/M Sy = S/mi-module, hence in particular a finite S-module. Therefore N,
viewed as an S-module, is prefinite. By Proposition 1.2.6, we can find a unique
S-module homomorphism 4: M — N making the following diagram commutative:

s —4 v m

l ih (1.5)

Sm —>5 N.
Localizing at m, we obtain an Sy,-linear map
m: Myu — N,

which is the desired map in (1.4). Note that any dotted map in (1.4) induces a map
M — N making the diagram (1.5) commutative, and is therefore unique.

(2) = (1): Assume (2).

First, observe that the S-submodule generated by d(S) is precisely M. This can be
checked after localizing to each maximal ideal of S, in which case, the result follows
from Lemma 1.2.3.

Now let 6: S — N be any finite R-derivation. We want to show that there is a
unique S-linear map h: M — N making the following diagram commutative:

d

s —SsMm
S (1.6)

\y

N.

The uniqueness of & is immediate as M = Sd(S). It suffices to show the existence.
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Because M = Sd(S), it is enough to show that whenever
Z bid(a;) =0 (ai,bi €9),
i=1

one also has

Z bi 6(ai) =0. (17)
i=1

Assuming this,
r r
h (Z bi d(a[)) = bi8(ar)
i=1 i=1

defines the arrow £ in (1.6).
It remains to establish (1.7). Fix a maximal ideal m C S. After localizing, we

have ,
b; i )
> T’dm(“T) =0 inM,,.

Since dy, is universally finite, the localized derivation 6., : Sy — Ny, factors through

d.,. Hence,
= b; a;
> 2en(S) =0 in N,
— 1 1
that is,
-
(Z b; 6(ai)) =0 in Ny.
i=1 m
Therefore, (1.7) follows. O

Theorem 1.2.3 (Scheja—Storch) Let k be a field of characteristic 0, and let R
be a noetherian k-algebra. If R admits a universally finite k-derivation, then R is
excellent.

See [ , Satz 8.10].

Proposition 1.2.7 Let R be a ring, let (A, m) be a noetherian local R-algebra, and
letd: A — M be a finite R-derivation. Let

d:A—>M
be the m-adic completion of d. Then the following are equivalent:

(1) d is universally finite;
(2) d is universally finite.

Proof We first recall that every R-derivation

60:A—> N
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with N a finite A-module is continuous for the m-adic topologies. Indeed, for every
n>1,
s(m") c m"IN.

Thus ¢ extends uniquely to an R-derivation

5:A— N.
Assume first that d is universally finite. Let
n: A>P

be a finite R-derivation, where P is a finite A-module. We regard P as an A-module.
Then P is prefinite as an A-module: the natural map

P— 1_[ P/m"P
n>1

is injective by Krull’s intersection theorem, and each quotient P/m”P is a finite
A-module. Hence, by Proposition 1.2.6, the restricted derivation

na:A— P
factors uniquely through an A-linear map
h: M — P.

Since M is finite and P is complete and separated for the m-adic topology, h extends
uniquely to an A-linear map _
h: M — P.
The two R-derivations 4 o d and n from AtoP agree on A, hence agree on A
by continuity and separatedness of P. This proves the existence of the desired
factorization. The uniqueness follows similarly: two A-linear maps M—P inducing
n restrict to two A-linear maps M — P inducing 7|4, and these are equal by the
uniqueness for d; by separatedness, their completions are equal. Thus dis universally
finite. R
Conversely, assume that d is universally finite. We first prove that

M=Ad(A).
Let My := Ad(A) and Q := M /My. The composite derivation
d
A->M—Q

is zero. Passing to completions, the composite

ASi—0
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is still zero. Since d is universally finite, Lemma 1.2.3 gives
M = Ad(A).

It follows that the map M- Q is zero, hence Q =0.Since A — A is faithfully flat
and Q is finite, we get Q = 0. Therefore M = M.
Now let
0:A—> N

be a finite R-derivation, with N a finite A-module. Extending to completions gives

— N.

)

5:
By the universal finiteness of 8, there exists a unique A-linear map
h:M— N
such that o
hod=2o.

Since M = Ad(A), it is enough to define 4 on generators by

h (2 a; d(x,)) = iai 5()6[), a;, Xx; € A,

i=1 i=1

and to check that this is well-defined.
Suppose

r

Za,-d(xi):O in M.

After completion, we have

Applying 1, we obtain

This is the image of
Z a; 5()Ci) eN
i=1

under the natural map N — N. Since N is finite over the noetherian local ring A,
this map is injective by Krull’s intersection theorem. Hence
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r

Zaid(xi)zo in N.

i=1

Thus £ is well-defined, A-linear, and satisfies #od = §. The uniqueness follows from
M = Ad(A). Therefore d is universally finite. O

Definition 1.2.5 Given a subset S, we let
C{S} =C{T, : a € S}

be the C-algebra consisting of all power series as follows:

> caTy, (1.8)

aeNn

wherea = (ay,...,a,) € S, cq € C, the series is assumed to be convergent, namely
it has a positive radius of convergence'.

Note that C{S} can be equivalently described as

C{S}= lim C{T}, (1.9)

T cS finite

in the category of C-algebras and hence it is indeed a local C-algebra.
We have the following obvious functoriality: Suppose that f: S — S’ is a map
between sets. Then we get a local C-algebra homomorphism

F:C{S} - C{s'}, Z call Z . (1.10)

aeNn aeNn

Here f(a) is the tuple with f applied to each component of a.

1.3 Locally ringed spaces

Let LocRing be the category of locally ringed spaces.

Definition 1.3.1 Given a ring A, we define the category LocRing, 4 of locally A-
ringed spaces as the slice category LocRing gye. 4-

In concrete terms, the objects of LocRing, 4 are morphisms of locally ringed spaces
X — Spec A, and a morphism between two such objects is a morphism of locally
ringed spaces over Spec A.

In view of [ , Tag O111], an object in LocRing,, can be equivalently
described as a locally ringed space X together with a ring homomorphism A —

! More precisely, we regard the T, ’s as different formal variables even when there are repetitions
in the a;’s.
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I'(X, Ox), and a morphism from X to Y is a morphism X — Y as locally ringed
spaces such that the following diagram is commutative:

/ A \
Definition 1.3.2 A complex space is a locally C-ringed space (X, Ox) such that for
each x € X, there is an open neighborhood U of x in X, a natural number n > 0, and

a closed analytic subspace Y of A" such that (U, Ox|y) is isomorphic to (Y, Oy) as
locally C-ringed spaces.

Here A" denotes the unit polydisc in C". Note that a complex space is not necessarily
Hausdorff or paracompact in our definition.

Let CompSpace denote the category of complex spaces, which is a full subcate-
gory of LocRingc.

Proposition 1.3.1 Fiber products exist in LocRing,, and can be described as
follows: suppose that X,Y,Z are locally A-ringed spaces and that X — Z and
Y — Z are two morphisms. Then X Xz Y in the category of LocRing, is just
X Xz Y in the category LocRing endowed with the natural morphism to Spec A.

Proof The existence of fiber products in LocRing is a well-known fact, see [ ,
Section 3.2]. The remaining statements are just formal consequences.

For later use, let us recall the construction of the underlying set of X Xz Y. A
point in X Xz Y is a tuple (x,y,p), where x € X and y € Y are points having the
same image z € Z, and

p € Spec (k(x) ®(z) k() -

Proposition 1.3.2 Fiber products exist in the category CompSpace of complex
spaces. More precisely, if X — Z, Y — Z are morphisms of complex spaces,
then the fiber product X Xz Y exists in CompSpace, and its underlying topological
space is canonically identified with the topological fiber product |X| X,z |Y|.

See, for example, [ , Corollary 0.32].

Corollary 1.3.1 Let f: X — Y be an injective morphism of complex spaces. Then
every base change of f in CompSpace is injective.

Proof This follows immediately from Proposition 1.3.2. O

1.4 Locally convex topological vector spaces

In this section, a vector space is understood as a vector space over C, not necessarily
of finite dimension.
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Definition 1.4.1 A topological vector space is a vector space V together with a
topology on V such that

(1) addition V x V — V is continuous;
(2) scalar multiplication C x V — V is continuous.

By abuse of notation, we denote the topological vector space by V, when the topology
is clear from the context.

A topological vector space V is locally convex if 0 € V admits a fundamental
system of convex open neighborhoods.

A morphism between locally convex topological vector spaces is a continuous
linear map. The category of locally convex topological vector spaces will be denoted
by LCS.

We remind the reader that a locally convex topological vector space is not necessarily
Hausdorff. Given a locally convex topological vector space V, throughout the book,
V* will denote the space of continuous linear maps V — C, endowed with the
weak topology. It is a Hausdorff locally convex topological vector space, see [ ,
§ IL5].

Given a locally convex topological vector space V, the subspace topology on any
linear subspace W C V makes W a locally convex topological vector space. Similarly,
for any linear subspace Z C V, the quotient V /Z with the quotient topology is again
locally convex. If V is Hausdorff, then V/Z is Hausdorff if and only if Z is closed.

Given a family of locally convex topological vector spaces {V;};cs, the space
V = @, Vi with the final topology induced by the family of maps V; — V is again
a locally convex topological vector space.

Theorem 1.4.1 Small limits exist in LCS. Moreover, the small limits commute with
the forgetful functor to the category of topological spaces.

Filtered colimits exist in LCS, and commute with the forgetful functor to the
category of vector spaces.

See [ , § IL.5, 11.6]. In particular, the underlying vector space of the (small)
limit of a family of locally convex topological spaces is the same as the limit in
the category of vector spaces. In general, filtered colimits do not commute with the
forgetful functor to the category of topological spaces.

Theorem 1.4.2 Let I be a directed set, and let {f;: E; — F;};c; be an inductive
system of morphisms in LCS. Assume that for each i € I, the morphism f; is an
admissible epimorphism in the sense that f; is surjective, and F; carries the quotient
topology induced by f;. Then

lim f;: limE; — lim F;
— — —
iel iel iel

is also an admissible epimorphism.

Proof The only non-trivial point is to show that h—n)l'el fi is open.
13
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Let G denote the vector space li_r)nl_el F; with the quotient topology induced by
li_n)l,el fi- Then it suffices to show that the identity map
L

—
iel

is continuous. Fix i € I. We need to show that F; — G is continuous. Since f; is an
admissible epimorphism, this reduces to showing that the composition

EliFl—)G

is continuous. But this composition can be equivalently written as

Ei g hmEl — G,
—
iel

where both maps are continuous. O

Theorem 1.4.3 Let I be a directed set. Let (A;);c; be an inductive system in LCS.
Then the natural map

limA;| =limA;
— «—
iel iel
is an isomorphism in LCS.
See [ , § IV.4.5]. The Hausdorff assumption in [ ] is not necessary for this

theorem.

Theorem 1.4.4 Let E, F be barrelled DF-spaces (e.g. DFS spaces or Fréchet spaces),
and let G be a locally convex topological vector space. Then every separately
continuous bilinear map

EXF—-G

IS continuous.

See [ , Proposition 15.6.7]. We refer to [ ] for the definitions of barrelled
spaces, DF-spaces, and DFS spaces.

1.5 Topological algebras

Throughout the book, unless otherwise specified, algebras are assumed to be com-
mutative, unital, and over C.

Definition 1.5.1 A topological (C-)algebra is a commutative C-algebra A with a
topology on the underlying C-vector space, making A a locally convex topological
vector space and such that the multiplication
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AXA—> A

is continuous.
A morphism F: A — B between topological C-algebras is a C-algebra homomor-
phism F: A — B which is continuous.

Let 7 opAlg be the category of topological C-algebras.

Definition 1.5.2 Let A be a topological algebra. A topological A-module is an A-
module M with a topology on the underlying C-vector space, making M a locally
convex topological vector space and such that the action map

AXM —-M

is continuous.
A morphism f: M — N between two topological A-modules is an A-linear map
which is continuous.

1.5.1 The Gelfand dual

Definition 1.5.3 Let A be a topological algebra. We define the spectrum or the
Gelfand dual Sp A of A as the following topological space:

(1) The underlying set of Sp A consists of all continuous characters A — C. Here a
character refers to a C-algebra homomorphism to C;

(2) The topology (referred to as the weak topology or the Gelfand topology) on Sp A
is the weakest one so that for each a € A, its Gelfand transform

a: SpA—C, f f(a)
is continuous.

Note that Sp A is automatically Hausdorff. For each a € Sp A, we write
m(a) =kerA > C, (1.11)

which is automatically a closed maximal ideal in A.
As a consequence, we obtain an algebra homomorphism

Gel: A — C%(SpA), aw a. (1.12)
We call this map the Gelfand map.

Remark 1.5.1 When A is a Banach algebra, Sp A is the usual Gelfand spectrum of A.
To see this, it suffices to recall that all characters of a commutative Banach algebra
are automatically continuous.
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We can enhance Sp to a contravariant functor from the category of topological
algebras to that of topological spaces. We shall consider a slightly more general
functoriality.

Definition 1.5.4 Let A, B be topological algebras. A C-algebra homomorphism
F: A — Bis spectral if for each y € Sp B, the composition Sp F(y) = F*y := yoF
is continuous.
In this case, SpF: SpB — SpA is well-defined, and if y € SpB, and x =
Sp F(y), then
F(m(x)) € m(y). (1.13)

Note that a continuous homomorphism is spectral. The composition of spectral
homomorphisms is spectral.

Definition 1.5.5 The category 7 opAlg® is the following category:

(1) The objects are topological C-algebras;
(2) the morphisms are spectral homomorphisms;
(3) the compositions are the usual compositions.

Then 7 opAlg is a subcategory of 7 opAlg®.

Definition 1.5.6 Leta: A — B be a spectral homomorphism of topological algebras.
We define
Spa: SpB — SpA

as follows: Given a continuous character f € Sp B, we define Sp f as the continuous
character given by the composition:

Ay ENG)

Note that Sp « is automatically continuous. In fact, by the definition of the topology
on Sp A, it suffices to show that for each a € A, the composition

Spa a
SpB— SpA —>C

is continuous. But this composition is nothing but a(a).
The Gelfand map is also functorial:

Proposition 1.5.1 Let a: A — B be a spectral homomorphism of topological alge-
bras. Then we have a commutative diagram in the category of topological spaces:

A—Q)B

\LGel \LGel

cO(spA) U co(sp B).

Proof This follows immediately by unwinding the definitions. O
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1.5.2 The local completions

Definition 1.5.7 Let A be a topological algebra. For any x € Sp A, we define

A, = m = li_n_lA/m(x)",
n>0

where m(x) is the closed maximal ideal of A introduced in (1.11).

Given a spectral homomorphism of topological algebras F: A — B,lety € SpB
and set x = Sp F(y). Then by (1.13), F induces a functorial local homomorphism of
C-algebras:

—

A, — B,. (1.14)

Since A and Ay (x) need not be noetherian in general, the "completion” A, can
behave rather wildly, cf. [ , Tag 05JA].
We shall use the algebra defined in Definition 1.2.5.

Definition 1.5.8 Let A be a topological algebra, and let x € Sp A. We define a
C-algebra homomorphism R
Oy: C{im(x)} - Ay

as follows:
(1) Take m > 0, f € m(x)™ and n > 0, we define a C-algebra homomorphism

C{Tz} — A/m(x)", Z coTf = Z cof® mod m(x)".

aeNm |la|<n
(2) Take m > 0 and £ € m(x)™, and define a C-algebra homomorphism
C{Tf} - A\x

by patching together the homomorphisms in the previous step.
(3) Define 6, by patching together the homomorphisms in the previous step, using
(1.9).

We define

I,(A) == kerf, = anTf“ : Z cof® em(x)™ forallm >0;. (1.15)

[e3 |a|<m

The construction has the following functoriality: If F: A — B is a spectral ho-
momorphism of topological algebras, y € Sp B and x = Sp F(y), then the following
diagram commutes:

Cm(x)} —> A,

fl l (1.16)

c{m(y)} —2 B,
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where F is defined in (1.10), the right vertical map is (1.14). In particular, F restricts
to a linear map _
F:1.(A) = I,(B). (1.17)

Therefore, F also induces a local homomorphism of C-algebras:

Imé, — Im@,. (1.18)

1.5.3 The associated locally C-ringed space

In this section, we shall enhance the spectrum studied in Section 1.5.1 to a locally
C-ringed space.

Theorem 1.5.1 The functor Sp in Definition 1.5.6 can be canonically enhanced to a
contravariant functor

Sp: TopAlg® — LocRingc. (1.19)

By abuse of language, we also denote the composition as Sp:

S
T opAlg — T opAlg® 2, LocRingc.

1.5.3.1 The objects

Given a topological algebra A, we shall construct a corresponding locally C-ringed
space Sp A in this section.

The underlying topological space of Sp A is already constructed in Defini-
tion 1.5.3.

In order to construct the structure sheaf, we shall use the ring of convergent power
series introduced in Definition 1.2.5.

Definition 1.5.9 We define the presheaf of C-algebras &(A) on Sp A as follows:

(1) For any open subset U C Sp A, we let I'(U, £(A)) be the set of all assignments
(ax)xeu, with each a, € C{m(x)} satisfying the following condition: For any
x € U, if we write
@y = Z caTy (1.20)
aeNn
for some n > 0 and f € m(x)", then there is € > 0 smaller than the radius of
convergence of (1.20) such thatany y € Sp A with |y(f;)| < eforalli=1,...,n
lies in U and «a, is the series obtained by formally expanding

Z co (Y(E) + Tr—yp) -

aeN?
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More precisely,

@
_ . -B | T8
ay—E E Cff(l[‘;)y(f)(x Tf—y(f)'
LeN? | aeN",
a>p

The C-algebra structure on I'(U, E(A)) is induced by the fiberwise C-algebra
structure.
(2) Given two open subsets V C U C Sp A, the restriction is given by the map

(ax)xev = (@x)xev.

Since the conditions in (1) are all local, we see easily that &(A) is indeed a sheaf.
Furthermore, for each x € Sp A, we have a natural isomorphism

Og(a),x = C{m(x)} (1.21)
of C-algebras.
Definition 1.5.10 We define a sheaf of ideals 7 (A) C E(A) by
(U, I(A) ={aeT(U,E(A)) : ay € I,(A) forevery x € U}.

Since the condition is a fiberwise one, it clearly defines a subsheaf.
Finally, we get the following definition:

Definition 1.5.11 The structure sheaf on Sp A is the sheaf of local C-algebras defined
by
Ospa = E(A)/I(A).

Taking x € Sp A, from the description (1.21) and Definition 1.5.10, we find
Ospax = C{m(x)}/1,(A) = Im#b,. (1.22)

In particular, (Sp A, Osp 4) is a locally C-ringed space.

1.5.3.2 The morphisms

Suppose that F: A — B is a spectral homomorphism of topological algebras, see
Definition 1.5.4 for the definition.

We shall define a morphism SpF: SpB — SpA in the category of locally
C-ringed spaces. The underlying continuous map has already been defined in Defi-
nition 1.5.6. It remains to construct a homomorphism

F*: (SpF)™' Ospa — Osp 5 (1.23)

of sheaves of C-algebras which is fiberwise local.
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We shall first construct a homomorphism
(SpF)' &(A) - &(B). (1.24)

For this purpose, we take open sets U € SpB and V € SpA with V 2 Sp F(U).
Define

F(V’S(A)) - F(U78(B))7 (ax)er — (F(aSpF(y)))yeU > (125)

where F is defined in (1.10). We need to verify that the image indeed lies in
I'(U,&(B)). Take y € U, and set x = Sp F(y). We expand a, as in (1.20). Then

F(ay) = Z caTﬁ(f).

aeNn

Then we can take € > 0 small enough as in Definition 1.5.9. Then note that € is less
than the radius of convergence of F(a,). Now take z € Sp B with

IZ(F(f)| <e foralli=1,...,n.
Then for w = Sp F(z), we have
lw(fi)|<e foralli=1,...,n.

Hence,

Ay = Z Z ca(g)w(f)”_ﬁ Tf[iw(f)'

PEN" | @eN",
a>f

Applying F, we find

Flaw)= > | 2, C“(Z)Z(F(f))a_ﬁ Tr -2y

PEN" | @eN",
a>p

In other words, (1.25) is indeed well-defined and is a C-algebra homomorphism by
construction.

The compatibilities of (1.25) with respect to the restrictions of V and U show that
they patch together to give a homomorphism (1.24) of sheaves of rings. Take y € Sp B
and put x = (Sp F)(y). Then the fiberwise map (1.24) corresponds precisely to F
in (1.16). Therefore, the relevant ideal subsheaf is respected fiberwise. Hence (1.24)
descends to a homomorphism (1.23). Note that fiberwise F # is indeed local.

The functoriality of Sp is now obvious and Theorem 1.5.1 is therefore proved.
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1.5.4 Properties
Proposition 1.5.2 Let A be a topological algebra. Then there is a canonical homo-

morphism of C-algebras
A>T (SpA,Ospa). (1.26)

Here canonical refers to the fact that if A — B is a spectral homomorphism of
topological algebras, then the following diagram is commutative:

A——T (SpA,OspA)

| |

B — ['(SpB,Osy5).

Proof For a € A, define a section s, € T'(Sp A, E(A)) by
(sa)x =x(a) +Ty_x(a) € C{m(x)}.
The defining local compatibility condition of E(A) is immediate from the identity
x(a) + Ta—x(ay = y(a@) + Ta—y(a)

after Taylor expansion near y.
Let 5, be the image of 5, in I'(Sp A, Osp 4). We claim that

a+— S,

is a C-algebra homomorphism. This can be checked on stalks. For every x € Sp A,
the composition R
C{m(x)} — Ospa,x — Ax

sends x(a) + Ty—x(q) to the image of a in Xx. Hence the differences
Sa+b = Sa = Sb» Sab = SaSb, sp—1
have all their stalks in J (A). Therefore their images in Osp, 4 vanish. This proves that
A —T(SpA,Ospa), am s,
is a canonical homomorphism of C-algebras. O

Lemma 1.5.1 Let (A;);er be a non-empty family of topological algebras. Let B
be a Hausdorff topological algebra with no nontrivial idempotents (i.e. the only
idempotents are 0 and 1). Then every continuous homomorphism ¢: [l;c; Ai = B
factors through one of the coordinate projections.

Proof We define
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A= 1_[ A;.
iel

For any subset J C I, let e; € A be the idempotent defined by

1, ielJ,
;= 127
(ey) {0’ el (1.27)

Then ¢(ey) is an idempotent of B. Hence ¢(ey) € {0, 1}.

Since B is Hausdorff, choose a neighborhood V of 0 in B such that 1 ¢ V.

By continuity of ¢ at 0, there exists an open neighborhood W = [];.; W; of 0 in
A such that ¢(W) C V, where W; = A; for all but finitely many i. Let

J={iel:W; #A;}.

Then J is finite, and ej\; € W. Therefore ¢(e;\s) € V. But ¢(ey\y) is an idempotent
of B, soitis either O or 1. Since 1 ¢ V, we get p(ey\s) = 0. Hence
pleg) =p(l—epy) =1

For any a € A, write
a=eja+tepya.

Then
plenga) = ¢(eny)e(a) = 0.
Thus
p(a) = ¢(eya),
so ¢ factors through the finite product
[ 14
JjeJ

Write J = {j1,...,jm}. The idempotents e;,...,e;, are pairwise orthogonal
and satisfy
ej+---+te; =ej.

Applying ¢, we get pairwise orthogonal idempotents
1,0(81‘]), cees QD(ejm)

whose sum is ¢(ey) = 1.
Since B has no nontrivial idempotents, each (e, ) is either O or 1. Exactly one
of them is 1; denote the corresponding index by ip. Then

p(ei,) =1, @(e;) =0 forjeJ\ {ip}.

Therefore, for every a € A,
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‘p(a) = (p(ei()a)'
Thus ¢ depends only on the iyp-th coordinate.
Define
Piy Aio — B, QDlo(b) = QD(CI),
where a € A is any element satisfying a;, = b. The preceding paragraph shows that
this is well-defined, and then
¥ = S01‘0 Opri() :

The continuity of ¢;, follows from the continuity of ¢, because

901'0(17) = ‘p(eioa)

for any a with a;, = b, equivalently ¢;, is the composition of the continuous inclusion
of the ip-th factor into A with ¢. O

Proposition 1.5.3 Small limits exist in T opAlg and commute with the forgetful
functor to the category LCS.

Given a directed set I and an inductive system (A;)ier in TopAlg, let A =
hm o A; denote the colimit in LCS. If the multiplication AX A — A is continuous,

then A is also the colimit in T opAlg.

The multiplication is automatically continuous if A is a DFS space, see Theo-
rem 1.4.4.

Proof This is a consequence of Theorem 1.4.1 and the general category theory. O

Proposition 1.5.4 Let (A;);cr be a family of topological algebras. Then the natural
morphism of locally C-ringed spaces

| |spai—sp[ ] A (1.28)
iel iel
is an isomorphism.

The map (1.28) is just the collection of morphisms Sp Ay — Sp [];c; A; defined by
applying Sp to the projection map [[;c; A; — Ag.

Proof By Lemma 1.5.1, the underlying map of sets in (1.28) is a bijection.
Next, we shall prove that (1.28) is a homeomorphism. The map is continuous and
bijective, so it suffices to show that it is open. Fix k € [, it suffices to show that

SpAx — Sp| | A

iel
is open.
By definition, a basis of open subsets of the source is given as follows: Take
finitely many elements ay,...,a, € Ay, and open subsets Uy,...,U, € C, the

basic open sets are just
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{xeSpAy:a;(x)eUjforall j}.

The image of this open set with respect to (1.28) is just

j=1 iel

N {x eSp| [Ai:x(eqw)) e C\ {0}, x(a)) € U,},

where a; € []; A; is the element with the k-th component equal to a; but all other
components equal to 1, and e, is defined by (1.27). In fact, from the proof of
Lemma 1.5.1, x(exy) € C\ {0} if and only if x factorizes through Ay.
It remains to identify the stalks. Let x € Sp Ak, and let y be its image in Sp []; A;.
Then
m(y) = [ | A xm(0).
ik

The projection
l_[ A — Ay
i

induces a homomorphism

(l—l A; - (IA?)m(x)'

4

m(y)

This is an isomorphism. Indeed, if
€ =€r\{k}>

then ¢ € m(y) and ¢” = e for every r > 1, so e maps to zero in the m(y)-
adic completion; hence all components away from k vanish in the completion. The
remaining component is precisely the m(x)-adic completion of Ay.

Using the description

Osp11, Ay = Im[C{m(y)} — (H A;

i

m(y)
we get
OspIT; Ay = Ospay.x-
Thus the morphism is an isomorphism of locally C-ringed spaces. O

Proposition 1.5.5 Let (A;);e; be an inductive system in the category of T opAlg
indexed by a directed set. Then the natural morphism of locally C-ringed spaces

iel iel



34 CHAPTER 1. PRELIMINARIES
is a homeomorphism. Here H_r)n_el A; is taken in the category of T opAlg.
1

The morphism is in general not an isomorphism of locally C-ringed spaces.

Proof Recall that the topological space underlying gr_n,d Sp A; is just the cofiltered

limit of the topological spaces Sp A;, as shown in [ , Corollary 5, Theorem 4]
and their proofs.
Let
A =1limA;.
—

Then, by Theorem 1.4.3,

as topological spaces.
Under this identification, a continuous linear functional y € A* corresponds to a
compatible family
(xiier Xi € A},

The functional y is a character of A if and only if each y; is a character of A;. Indeed,
every element of A comes from some A;, and any two elements of A come from a
common A because / is directed. Therefore the conditions

x() =1, x(ab) = x(a)x(b)

are equivalent to the corresponding conditions on all y;.
Hence
SpA = l(in Sp A;

13

as subsets of
A" =1limA;.
A\

L
The topologies agree because all spaces are endowed with the weak topologies. This
proves the asserted homeomorphism. O

1.5.5 Fréchet algebras

Definition 1.5.12 A topological algebra A is a Fréchet algebra if as a topological
vector space A is a Fréchet space.

A homomorphism between Fréchet algebras is a homomorphism of the corre-
sponding topological algebras.

Let FrAlg be the category of Fréchet algebras. It is a strictly full subcategory of
T opAlg.
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Fréchet algebras do not suffice in some cases. For example, if I is an uncountable
set, then the product [];<; C is a topological algebra with the product topology, but
it is not a Fréchet algebra. This motivates the following definition.

Definition 1.5.13 A product-Fréchet space is a topological vector space isomorphic
to a product of Fréchet spaces. A morphism between product-Fréchet spaces is a
continuous linear map of the underlying topological spaces.

A topological algebra A is a product-Fréchet algebra if as a topological vector
space, A is a product-Fréchet space. A morphism between product-Fréchet algebras
is a morphism of the corresponding topological algebras.

Note that a product-Fréchet space is not necessarily Fréchet, as the index set of
the product can be uncountable. Let PFrAlg be the category of product-Fréchet
algebras. It is a strictly full subcategory of 7 opAlg.

As for modules, we introduce the following:

Definition 1.5.14 Let A be atopological algebra. A Fréchet A-module (resp. product-
Fréchet A-module) is a topological A-module M such that as a topological vector
space, M is a Fréchet space (resp. product-Fréchet space). A homomorphism between
Fréchet or product-Fréchet A-modules is a homomorphism of the corresponding
topological A-modules.

Proposition 1.5.6 Let (X;);c; be an inverse system of Fréchet spaces indexed by a
countable set I. Then the projective limit l(iLnl_ X; with the projective limit topology is
still a Fréchet space.

Note that we do not require that (X;) be filtered.

Proof Since the inverse limit is a closed subspace of the product [];<; X;, it suffices
to show that the product is Fréchet, which is a well-known fact. O






Chapter 2
Complex spaces

Die Mathematik ist Kunst, Mathematiker sind Kiinstler!
— Hans Grauert®

“ Hans Grauert (1930-2011) was one of the leading figures in sev-
eral complex variables and complex analytic geometry. A student
of Heinrich Behnke at Miinster, he became professor at Gottingen
in 1959. His work, much of it in close dialogue with Reinhold
Remmert, helped transform Cartan’s sheaf-theoretic methods and
Stein’s function-theoretic ideas into the modern theory of com-
plex spaces. The local analytic algebras studied in this chapter are
one of the algebraic languages of that theory.

Throughout the book, a complex space is not assumed to be Hausdorff or paracom-
pact.

Recall that a Hausdorff complex space is paracompact if and only if each of
its connected components is o-compact. Moreover, each connected component is
automatically second countable.

2.1 Local analytic algebras

Definition 2.1.1 A local analytic algebra is a C-algebra isomorphic to a proper
quotient of C{T1, ..., T,} for some n > 0.

Here C{T,...,T,} C C[[Ty,...,T,]] is the C-subalgebra consisting of convergent
power series. Note that a local analytic algebra is noetherian.

A local analytic algebra carries a natural topology, called the series topology®.
We first define the topology on C{T, ..., T,}.

Definition 2.1.2 Fix n > 0. The series topology on C{Ty, ..., T,} is the final topol-
ogy with respect to the natural inclusions

By — C{Ty,...,Ty,}, reR”

>0

where
Be={f= > caT:flr= ). lealr® <oo
aeN" aeN”

Equivalently, this is the locally convex inductive-limit topology on

1 This is translated from German Folgentopologie.

37
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C{1y,...,T,} = li_I)nBr,

r

where the inductive limit is taken in the category of topological spaces. But as shown
in [ , § 1.8.6], it is equivalent to taking the topology in the category of locally
convex topological vector spaces. In particular, C{T1, ..., T,} is a (locally convex)
topological algebra.

Definition 2.1.3 Let A be a local analytic algebra. Its series topology is defined as
follows: Take n > 0 so that

A=C{Ty,....T}/I 2.1)

for some ideal /. Then [ is closed by [ , § 1.8.6, Satz 3] with respect to the series
topology on C{T, ..., T,} defined in Definition 2.1.2. Then we endow A with the
quotient topology induced by the series topology on C{T1,...,T,}.

Note that A is a locally convex topological algebra with respect to the series topology.
Furthermore, the series topology on A is independent of the choice of the presentation
(2.1), see [ , § I.1.2, Satz 4 und Korollar]. Any C-algebra homomorphism
between local analytic algebras is continuous with respect to the series topology. In
particular, we find the following:

Proposition 2.1.1 Let A be a local analytic algebra. Then the map
A—> A/m=C
is continuous, where m is the maximal ideal in A.

Definition 2.1.4 Let A be a local analytic algebra, and M be a finite A-module. Take
m > 0 and a surjective A-module homomorphism

A™ 5 M. 2.2)

Then we define the series topology on M as the quotient topology induced from A™,
which is endowed with the product topology induced by the series topology on each
A.

Note that the series topology on M is necessarily locally convex. The series topology
on M is independent of the choice of the presentation in (2.2). See [ , $11.1.3,
Satz 8 und Korollar]. Note that M is a topological A-module.

Proposition 2.1.2 Let A be a local analytic algebra, M, N be finite A-modules. Then
the following holds:

e Any A-module homomorphism from M to N is continuous;
e every submodule of M is closed.

See [ , §1I.1.3, Satz 8, Satz 10].
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Proposition 2.1.3 Let ¢: A — B be a C-algebra homomorphism of local analytic al-
gebras. Consider a finite A-module M, a finite B-module N, and a ¢p-homomorphism
f: M — N. Then f is continuous.

Proof First note that ¢ is local. Indeed, a local analytic algebra has only one C-valued
character, namely the residue map. To see this, write A = C{Ty,...,T,}/I and let ¢;
be the image of 7;. If y: A — C is a C-algebra homomorphism and a; = x(#;), put
a=(ay,...,a,). Choose a complex linear form £ with £(a) # 0 if a # 0. Then

(14D

-1
_f(a)) GC{Tl,...,Tr}

is a unit in C{T1, ..., T, }, but its image under y would be 0, a contradiction. Hence
a; = 0 for all i, and y is the residue map.
We next show that ¢ is continuous. Choose presentations

C{T],...,Tr}—»A, C{Sl,...,SS}—»B.
Let?; be the image of 7; in A, and choose lifts Ei € C{Sy,...,Ss}of ¢(¢;) € B. Since

¢ is local, each b; has zero constant term. For every polyradius r € R ), choose a
sufficiently small polyradius s € RY ; such that

||bl-||s<rl-, i:l,...,r.
Then substitution 7; +— Z,- defines a continuous linear map
T s
Br - Bs
between the Banach spaces used in Definition 2.1.2, because BS is a Banach algebra

and
Z cab®|| < Z |ca|r?.

a s a

Passing to inductive limit topologies and then to quotients gives the continuity of
¢: A— B.
Now choose a surjection g: A™ —» M. Let ey,...,e, be the images of the
standard basis vectors, and put n; = f(e;) € N. The composition
am S LN
is

(@i sam) Y dlapm.
i=1

Each map a — ¢(a)n; is continuous: ¢ is continuous, and b +— bn; is a continuous
B-linear map B — N by Proposition 2.1.2. Hence f o g is continuous. Since ¢ is a
quotient map by the definition of the series topology on M, the map f is continuous.OI
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Proposition 2.1.4 Let A — B be a finite C-algebra homomorphism between local
analytic algebras, and M be a finite B-module. Then the series topology on M viewed
as a B-module is the same as the series topology when M is viewed as an A-module.

See [ , § 11.2.6, Satz 7].

Theorem 2.1.1 (Scheja—Storch) Let A be a local analytic algebra. Then A admits
a universally finite C-derivation. If there is a complex space X and x € X such
that A = Ox x, then a universally finite C-derivation is given by the usual Kdihler
differential

dx: (7X,x - ng,x

See Definition 1.2.3 for the notion of universally finite derivations. See [ ,
Satz 2.6] and its proof.

2.2 The section ring of complex spaces

Let X be a Hausdorff paracompact complex space. We shall construct a topology
on I'(X, Ox), making it a product-Fréchet algebra, as defined in Definition 1.5.13.
Similarly, for a coherent sheaf # on X, we can also construct a topology on I'(X, F),
making it a product-Fréchet module. We shall call these topologies the canonical
Fréchet topologies on I'(X, Ox) and I'(X, F) respectively.

In fact, let {X; };¢; be the family of connected components of X. We shall construct
a Fréchet-algebra topology on I'(X;, Ox,) and define the topology on I'(X, Ox) and
on I'(X, F) as the product topology:

N(X,0x) = | [T(Xi,0x), T(X.F) = [ [T(Xi, Flx).
i€l i€l

In particular, when X has countably many connected components, I'(X, Ox) is a
Fréchet algebra and I'(X, ) is a Fréchet module.
In the sequel, we only handle the case where X is connected. Then X is o--compact.

2.2.1 The canonical Fréchet topology

Let X be a o-compact Hausdorff complex space. For the ease of later citations, we
shall restate this assumption in each of the theorems below.

Theorem 2.2.1 Let X be a o-compact Hausdorff complex space. Let F be a coherent
sheaf on X. There is a unique topology on T'(X, F) such that

(1) I'(X, F) is a Fréchet space with respect to this topology;



2.2. THE SECTION RING OF COMPLEX SPACES 41
(2) For each x € X, the germ map
eve=ev :T(X,F) = Fx

is continuous, where on ¥, we endow the series topology as in Definition 2.1.4.

In particular, when F = Oy, we obtain that I'(X,Ox) is a Fréchet algebra. In
general T'(X, F) is a Fréchet T'(X, Ox)-module.

Proof Step 1. We first prove the uniqueness of the topology.
Let 71 and 7, be two topologies on I'( X, F) satisfying the assumptions. The graph
of the identity map
X, ), 1) — (X, F), 1)

is closed: indeed, if s, — s for 7y and s, — ¢ for 1, then the continuity of the
evaluations gives s, = f, in ¥, for every x € X, hence s = ¢. By the closed graph
theorem the identity map is continuous. Reversing 71 and 1, gives the continuity of
the inverse identity map, so the two topologies coincide.

Step 2. We prove the existence of the topology.

Step 2.1. We first treat the case where X is a o--compact complex manifold. We
begin with the local model. Let X = A", and suppose that ¥ is globally finitely
generated: There is an epimorphism

ol, - F —0. (2.3)

Let K be the kernel. Since ¥ is coherent, K is coherent. By Cartan’s Theorem B,
the sequence

0> T(A",K) > T(A",0p)? - T(A",F) -0

is exact. We endow I'(A", Opn) with the compact-open topology, which is Fréchet
since A" is o--compact. For each z € A", the germ map

evi: [(A",0a)? — Of, .

is continuous for the series topology on the target. Moreover K, C O‘A’,, . is closed
by Proposition 2.1.2. Hence

LA %) = () (v ™ (%)

ZEA"

is closed in I'(A", Oan)9. We endow I'(A", ) with the quotient Fréchet topology.
It remains in this local model to prove continuity of the evaluations. For z € A",
the diagram

[(A",Opn)? ——3 T(A™, F)

| |

O, —> %=
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is commutative. The left vertical map is continuous by the compatibility between
compact convergence and the series topology, and the lower horizontal map is
continuous by Proposition 2.1.2. Since the upper horizontal map is the quotient map
defining the topology on I'(A", ), the right vertical map is continuous.

Now let X be an arbitrary o-compact Hausdorff complex manifold. Since X
has a countable basis, we can choose a countable cover {U;};>; by coordinate
polydiscs such that each 7y, is generated by finitely many sections. We glue the
local topologies as follows. Consider

po:T(X,F) > HF(Ui,T), s+ (sly;)iz1-

i>1

The target is Fréchet, and p is injective. Its image is closed: if x € U;, let

pix: | [TW,F) - F

izl

be projection to I'(U;, ) followed by the germ map at x. A tuple (s;); comes from
a global section if and only if

Pix((57);) = prx((s5);)

for all x € U; N Uy. Since F, is Hausdorft, these equalizers are closed, and the image
of p is their intersection. We transport the induced closed-subspace Fréchet topology
to I'(X, ). The germ maps are continuous because locally they factor through one
of the projections.

Step 2.2. We next treat the case where X is a closed analytic subspace of a o-
compact Hausdorff complex manifold M, with closed embedding i: X < M. Then
i.F is coherent on M. Applying Step 2.1 to M and i.F, and using

'M,i.7)=T(X,F),

gives a Fréchet topology on I'(X, ). For x € X, the germ map at x is the germ map
of i.F ati(x); the series topology agrees with the one on # by Proposition 2.1.4.

Step 2.3. We pass to the general case. Since X has a countable basis, we can find
a countable open cover {U;};>; such that each U; is a closed analytic subspace of
a polydisc and 7 |y, satisfies Step 2.2. Applying the same gluing construction from
Step 2.1 to this cover gives the desired Fréchet topology on I'(X, ) and makes all
germ maps continuous.

Step 3. We finish the proof.

Step 3.1. We first show that I'(X, Ox) is a Fréchet algebra.

We need to show that the multiplication map

I'(X,0x) xI'(X,0x) = I'(X, Ox)

is continuous. By Theorem 1.4.4, it suffices to show that it is continuous in each
variable. By the closed graph theorem, we need to show the following. Suppose ( f;);
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is a sequence in I'(X, Ox) with limit f, and g € T'(X, Ox). Assume that f;g — &
for some h € T'(X, Ox). Then
h=fg. 2.4)
Since it suffices to verify (2.4) locally on X, we may assume that X is an analytic
subspace of A" C C".
Since A" is a Stein space, we have the following commutative diagram with
surjective vertical maps given by restrictions:

(A", Opn) X T(A", Opn) ——=— T(A", Opn)

! !

['(X,0x) xI'(X,0x) —=—— I'(X, Ox).

By the open mapping theorem, it suffices to verify the continuity of the upper
multiplication, so we are finally reduced to the case X = A”. But in this case (2.4)
trivially holds.

Step 3.2. Next we show that I'(X, ¥) is a Fréchet module over I'(X, Ox).

We need to show that the multiplication map

[(X,0x) x (X, F) — (X, F)

is continuous. Similar to Step 3.1, the problem is local, and we can reduce to the
case X = A", and F is globally of finite type. Taking a surjective homomorphism as
in (2.3), we get a commutative diagram:

F(Ana OA") X F(An7OZn) % F(An, OZn)

! !

(A", Opn) X T(A", F) ——=— T(A", F).
We then reduce to the case where F = Ozn. In this case, we can further reduce to

q = 1, and this case is handled in Step 3.1. O

Definition 2.2.1 We call the topology in Theorem 2.2.1 the canonical Fréchet topol-
ogy of T(X, F).

Whenever we mention topological aspects of Ox (X) or I'(X, ), we always refer to
this topology.
The basic properties of the canonical Fréchet topology are summarized as follows:

Proposition 2.2.1 Let X be a o-compact Hausdorff complex space. Let F be a
coherent sheaf on X. Then

(1) for any open subset U C X, the restriction

r'x,v) -rw,s)
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is continuous;
Q) if f: Y — X is amorphism from a o-compact Hausdor{f complex space Y, then
the pull-back
X, F) =T, f"F)

is continuous;
Q) if f: Y — X is a finite morphism from a o-compact Hausdorff complex space
Y, then for any coherent sheaf G on Y, the natural isomorphism

I'(X, f.g) > T(Y.G)

is an isomorphism of Fréchet spaces;
@) if F' is another coherent sheaf on X and ¥ — F' is a morphism of coherent
sheaves, then the induced map

X, ) ->T(X, ")

s continuous;
(5) if H is a coherent subsheaf of F, then T'(X, H) is closed in T (X, F);
(6) if F' is another coherent sheaf on X, then the natural map

Ir'x,f elr(X, 7)) ->TX,FeF')

is an isomorphism of Fréchet spaces.

Proof We repeatedly use the closed graph theorem.

(1) Since X is second countable and locally compact, every open subset U C X is
again o-compact. Let r: I'(X, ) — IT'(U, ) be the restriction map. Suppose that
s;j = sin(X,¥) and r(s;) — tinI'(U, ). For every x € U, continuity of the
germ maps gives

ty = li]r_nr(sj)x = li}n(sj)x = Sy.

Hence ¢t = 5|y, so the graph of r is closed. Thus r is continuous.
(2) Let
g:T(X,F) - T, f°F)

be the pull-back map. Suppose that s; — sinI'(X, ) and g(s;) — tin (Y, f*F).
Fory € Y, putx = f(y). The natural stalk map

Frx — (f *7:))}
is continuous for the series topologies by Proposition 2.1.3. Therefore
ty = lijmg(sj)y =g(s)y.

This holds for every y € Y, hence t = g(s). Thus the graph of g is closed, and g is
continuous.
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(3) Algebraically, the displayed map is the defining identity I'(X, f.G) =T'(Y, G).
We compare the two topologies. Transport the canonical Fréchet topology of I'(Y, G)
to I'(X, f.G) through this identity. This transported topology is Fréchet. For x € X,
the finite morphism identifies the stalk (f.G). with the finite product [, ¢ r-1(x) Gy,
and this identification is a homeomorphism for the series topologies by Proposi-
tion 2.1.4. Hence the germ map

I(X, £.6) =T(Y.G) = (f.G)x

is continuous, since it is given by the finitely many continuous germ maps at the
points y € £~ (x). By the uniqueness part of Theorem 2.2.1, the transported topology
is the canonical one. Thus the identity is an isomorphism of Fréchet spaces.

(4)Letu: ¥ — ¥ be the given morphism. Suppose that s; — sinI'(X, #) and
u(s;) = tinI'(X, £'). For every x € X, the stalk map u,: ¥, — ¥ is continuous
by Proposition 2.1.2. Hence

ty = lim ux((sj)x) = ux(sx).
J

Thus ¢t = u(s), so the graph is closed and the induced map on global sections is
continuous.

(5) For each x € X, the submodule H, C ¥, is closed by Proposition 2.1.2.
Therefore

L(X, H) = () (ev]) ™ (Hy)

xeX

is closed in I'(X, 7).
(6) Let
i Fo>FoF, ir: F > FeoF

be the two natural inclusions, and let
pFeF —-F, prFefF —-F

be the two natural projections. By (4), the maps induced by i1, 2, p; and p;, on global
sections are continuous. The displayed natural map is algebraically the map

(s,1) ¥ i1 (s) +i2(1),
hence it is continuous. Its inverse is

ur— (p1(u), p2(u)),

which is continuous as well. Therefore the natural map is an isomorphism of Fréchet
spaces. O

Corollary 2.2.1 Let X be a o-compact Hausdorff complex space, and F be a
coherent Ox-module. Suppose that s, ...,s, € I'(X,F). Suppose that for each
i=1,...,n we are given a sequence (a{)j in I'(X, Ox) with limit a; € T'(X, Ox).
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Then

as j — oo.

Proof The sections s; induce a homomorphism of Ox-modules:

Therefore, by Proposition 2.2.1(4) and (6), the induced map

n

I'X,0x)" ->T'(X,F), (ai,...,ap,) Zaisi

i=1
is continuous. Our assertion follows. ]

Corollary 2.2.2 Let X be a o--compact Hausdorff complex space and ¥ be a coher-
ent Ox-module. Take x € X. Then in LCS, the natural map

lim T(U, F) — %= 2.5)
Usx

is an isomorphism, where U C X runs over all open neighborhoods of x.

The filtered colimit in (2.5) is taken in the category LCS.

Proof Note that (2.5) is well-defined, since the series topology on ¥ is locally
convex. It is an isomorphism of the underlying Ox _,-modules, and is continuous.

It remains to prove that it is an open map. The problem is local, so we may assume
that X admits a closed immersion i: X < A" with i(x) = 0.

We have a commutative diagram in LCS:

i —
im,,, T ) ~

! 1

lim,, ) T(V.i.F) ——— (..

By Proposition 2.1.4, the right-vertical map is also a homeomorphism. The left-
vertical map is also a homeomorphism by Proposition 2.2.1(3). Therefore, in order
to show that the upper horizontal map is an open map, it suffices to show that the
lower horizontal map is. In other words, we have reduced to the case X = A" and
x=0.

Step 1. We first handle the case ¥ = Oy for some m > 0. We may easily reduce
to the case m = 1.

In this case, recall that the series topology is defined as the inductive-limit topol-
ogy on By as r runs over (0, 1)”, see Definition 2.1.2. But the Banach topology on
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By is clearly finer than the compact-open topology, so our assertion follows in this
case.

Step 2. We handle the general case.

After shrinking X around x, we may assume that there is a surjection Of —» F
for some m > 0. Then for each polydisk U C X with center 0 we get a commutative
diagram in LCS:

i, T(U 05— 0%,

! !

i, PV 7) ———— T

The upper horizontal map is a homeomorphism by Step 1, and the right vertical map
is open by definition of the series topology. The left vertical map is a surjective open
map by Theorem 1.4.2. Therefore, the lower horizontal map is open. O

Proposition 2.2.2 Let X be a o-compact Hausdor{f complex space. Let {U;};cs be
a countable open covering of X. Then the natural map

L(X,0x) = [ [T, 0x),  f = (Flu (26)
iel
defines a topological embedding with closed image.

Proof By Proposition 2.2.1(1), the map is continuous. It is injective since {U;} is a
covering. The image is closed since it can be defined as an equalizer.
That (2.6) is a topological embedding follows from the open mapping theorem.o

Corollary 2.2.3 Let X be a o-compact Hausdor{f complex space. LetU; C Uy C - - -
be an increasing countable covering of X by open subsets. Then in the category of
locally convex topological vector spaces, we have

I'(X,0x) — im['(U;, Ox).
i>0

Proof This follows from Proposition 2.2.2. O

Corollary 2.2.4 Let (X;);c; be a countable family of o-compact Hausdor{f complex
spaces. Set X = U;c; X;. Then the natural map

r(X,0x) - [ [T (X, 0x)
iel
is an isomorphism of Fréchet algebras.

Proof This follows from Proposition 2.2.2. O

Proposition 2.2.3 Assume that X is a reduced o-compact Hausdor{ff complex space.
Then the canonical Fréchet topology on T'(X, Ox) is just the compact-open topology.
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See [ , § V.6, Satz 8].

Lemma 2.2.1 Let X be a o-compact Hausdorff complex space, and x € X. Then the
map
I'(X,0x) = C, [ f(x) 2.7

Is continuous.

Proof We write the map (2.7) as a composition

I(X,0x) —5 Ox.x — C,

the first map is continuous by definition of the canonical topology, while the second
is continuous by Proposition 2.1.1. O

Proposition 2.2.4 Let X be a o-compact Hausdor{f complex space. The homomor-
phism
[(X,0x) = C*(X)

sending a holomorphic function f to the associated continuous function is continu-
ous.

Here C°(X) is endowed with the compact-open topology.

Proof By the closed graph theorem, it suffices to verify the following. Suppose that
(fj); is a sequence in I'(X, Ox) with limit f with respect to the Fréchet topology,
and assume that f; — g in C 0(X) for some g. Then g is the continuous function
associated with f.

Take x € X. It suffices to show that f;(x) — f(x), but this follows from
Lemma 2.2.1. O

2.2.2 Envelopes

Definition 2.2.2 Let X be a o-compact Hausdorff complex space. We define the
envelope X of X as the spectrum SpI'(X, Ox).

Here the spectrum Sp is defined in Section 1.5. We regard X as a locally C-ringed
space.

The envelope is functorial. More precisely, suppose that F: ¥ — X is a mor-
phism between o-compact Hausdorff complex spaces. Then we define F: ¥ — X
as follows: if § € ¥, then ¥ = F(§) is the map making the following diagram
commutative:

I'(X,0x) ———— T'(Y,Oy)

R
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Definition 2.2.3 Let X be a o-compact Hausdorff complex space. The character
map x = xyx: X — X is defined as follows: Given x € X,

X)) =xx(x): (X, 0x) = C,  f fx).

Note that yx is continuous: To see this, it suffices to show that for each f € I'(X, Ox),
the composition

x5 xlc
is continuous, but the composition is nothing but the function associated with f.

Proposition 2.2.5 Let X be a o-compact Hausdorff complex space. Then the char-
acter map can be canonically enhanced to a morphism

yx: X —X (2.8)

of locally C-ringed spaces.

Proof Put A =T'(X,Ox).
We construct a homomorphism

)()—(IOSPA — Oy.

Since Os;, 4 is obtained from E(A) by quotienting by 7 (A), it is enough to construct
a homomorphism
Xx'E(A) — Ox

which annihilates /\{;(1] (A).
Let U € X be open, and let V C Sp A be open with yx(U) € V. We define a
compatible homomorphism

r'wv,&(A) — I'(U,Ox).

Leta € I'(V,E(A)) and let x € U. Set y = yx(x). By the definition of E(A), after
shrinking V around y, the germ «, can be represented in the form

P(Ta1—y(a1)7-“?Tun—y(an))’ Pe C{Tl,...,Tn},
for some ay,...,a, € A. We send this germ to
P((al - al(x))x’ ceey (an - an(x))x) € OX,x~

This construction is local in x. On a sufficiently small open neighborhood W C U of
x, it is represented by the holomorphic section

Plai —a\(x),...,an — an(x))|w.

The compatibility of different local representations follows from the sheaf property
in the definition of &(A). Hence the above germs glue to a section of Ox over U.
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This gives a homomorphism
-1
Xx 6(A) — Ox.

We now show that this homomorphism annihilates )(;(II (A). It suffices to check
this on stalks. Let x € X and y = yx (x). An element of 7 (A), is locally generated
by elements

o= Y T, f= (i f) €mO),

veNn
satisfying
Z c £V e m(y)” for every r > 0.

lv|<r

After substituting 7. by (f;)«, the finite partial sum lies in m’;, _, and the tail lies in
my . as well. Hence the image of « lies in

ﬂmg(,x =0

by the Krull intersection theorem for the noetherian local ring Ox .. Thus the
homomorphism factors through /\/;(1 Osp 4.
On stalks the resulting homomorphism is precisely the substitution map

C{mxx NI (A)yx(x) — Oxx» Ty ¥— fr.

It is local, because Ty maps into my , whenever f € m(yx (x)). Therefore yx is a
morphism of locally C-ringed spaces. O

Proposition 2.2.6 Let F: Y — X be a morphism of o-compact Hausdor{f complex
spaces. Then the following diagram

~

XY
F
XX

> — =~

b

is commutative in the category of locally C-ringed spaces.
Proof Put
A=T(X,O0x), B=T(Y,0Oy), a=F":A— B.

By Proposition 2.2.1(2), the homomorphism « is continuous, so F is the morphism
Spa: SpB — Sp A from Theorem 1.5.1.
We first check the underlying maps. For y € Y and a € A, one has

((Foxy)(»)(a) = xy ) (a(a) = (Fa)(y) = a(F(y)) = xx(F(y))(a).
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Thus F o yy = yx o F as maps of topological spaces.

It remains to compare the homomorphisms on the structure sheaves. Since Og
is obtained from &(A) by quotienting by 7 (A), it is enough to compare the two
pullbacks on germs represented in &(A). Fix y € Y, set x = F(y), and let

B= ) Tl € Cimlxx (1))}

veNn

be such a representative, with a = (ay,...,a,) € A". Pulling 8 back along yx o F
gives the germ

D ev(Fra-a(x))” € Oy .

veNn

On the other hand, the morphism F = Sp a sends the above representative to

2 Ty o) (atay € CMOy )}

veNn

Pulling this further back by yy gives

Z cy(Fa— (Fra)(y))”.

veNn

This is the same germ, because (F*a;)(y) = a;(F(y)) = a;(x) for every i. Hence
the two morphisms have the same pullback on all stalks of Oy, and the diagram
commutes in the category of locally C-ringed spaces. O

2.3 Auxiliary results about complex spaces

Lemma 2.3.1 Let X be a complex space, let K C X be a compact subset, and let
f: Z — X be a finite holomorphic map. Assume that for every analytic subspace Y
of some open neighborhood of K in X, the set Y N K has only finitely many connected
components. Then f~'(K) has only finitely many connected components.

Proof Since the assertion only concerns the underlying topological spaces, we may
pass to the reductions of X and Z. By local finiteness of irreducible components and
compactness of K, after replacing X by the finite union of the irreducible components
meeting K, we may assume that X has finite dimension and only finitely many
irreducible components. Replacing Z by the union of the irreducible components
meeting f~'(K), we may also assume that Z has only finitely many irreducible
components.

We argue by induction on dim X. If dim X = 0, then K is finite, and hence £~ (K)
is finite because f is finite. Thus the assertion is clear.

Assume now that dim X = n > 1, and that the assertion is known for spaces of
dimension < n.

We first reduce to the case where Z is normal and connected. Let
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viZ—>7Z

be the normalization of Z. Then v is finite and surjective. If (f o v)~!(K) has
only finitely many connected components, then so does f~!(K), because every
connected component of f~'(K) has non-empty inverse image in (f o v)~!(K).
Thus we may replace Z by Z and assume that Z is normal. Since Z has only finitely
many irreducible components, its normalization has only finitely many connected
components. Hence it is enough to prove the assertion on each connected component
separately. We may therefore assume that Z is normal and connected.

Replacing X by the reduced analytic subspace f(Z) € X and K by KN f(Z), we
may assume that f is surjective. Since Z is normal and connected, Z is irreducible;
hence X is irreducible.

Let

X—>X

be the normalization of X. Since Z is normal, the morphism f factors uniquely
through 7; write _
f=mog, g:7Z—-X.

The map g is finite. Indeed, this is local on X and X:if A — B is the finite homomor-
phism corresponding to 7 and A — C is the finite homomorphism corresponding to
f, then the factorization gives A — B — C, and any finite set of A-generators of C
also generates C as a B-module. Moreover, g is surjective: its image is closed, and
over XRe¢ the normalization map 7 is an isomorphism, so the image of g contains
the dense open subset 7! (XRe€) of X. Thus g is finite and surjective. By the open
mapping theorem for complex spaces, g is open.

We shall use the following elementary topological fact. Let p: E — B be a
continuous closed open map with finite fibers. If C C B is compact and has only
finitely many connected components, then p~!(C) has only finitely many connected
components. Indeed, after replacing B by C and E by p~!(C), it suffices to treat
the case where C is connected. Let H be a connected component of E. For every
clopen neighborhood W of H in E, the set p(W) is non-empty, open and closed in C,
hence p(W) = C. Since E is compact Hausdorff, connected components coincide
with quasi-components. Hence, for any fixed ¢ € C, the finite set p~! (c) meets every
clopen neighborhood of H, and therefore meets H itself. Thus every connected
component of E meets the finite fiber p~!(c), so there are only finitely many such
components.

Applying this fact to g, it is enough to prove that 77! (K) has only finitely many
connected components.

Set

S = n1(x5ne),

Then 7 restricts to a finite map
n’: S — xSing,

Since dim X5 < p, the inductive hypothesis applied to 7 gives that
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Sna ' (K) =" (K nXx5"2)
has only finitely many connected components. Write these components as
Diy,....,Dy.

Let {E;};cs be the set of connected components of 77! (K). If E; meets S, then
E; contains one of the components D ;. Hence only finitely many of the E; meet S.

It remains to consider those E; disjoint from S. On X\ S, the map 7 is a biholo-
morphism onto XR¢& = X \ X5"¢_ Therefore each such E; maps homeomorphically
onto a connected component of

K n xRee = g\ xSing,

Since E; is compact, 7(E;) is a compact connected component of K \ X5"2 A
compact connected component of the complement of a closed subset in a compact
Hausdorff space is a connected component of the whole compact space. Hence each
n(E;) is a connected component of K.

By the hypothesis applied to the analytic subspace ¥ = X, the compact set K
has only finitely many connected components. Hence there are only finitely many
components E; disjoint from S. Together with the previous paragraph, this proves that
7~ 1(K) has only finitely many connected components. Consequently g~ ! (771 (K)) =
f£71(K) has only finitely many connected components, as required. O

Theorem 2.3.1 (Gluing of complex spaces) Let {X;};e; be a family of complex
spaces. For each pair (i, j) € I?, suppose that we are given an open subset U; i € Xi,
and an isomorphism

vij: Uij = Uji
of complex spaces. Wheni = j, we assume that U;; = X;. Foreachi, j, k € I, assume
that

(D SDZ;I(Uji NUjx) = Uij N Uik, and
(2) the diagram

Pik
Uij NUir

> Uki N Uy
Pij Pjk

UjinUjk

is commutative.

Then there is a complex space X with open subsets {U;};c; and isomorphisms
wi: X; — U; with the following properties:

(1) X =Ujer Ui
(2) ¢i(Uij) =U;NU;;
(3) gij = 90}] luinu; © @iluy;-
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Furthermore, if (X', {U]}ie1,{¢;}ic1) is another datum satisfying the above proper-
ties, then there is a unique isomorphism of complex spaces X — X’ sending U to
U! and ¢; to ..

Proof From [ , Tag 01JB], the gluing X exists as a locally ringed space and
is unique. Furthermore, the gluing X is clearly a locally C-ringed space. It remains
to show that X is a complex space. But this is clear since X is covered by the open
subspaces U;, which are complex spaces. O

Theorem 2.3.2 (Gluing of morphisms) Let X be a complex space, and let {U;};¢;
be an open covering of X. For eachi € I, let f;: Y; — U; be a complex space over
U;.

Suppose that for every pair (i, j) we are given an isomorphism of complex spaces
overU; N U;:

wij: Yi Xy, (Ui 0nUj) = Yj Xy, (UiNUj),
such that the following conditions hold:
(1) ¢;; =id for all i;
(2) ¢ij = 90;.} foralli,j;
(3) foralli, j, k, on Ui N U; N Uy we have
Pjk © $ij = Pik-

Then there exists a complex space morphism f: Y — X together with isomorphisms
of complex spaces over U;:

it Y xx Ui = ¥,
such that for all i, j, the induced identifications on U; N\ U satisfy

gij =0y,

Moreover, f:Y — X is unique up to a unique isomorphism over X with these
properties.

Proof This is a special case of Theorem 2.3.1. O

We recall a well-known construction.

Definition 2.3.1 Let X be a complex space and let / C I'(X, Ox) be an ideal. We
define the coherent ideal I10x associated with I as the ideal on X defined stalkwise
by declaring (/Ox), to be the ideal in Ox , generated by the germs f, for all f € I.

Note that /Ox is coherent. To see this, by the Noetherian property of coherent ideals,
we may assume that [ is finitely generated. Then the assertion is clear. There is a

natural inclusion
I CcI'(X,10x%). (2.9)

We remind the reader that this inclusion is not an equality in general. This can be
seen for example from the fact that I'(X, /O0x) is always closed by Proposition 2.2.1.
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Proposition 2.3.1 Let f: X — Y be a proper morphism of Hausdorff complex
spaces. Let (F;)ier be a filtered inductive system of Abelian sheaves on X, and set
F = h_r)n Fi. Then for every p > 0, the canonical morphism

13

1 14 . 14
limR? f.; — RP .7

iel

is an isomorphism.

Proof 1t suffices to check the assertion on stalks. Let y € Y and form the cartesian
square of complex spaces:

X, — X

Lob

{y} — VY.

Since f is proper, proper base change for topological spaces gives
(Rpf*T)y = Hp(Xy’ 7:|Xy)’ (Rpf*f)y = Hp(Xy’ﬁle)§

see [ , Tag O9V6].
The fibre X, is compact Hausdorff. By Lemma 1.1.10,

L 4

H_TI} Rpf*?-i) = h_r)n(Rpf*?:l)y
y

= h_p)al(Xy, 7':|Xy)

~ HP (Xy,ﬂxy)
= (RP £.F)y.

Thus the desired morphism is an isomorphism on all stalks, hence is an isomor-
phism. O

Proposition 2.3.2 Let Y be a normal complex analytic space, and let U C Y be an
open subset whose complement is analytic and nowhere dense. Let

fi: Xi —>7Y, i=1,2,

be finite holomorphic maps such that X; is normal and X; y = fl._1 (U) is dense in
Xi. Then the restriction map

HomCompSpace/Y (Xl > XZ) — HomCOmpSpace/U (Xl,U» XZ,U) (2.10)
is bijective.

Proof We first prove injectivity. Let
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@, lﬁ: X] — X2

be two morphisms over Y whose restrictions to X ¢ agree. Since X, — Y is finite,
it is separated. Hence the equalizer of ¢ and ¥ is a closed analytic subspace of X;. It
contains the dense open subset X| yy, so it is all of X;. Thus ¢ = . We now prove
surjectivity. Let
vu: Xiu — Xou

be a morphism over U. By the injectivity already proved, the extension, if it exists,
is unique. Hence the problem is local on Y. We may therefore assume that f, is
represented by a finite coherent Oy -algebra

B = f.0x,.
A morphism X; — X, over Y is the same as an Oy -algebra homomorphism
B — f1,*OX1 .

The given morphism ¢, is equivalently an Oy -algebra homomorphism

90?]1 Blu — fiuO0x,p-

We extend this homomorphism across Y \ U. Let b be a local section of 8. Since B
is finite over Oy, the section b is integral over Oy . Thus, locally on Y, it satisfies a
monic equation

bN +a bV T+ vay =0, a; € Oy.

The image
cu = ¢l (bly)

is a holomorphic function on X; yy. On X y it satisfies
CLI\]] +flﬁ(a1)c(1\;_1 e +f1ﬁ(aN) =0.

Hence cy is locally bounded near X; \ X; y: locally the coefficients flﬂ(ai) are
bounded, and the roots of a monic polynomial with bounded coefficients are uni-
formly bounded. Since X is normal, the Riemann extension theorem for normal
complex spaces implies that ¢y extends uniquely to a holomorphic function on Xj.
These extensions are compatible with addition, multiplication and the unit, because

the corresponding identities hold on the dense open subset X ¢y and both sides are

holomorphic on X;. Thus goﬁj extends uniquely to an Oy -algebra homomorphism

B — fl,*OXl-

This homomorphism defines a morphism
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@: X] — Xz

over Y, whose restriction to U is ¢y. Hence (2.10) is surjective. This proves the
proposition. O

Theorem 2.3.3 (Grauert—-Remmert extension theorem) Let Y be a normal com-
plex analytic space, and let U C Y be an open subset whose complement Z ==Y \ U
is analytic and nowhere dense. Let fy: Xy — U be a finite étale analytic covering.
Then there exists a finite holomorphic map f: X — Y with X normal, together with
an open immersion Xy — X, such that the diagram

Xy — X

fU\L O lf

U——Y

is Cartesian. Moreover, such an extension is unique up to a unique isomorphism over
Y.

We refer to [ ] for the definition of analytic spectrum.
Proof We first prove uniqueness. Let
fl‘ZXi—)Y, i=1,2,

be two finite extensions of fy, with X; normal. Then X; Xy U is identified with Xy,
and is dense in X;. Hence the induced isomorphism

X1><YU;X2><YU

over U extends uniquely to an isomorphism X; — X, over Y by Proposition 2.3.2.
This proves uniqueness. We now prove existence. By uniqueness, the construction
is local on Y. We may therefore shrink Y around an arbitrary point. By embedded
resolution of singularities for complex analytic spaces, applied to the pair (Y, Z),
we may choose a proper modification 77: Y’ — Y such that Y’ is smooth, 7 is an
isomorphism over a dense open subset of ¥, and D := 77! (Z)™! is a divisor with
simple normal crossings. Put

U =Y \D=n'().
Base changing fyy gives a finite étale covering
fu: Xy =XyxpU —U'.
We first extend fy- across D. This is local on Y’. Hence we may assume that

Y = A", D={z -z, =0}, U = (A*) x A",



58 CHAPTER 2. COMPLEX SPACES

After decomposing Xy into connected components, it is enough to treat the case
where Xy is connected. Since U’ is a complex manifold, the finite étale covering
Xy — U’ is a finite topological covering. The fundamental group of U’ is 711 (U’) =
Z". The connected covering Xy — U’ corresponds to a finite-index subgroup
H C Z". Choose positive integers my, . .., m, such that

mizie---e&m,2ZcH.
Then the Kummer covering
oy Vg — U, zi=t" (1<i<r),
dominates Xy» — U’. Here
Vur = (A")" x A",
The covering py» extends across D to the finite morphism
p:V=A"—SA"=Y’, =" (1<i<r),

with z; = ¢; for j > r. Let G = [[;_; um, be the Galois group of py-. It acts on Vy»
and the action extends holomorphically to V. Since Vy;» — U’ dominates Xy» — U’,
there is a finite G-set / such that

Xy = (Vyr x I)/G.

Define
X' =(VxI)/G.

The analytic quotient exists because G is finite. The induced morphism f’: X’ — Y’
is finite. Moreover, X’ is normal, since V X [ is normal and finite quotients preserve
normality. By construction, X’ Xy: U’ = Xy-. Thus fy extends to a finite morphism
from a normal complex space over Y. We now descend this finite normal cover from
Y'toY.Let

g=mof: X —Y.

This morphism is proper. By Grauert’s direct image theorem, A = g.Ox is a
coherent Oy -algebra. Define

X = Spec;n (A).

Then f: X — Y is finite. We claim that this finite morphism restricts to the original
covering over U. Let 7y : U’ — U be the restriction of x. Since Y is normal and 7
is a proper modification, one has

ﬂ'U’*OU/ = OU.

Moreover, since fy is finite étale, the sheaf
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B = fu..Ox,
is locally free of finite rank, and finite flat base change gives
fU’,*OXU/ = HZB
Therefore, by the projection formula,
‘?”U = g*OX'|U = ﬂ-U,*fU/,*OXU, = ﬂ'U’*ﬂ'ZB = B ®0U ﬂ-U,*OU' = B

Hence
X xy U = Spec‘;‘(B) = Xy.

This gives the required Cartesian diagram. It remains to prove that X is normal.
Since this is local on Y, we may assume that Y is Stein. Then X’ is a normal complex
space proper over the Stein space Y. The finite space X = Spec;n( 8+Ox) is the Stein
factor of g. For every Stein open subset W C Y, the ring

(g™ (W),0x)

is normal, because g~!(W) is a normal complex space. Hence the corresponding
finite analytic algebra defining X|w is normal. Thus X is normal. This proves
existence. Together with uniqueness, the theorem follows. O

2.4 Holomorphically convex hull

Let X be a complex space.

Definition 2.4.1 Let A C X be a subset. The Ox (X)-convex hull of A in X is the set

Ax = () fxeX:1f @< flcow}-

fe0x(X)

When there is no risk of confusion, we also write A instead of Ax.
We say A is Ox (X)-convex if A = Ay.

For simplicity, we sometimes write O(X) in place of Ox (X) as well.
The elementary properties of the hull are summarized in the following:

Proposition 2.4.1 Let A, B C X be subsets. Then
(1) the set A is closed;

(2) we have 4 CA;

(3) we have A = A;

(4) if A C B, then A C B;
(5) we have ANBCAnB;
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(6) if F: Y — X is a morphism of analytic spaces, then

F1(A)y c F™! (AX) .
See [ , $IV.2].

Definition 2.4.2 A complex space X is holomorphically convex if for any compact
subset K C X, the set Ky is also compact.



Chapter 3
Stein algebras

Die Franzosen haben Panzer, wir nur Pfeile und Bogen.
— Karl Stein, 1953¢

¢ Karl Stein (1913-2000) was one of the central figures of the Miin-
ster school of several complex variables. A student of Heinrich
Behnke, he worked on analytic continuation, Cousin problems,
Runge approximation on Riemann surfaces, and the notion of
holomorphic completeness. The manifolds now bearing his name
were called variétés de Stein by Henri Cartan at the 1953 Brussels
colloquium. His work with Behnke and Remmert helped prepare
the language in which modern complex analytic geometry, and
especially the Cartan—Serre theory of coherent analytic sheaves,
came to be formulated.

We shall use the following definition of Stein spaces:
Definition 3.0.1 A Stein space is a o-compact Hausdorft complex space S such that

(1) (Holomorphic separability) For any two distinct points x,y € S, there exists a
holomorphic function f € T'(S, Os) such that f(x) # f(y);

(2) (Holomorphic convexity) For any compact subset K C S, the holomorphically
convex hull X is compact.

In particular, the empty space is Stein. Note that a Stein space is automatically
second-countable. Therefore, any open subset is automatically o-compact. We shall
constantly use this fact implicitly.

Note that uncountably many connected components of a Stein space are not
allowed in the definition.

Throughout this section, we assume some familiarity with the basic theory of
Stein spaces, such as in the book [ ].

3.1 Preliminary results about Stein spaces

We shall frequently use the famous Reduktionssatz of Grauert:

Theorem 3.1.1 (Reduktionssatz) Ler X be a complex space. Then the following
are equivalent:

(1) X is Stein;
(2) X™d js Stein.

See [ , § V.4, Satz 5].
The following embedding theorem will be crucial.

61
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Theorem 3.1.2 Let S be a Stein space of finite dimension n and finite embedded
dimension m. Then there is a closed immersion S < CVN with N = max{n+m, 2n+1}.

Given a point x on a complex space X, the embedded dimension of X at x is the
C-dimension of mx _/ m§( .- This is a Zariski upper semi-continuous quantity of x.
The supremum as x runs over all points on X is called the embedded dimension of
X.

Definition 3.1.1 Let X be a complex space. A compact subset K C X is Stein if
there is a fundamental system of open neighborhoods {V;}; of K in X such that each
V; is Stein.

Lemma 3.1.1 Let S be a Stein space, and K be an O(S)-convex compact subset of
S. Then K is Stein.

Proof Let U C S be a relatively compact open neighborhood of K. We need to
construct a Stein open neighborhood V' C § of K contained in U.

For each x € U, we can find f € I'(S, Og) with |f(x)| > 1 and |f] < 1 on K.
Since AU is compact, we can find finitely many such functions fi, . .., f;, € I'(S, Os)
such that for each x € U, there exists i with | f;(x)| > 1 while for all i, | f;| < 1 on
K. Set

Wi={yeS:|fi(y)|<1lforalli=1,...,m}.

Then W is Stein and W N oU = @.
Then we can set
V=WnU.

Then V C S is Stein since it is the union of some connected components of W. Note
that V satisfies all our requirements. O

Recall the following well-known consequence of Cartan’s Theorem B:

Proposition 3.1.1 Let S be a Stein space, and let F be a coherent Os-module. If F
is generated by global sections fi,. .., fu € T'(S,F), then for any s € I'(S,F), we
canfind ay,...,a, € I'(S,Os) such that

n
§ = Zaif,-.
i=1

In particular, suppose that g1, . .., g, € I'(S,Os) do not have a common zero on S.
Then there is ay, . ..,a, € I'(S,Os) such that

n

Zaigi =1

i=1

Proof We define a homomorphism of Og-modules:
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By assumption, this map is surjective. Therefore, it follows from Cartan’s Theorem B
that the following map is also surjective:

I(S,05)" = T(S, %), (ai,....an) = . aifi
i=1

Our assertion follows. O

Lemma 3.1.2 Let S be a Stein space, and F — G be a homomorphism of coherent
Os-modules. Then the image of T'(S,F) inI'(S, G) is closed.

Proof LetH C G be the image of . By Cartan’s Theorem B, the image of T'(S, )
in['(S, G) is just I'(S, H), which is closed by Proposition 2.2.1(5). O

Proposition 3.1.2 Let S be a reduced Stein space. Then
xs:S— SpI(S,0Os)
is a bijection.

See Definition 2.2.3 for the general construction of ys. We will later show that ys
is even an isomorphism of locally C-ringed spaces, even when § is not necessarily
reduced, see Lemma 3.3.3.

Proof Let A =T'(S,Os). Since S is reduced, the canonical Fréchet topology on A
is the compact-open topology, cf. Proposition 2.2.3. Let y € Sp A be a character.
We show that there exists a unique x € S such that y(f) = f(x) for all f € A. The
uniqueness is clear since S is holomorphically separable. We only need to show the
existence.

Since y is continuous, we can find a compact subset K C S and a constant C > 0
such that

()] < Csupf]
K

for all f € A. Since y is multiplicative, we can take C = 1. Namely,

()] < slliplfl, VfeA. (3.1

Since S is Stein, we may replace K by ES and assume that K is O(S)-convex.
We claim that there exists x € K such that y(f) = f(x) for every f € A.
Suppose not. Then for every x € K, there exists f, € A such that

fx@) #0, x(fy)=0.

By compactness of K, we may choose finitely many fi,..., f,, € A such that
x (fi) = 0 for all i. Moreover, for each x € K, there exists i such that f;(x) # 0. In
other words, the functions fi, ..., f;; have no common zero on K.

By Lemma 3.1.1, we can find an open Stein neighborhood V of K such that
fis- .., fm have no common zero on V. By Proposition 3.1.1, there exist
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aii,...,am €T(V,0y)
such that
m
Daifi=1
i=1
onV.
By the Oka—Weil theorem we can find by, . .., b, € A approximating ai, . . .

uniformly on K. Thus we may arrange that

m
1= bif,
i=1

On the other hand, since y(f;) = 0, we find

l—ibif,-):l.
i=1

sup < 1.
K

X

Using (3.1), we get

1=|x <1,

l—ibiﬁ)
i=1

< sup
K

m
1= bif;
i=1

a contradiction.

3.2 Runge subsets

Definition 3.2.1 Let S be a Stein space. An open subset U C S is Runge if

(1) U is Stein;
(2) the restriction map I'(S, Os) — I'(U, Oy ) has dense image.

We also say (S, U) is Runge or U is Runge in S.

»am

Here on the section space I'(U, Oy), we used the canonical Fréchet topology, as

studied in Section 2.2.

Lemma 3.2.1 Let U C S be an open subset. Let {S;};c; be the connected components

of S. Then the following are equivalent:

(1) U is Runge in S;
(2) foreachi € I, UN S; is Runge in S;.

Similarly, for each coherent Os-module, the restriction map

'S, ) -»ITU,F)
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has dense image if and only if for each i € I,
'S, 7)) =TWUnsS;, Fls,).
has dense image.
Proof This follows immediately from Lemma 1.1.3. O

Lemma 3.2.2 Let S be a Stein space, and let U C S be a Runge open subset. If
V C U is a union of connected components of U, then V is Runge in S.

Proof Since U is Stein, each connected component of U is Stein. Hence V, being a
union of connected components of U, is Stein as well.
It remains to prove the density of the restriction map

I'(S,0s) - T'(V,Oy).
By assumption, the image of

I'(S,0s) - I'(U,Oy)
is dense. The restriction map

I'v,0y) —»I'(V,0v)

is continuous and surjective, because a section on V extends to U by putting it equal
to 0 on the complementary union of connected components. Therefore the image of
I'(S,0s) inT'(V,0Oy) is dense. O

A convenient criterion for checking the Runge property is the following:

Lemma 3.2.3 Let S be a Stein space, let U C S be an open Stein subspace, and let
K C U be compact. Suppose that Ks C U. Then
Ky = Ks.

Proof In general, we always have Ky ¢ I?S, see Proposition 2.4.1. R
Conversely, let x € K. Note that by our assumption x € U. We show thatx € K.
Suppose not. Then there exists g € I'(U, Oy ) such that

lg(x)| > supg|.
K

Since § is Stein, ES is a compact O(S)-convex subset of S. By assumption, I?S cu.
By the Oka-Weil theorem, we can choose f € I'(S, Os) sufficiently close to g on
K and at x so that

|f ()| > sup|f].
K

This contradicts x € ES. O
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Lemma 3.2.4 Let S be a reduced Stein space, and U C S be an open subset. Then
the following are equivalent:

(1) (S,U) is Runge; L
(2) U is Stein, and for any compact subset K C U we have Ks = Ky ;
(3) U is Stein, and for any coherent Os-module F, the restriction

LS. 7) - TWU. Flu) (3.2)
has dense image.

Proof In all of (1), (2), and (3), the set U is Stein by assumption. Thus we shall
always assume this in the proof.

(1) = (2). Assume (1). Let K C U be acompact subset. In view of Lemma 3.2.3,
it suffices to show that I?s cUu.

Assume by contradiction that there exists x € ES \ U. Then for any f € I'(S, Os),
we have

|f(x)] < sup|f].
K

Let F denote the image of I'(S,Os) — I'(U,Oy). We define amap y: F — C as
follows: Given any g € F, we find f € I'(S, Os), and define y(g) = f(x). Note that
x (g) is independent of the choice of f. Therefore, y defines a character on F.

We claim that y is continuous. For this purpose, take a sequence g; — 0 in F.
Lift each g; to f; € I'(S, Os). Then

Ifi(0)| < sup |fi| < supgil.
K K

Thus y(g;) — 0. Hence y is indeed continuous.
By assumption, F is dense in I'(U, Oy ), x admits a unique continuous extension
to a continuous character
x:T'(U,0y) — C.

By Proposition 3.1.2, there is therefore y € U with y(g) = g(y) forallg € I'(U, Oyp).
In particular, f(x) = f(y) for all f € T'(S, Os). This contradicts the fact that S is
holomorphically separable.

(2) = (1). Assume (2).

We prove that the restriction map

F(S’ OS) i F(U’ OU)

has dense image.
Let f € T'(U,Oyp), let K € U be compact, and let € > 0. We shall find F €
I'(S, Og) such that
sup |F — f| <e. (3.3)
K

Replacing K by I?U, we may assume that it is O(U)-convex. By our assumption, it
is also O(S)-convex. Thus (3.3) follows from the Oka—Weil theorem on S.
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(3) = (1). This is obvious.

(I) = (3). Assume (1).

Let s € T'(U,¥|u), let K € U be compact. It suffices to show that s can be
approximated on K by the image of (3.2). Since U is Stein, after replacing K by its
holomorphic hull in U, we may assume that K is O (U)-convex. Itis also O(S)-convex
by the already proved (1) = (2).

By Lemma 3.1.1 and Cartan’s Theorem A, we can find finitely many ey, ..., en €
I'(S, ) generating the germs of # on a Stein open neighborhood V C U of K. By
Proposition 3.1.1, we can find ay, .. .,ay € I'(V,Oy) such that

N
sly = Z aieily.
i=1
The Oka—Weil theorem gives functions by, ..., by € I'(S, Os) such that supg |b; —
a;| is arbitrarily small. Our assertion now follows from Corollary 2.2.1 and Proposi-
tion 2.2.3. O

Lemma 3.2.5 Let S be a reduced Stein space. Let K C S be an O(S)-convex compact
subset. Then K has a fundamental system of open Runge neighborhoods.

Proof Let U C S be a relatively compact open neighborhood of K. We need to
construct a Runge open neighborhood V' C S of K contained in U.

For each x € U, we can find f € I'(S, Og) with |f(x)| > 1 and |f] < 1 on K.
Since AU is compact, we can find finitely many such functions f, ..., fi, € T'(S, Os)
such that for each x € dU, there exists i with | f;(x)| > 1 while for all 7, | f;] < 1 on
K. Then we can set

W={yeS:|fi(y)|<lforalli=1,...,m}.

Note that W 2 K and W N dU = @. We claim that W C § is Runge.

It is clearly Stein. By Lemma 3.2.3 and Lemma 3.2.4 it remains to show that for
each compact subset L € W, we have ZS C W. If not, there exists x € ZS with
x ¢ W. Then there exists i such that | f;(x)| > 1. On the other hand, since L C W, we
have |f;| < 1 on L. This contradicts x € Ls.

Now W N aU is empty. The set V := W N U is the union of some connected

components of W. Therefore, V is Runge in S by Lemma 3.2.2. O

Lemma 3.2.6 Let S be a reduced Stein space. Then there is a sequence of relatively
compact Runge open subsets
UyelU,e---

exhausting S.

Proof Since S is o-compact, we can find a sequence K; C K, C --- of compact
subsets of S exhausting it. By an inductive modification of each K;, we may further
assume that

(1) each K; is O(S)-convex;



68 CHAPTER 3. STEIN ALGEBRAS

2) K; € IntK;yg.

Applying Lemma 3.2.5, we can find an open Runge neighborhood U; C § of K;
compactly contained in Int K;. Our assertion follows. O

The following result is the key for handling Runge subsets in the non-reduced
setting.

Theorem 3.2.1 Let S be a Stein space. Let U C S be an open subset. Then the follow-

ing assertions for (S, U) are equivalent, and they are equivalent to the corresponding
assertions for (S, U™9):

(1) (S,U) is Runge; L
(2) U is Stein, and for any compact subset K C U we have Ks = Ky ;
(3) U is Stein, and for any coherent Os-module F, the restriction

S, v -1, Flu) (3.4)

has dense image.

Proof We write (*r) for the statement for the reduced pair (579, U™9). In the proof
below, we shall use Theorem 3.1.1 without explicitly mentioning.

By Lemma 3.2.4, (1r), (2r) and (3r) are equivalent.

(3) = (1): This is obvious.

(2) & (2r): Since U is Stein, the restriction

(U, Oy) — T(U™, Oyea)

is surjective, so Ky = EUred. Similarly, K = K. sred. Therefore, K gred = EUred.
(1) = (1r): We have a natural commutative diagram of Fréchet spaces induced
by restriction:

I(S,05) ——% I(5°, Ogra)

| l

F(U, OU) H F(Ured, OUred).

The two horizontal maps are surjective, since both S and U are Stein, under the
assumption of either (1) or (1r). Therefore, if the left-vertical map has dense image,
so is the right-vertical map.

(Br) = (3): Assume (3r). Let AV be the nilradical of S.

By Lemma 3.2.6, we can find a family of relatively compact open subsets of U:

Uyelye- -

exhausting U, and (U™, Uf’d) is Runge for each i. We observe that (S™¢, U{ed) is
then Runge for each 7, and hence (3r) holds with U; in place of U. By Lemma 1.1.6
and Corollary 2.2.3, we may replace U by each U; and assume that there is k > 0
with N¥ =0on U.
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By Lemma 1.1.9, the class of sheaves ¥ for which (3.4) has dense image is stable
under extensions, so we may reduce to the case NF = 0. In other words, ¥ is the
pushforward of a coherent Ogra-module. Then (3) follows immediately from (3r).0

Corollary 3.2.1 Let S be a Stein space. Let K C S be an O(S)-convex compact
subset. Then K has a fundamental system of open Runge neighborhoods.
In particular, K is Stein.

Proof Since S is Stein, the restriction
I(S,05) — T (sred, osmd)
is surjective. Therefore, _ _
K S = K Sred .

In particular, K is also O(S™%)-convex. Our assertion now follows immediately from
Lemma 3.2.5 and Theorem 3.2.1. O

Corollary 3.2.2 Let S be a Stein space. There is a sequence of relatively compact
Runge open subsets
UyeUye---

exhausting S.

Proof Apply Lemma 3.2.6 to $*, and then use Theorem 3.2.1 to lift the Runge
property from S™4 to S. o

3.3 Stein algebras

Definition 3.3.1 A Fréchet algebra A is a Stein algebra if there is a Stein space S
with A = I'(S, Ogs) as Fréchet algebras.
We define SAlg as the following category:

(1) The objects are Stein algebras;
(2) the morphisms are homomorphisms of C-algebras;
(3) the compositions are the usual compositions.

Note that at this stage, we cannot assert that SAlg is a full subcategory of the
category of Fréchet algebras ¥ r.Alg yet, as the morphisms in SAlg are not assumed
continuous. We will see later that they are indeed continuous automatically.

3.3.1 0-dimensional case

The 0-dimensional case is easy to understand.
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Proposition 3.3.1 For a Fréchet algebra A, the following are equivalent:

(1) A is the Stein algebra of a O-dimensional Stein space;
(2) A is isomorphic to a countable product of finite-dimensional non-zero C-
algebras.

On a finite-dimensional C-algebra, we use the usual Euclidean topology.

Proof (1) = (2). Let S be a 0-dimensional Stein space with
A =T(S,0s).

Since S is O-dimensional and o-compact, the underlying topological space of S is
a disjoint union of countably many points. Thus we may reduce to the case where
S = {s} consists of a single point. Then

A= OS,s

is an Artinian local C-algebra. In particular, A is finite-dimensional over C, and
therefore its Fréchet topology is the Euclidean topology.

(2) = (1). Suppose
a=]]as

iel
where [ is countable and each A; is a finite-dimensional non-zero C-algebra, endowed
with its Euclidean topology. It suffices to treat the case where A # 0 is finite-
dimensional over C. Then A is Artinian, hence a finite product of Artinian local
rings; reducing further, we may assume that A is local.
Let m be the maximal ideal of A. Since A/m is a finite extension of C, we have

A/m =C.
In particular,
A=C+m.
Choose generators xi,...,x, of m. The universal property of convergent power

series yields a surjective C-algebra homomorphism
e:Cl{z1,..., 2y = A, Zj > X

This map is well-defined since m" = 0 for some N > 0, so any power series
evaluates to a finite sum.
Let I = ker(¢). Then
A=C{z1,...,z22}/1.

We now determine VI. Since A is Artinian local, its nilradical coincides with m,
hence
A= A/m=C.

On the other hand,
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A = C{zy,. .z} VI

Therefore,

ﬁz(zl,...,zn).

Choose generators fi,..., f, of the ideal I € C{zj,...,z,}. After shrinking
a polydisc U € C" around 0, we may regard all f; as holomorphic functions on
U. Let I C Oy be the coherent ideal sheaf generated by these functions. Since
VI = (z1,...,2n), the common zero germ of the f;’s is just {0}; after shrinking U
once more, the support of Oy /I is therefore {0}.

Define S to be the closed analytic subspace of U defined by 7. Then S is a closed
analytic subspace of the Stein space U, hence is Stein, and its underlying topological
space is {0}.

Moreover,

['(S,05) =T'(U,0u /1) = (Ou [T)o = Cz1,...,za} /1 = A.
We conclude the proof. O

Corollary 3.3.1 The Stein algebra of a reduced O-dimensional Stein space is just a
countable product of C.

Proof This follows immediately from Proposition 3.3.1. O

3.3.2 Satz von H. Cartan

Let S be a Stein space with corresponding Stein algebra A = I'(S, Os).
Theorem 3.3.1 (H. Cartan) Let I C A be an ideal. Then
1=1(S,10s). (3.5)

Recall that the ideal sheaf 1Qg is constructed in Definition 2.3.1 and is coherent.

Proof The inclusion I C I'(S, IOs) holds for any o-compact Hausdorff complex
space X, see (2.9) and Proposition 2.2.1(5).

It remains to prove the reverse inclusion.

Step 1. We first assume that S = C".

Let f € I'(S,10s). We show that f € 1. Since S is reduced, the topology on A
is the compact-open topology, see Proposition 2.2.3. Let K C S be compact and let
€ > 0. It suffices to find g € I such that

sup|f — gl <e. (3.6)
K

Without loss of generality, we may replace K by a larger convex subset and assume
that K is a closed polydisk centered at 0 € C".
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For each x € K, we can find holomorphic functions gy, ..., g, € I generating
IOs in an open neighborhood of x. By the compactness of K, we may then assume
that g1, ..., gm € I generate /Os on an open polydisk U containing K.

Then we have a surjective homomorphism of coherent O;-modules:

(&1seees 8gm)
Os|m —=2 (10s) |-

By Proposition 3.1.1, we can find fi,..., f,, € ['(U, Os) so that
flu = Z figilu.
i=1
By the Oka—Weil theorem, for eachi = 1,...,m, we can find fi’ € A with

-1
sup|fi — fi| < m e - (1 +sup|g,~|) .
K K

Then (3.6) follows with
m
g= Z fi&i
i=1

Step 2. We assume that S admits a closed immersion i: S < C".

Let A’ be the Stein algebra of C". Then we have a natural continuous surjective
map F: A’ — A.Note that F is also an open map by the open mapping theorem. By
Lemma 1.1.4, we find that

I=F (F—l(l)) .

By Step 1, we have
F(I) =T (c",F—l(I)ocn) .

Thus it remains to argue that any f € I'(S, IOs) can be written as F(g) for some
gel(CF - )Ocn ). For this purpose, observe that we have a natural surjective
homomorphism of coherent Oc--modules

FY(1)Ocn — i.(10s).

By Cartan’s Theorem B again, our assertion follows. _
Step 3. We handle the general case. Let f € T'(S, IOs). We prove that f € I.
Choose a Runge Stein exhaustion of S:

UyeUye---.

The existence is guaranteed by Corollary 3.2.2. Write A; for the Stein algebra of U;.
Write the restriction map as F;: A — A;.

Note that A is the inverse limit of A; in the category of locally convex topological
vector spaces, by Corollary 2.2.3. Therefore, in view of Lemma 1.1.5, it suffices to
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verify that for each i,
Flu, € F(D). S

Fix i. Note that each U; admits a closed immersion into some C" and hence Step 2
is applicable. Step 2 gives

1A; =T (Ui, (IA;0s)|u;) -

Therefore, L
f|Ui € IA;.

Hence in order to prove (3.7), it suffices to prove
Fi(I) = IA;. (3.8)

The inclusion F;(I) C IA; is clear, so it suffices to prove that every element of 1A;
belongs to F;(1).
Let g € IA;. Then

N
g= Z a;jFi(bj)
j=1
for some a; € A; and b; € I. Since F;(A) is dense in A;, we can approximate each
coefficient a; in A; by elements a; ; € A. Then

N

gk = Zaj,kbj S 1,
J=1

and
N

N
Fi(gi) = Z Fi(a; ) Fi(bj) — Z ajFi(bj) =g
J=1

J=1

in A; as k — oo. Here we applied Corollary 2.2.1. Hence g € F;(I). This proves
(3.9). O

Corollary 3.3.2 Let [ C A be an ideal. Then I is closed if and only if I =T'(S, 1Os).
Proof This follows immediately from Theorem 3.3.1. O
Corollary 3.3.3 Let I C A be a proper closed ideal. Then V(10s) is non-empty.

Here V(7)) denotes the analytic subspace of S defined by the coherent ideal 1.

Proof 1f V(IOg) is empty, then I0s = Os, so by Corollary 3.3.2, we have I =
I'(S,10s) = A. O

There are plenty of closed ideals in A.

Proposition 3.3.2 Any finitely generated ideal in A is closed.
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The converse fails.

Proof Let I C A be a finitely generated ideal, say with generators fi, ..., f,. Then
we have a homomorphism of Os-modules

By Lemma 3.1.2, we then conclude that [ is closed. O

Lemma 3.3.1 Let x € S, and let f1, ..., fn € A. Assume that

(1) x is the unique common zero of fi,..., fn,
(2) the germs fi x, ..., fu.x generate the maximal ideal mg ; C Os x.

Then fi,. .., fu generate the ideal ker ys(x).

Recall from Definition 2.2.3 that ys: S — Sp A is the character map.
Proof Let g € ker ys(x). Namely g € A and g(x) = 0. Let

J = (fi,---, fu)Os € Os

be the coherent ideal sheaf generated by the f;’s. Then g € I'(S,.J), as can be
checked stalkwise.

Now by Proposition 3.1.1, there exist ay, . .., a, € A such that
n
g= Z a;ifi.
i=1
Our assertion follows. O

Definition 3.3.2 Let S be a Stein space, and let x € S. We shall write

m(x) =kerys(x)={f € A: f(x)=0}
Then m(x) is a closed maximal ideal of A.
This should not be confused with mg_, denoting the maximal ideal of O .

Corollary 3.3.4 Let m be a maximal ideal of A. Then the following are equivalent:

(1) m is closed;
(2) m = m(x) for some x € S;
(3) m is finitely generated.

Note that in (2), the point x € S is uniquely determined, since S is holomorphically
separable.

We remind the reader that there are many non-closed maximal ideals on A, already
when § = C.
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Proof (1) = (2). Assume that m is closed. Then there is some point x € V(mQOyg)
by Corollary 3.3.3. Then m € m(x) by definition. Since m is maximal, we find that
equality holds.

(2) = (3). Choose x € S. Let S” be the union of all irreducible components
of S containing x. Then S’ is a finite-dimensional Stein space. We shall construct
finitely many fi, ..., f, € A with f;(x) = 0 such that the restrictions f;|s- have no
common zeros except x.

This is possible, for example, by the following argument. By the embedding
theorem Theorem 3.1.2, we can find a closed immersion S’ < C”" sending x to 0.
Let z,.. ., z, be the coordinate functions on C". Then the restrictions z;|s- have no
common zeros except x. Since S is Stein, we can lift each z;|s/ to f; € A.

Let S be the union of all irreducible components of S not containing x. Then S
is a closed analytic subset of § and x ¢ S;. By Cartan’s Theorem B applied to the
closed analytic subspace S| U {x}, there exists f,+; € A such that

fn+l(x) =0, fn+1|Sl =1.

Then fi,..., fu+1 have no common zero on S except x.

Take functions gi,...,g» € A with g; » generating mg .. Such g;’s exist by
Cartan’s Theorem A. In particular, the ideal generated by fi, ..., fu+1,81s--->&m 1S
m(x) by Lemma 3.3.1.

(3) = (1). This is a consequence of Proposition 3.3.2. m]

Corollary 3.3.5 Let x € S. Consider a closed primary ideal p C A contained in
m(x). Then for any f € A, the following are equivalent:

(D) fep;
(2) fx € (POs),-

Note that (2) means precisely that f lies in the Os_,-ideal generated by p,.

Proof (1) = (2): This is trivial.

(2) = (1): Assume (2). The colon ideal ¥ = (pOs : (f)Os) is coherent,
and the germ at x is precisely Og_x by assumption. By Cartan’s Theorem A, we can
find g € I'(S, F) with g(x) # 0. Then gf € I'(S,pOs), so gf € I'(S,pOs) = p by
Corollary 3.3.2. Suppose by contradiction that (1) fails. Then g" € p for some n > 0.
But g"(x) # 0, so we get a contradiction. O

Lemma 3.3.2 Let x € S and n € N. Then
(mx)"0s), = mg’x. (3.9

Proof The C direction in (3.9) is trivial.

For the reverse direction, let g € mg’x. We shall show that g € (m(x)"Os) . For
this purpose, we may assume that g = g1 - - - g, with g; € mg 4.

Take fi,..., fm € Asothat fi x, ..., fm, x generate ms . as an Os -module. The
existence is guaranteed by Cartan’s Theorem A. Then we can express each g; as
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m
gi=) 8ijfix> &ij € Osx.
-

J

Then observe that an arbitrary product of n-elements (possibly with repetition)
among the f;’s lies in m(x)". O

Corollary 3.3.6 (Forster) Let x € S and n € N. Then for any f € A, the following
are equivalent:

() f em(x)";
@) feem .

Proof There is nothing to prove when n = 0. We may assume that n > 0. Then
m(x)" is a primary ideal in A by Lemma 1.2.1. Thus our assertion follows from
Lemma 3.3.2 and Corollary 3.3.5. O

We also observe the following simple converse to Theorem 3.3.1.

Proposition 3.3.3 Let I be a coherent ideal sheaf on S. Then
I =T(S,7)Os. (3.10)

In particular, the map I — T'(S, 1) is a bijection between coherent ideal sheaves
on S and closed ideals of A.

Proof Since both sides of (3.10) are ideal sheaves, it suffices to show that they have
the same germ everywhere, which is clear by Cartan’s Theorem A.
The bijection follows from (3.10) and Theorem 3.3.1. O

3.3.3 The equivalence of categories

Lemma 3.3.3 Let S be a Stein space. Then the canonical morphism
x: S — SpI(S,0s) (3.11)
of locally C-ringed spaces is an isomorphism.

The morphism (3.11) is defined in Proposition 2.2.5.

Proof For simplicity, we write A = T'(S, Os).

Step 1. We first show that the underlying topological space map is a homeomor-
phism.

Itis clear that ys is injective and it is surjective by Corollary 3.3.4. It only remains
to show that ys is an open map.

Take x € § and an open neighborhood U C S of x. Let Sp be the union of
all irreducible components of S containing x, and S; be the union of all other
components. Then Sy is a finite-dimensional Stein space and by the embedding



3.3. STEIN ALGEBRAS 71

theorem Theorem 3.1.2, we can find holomorphic functions fi, ..., fy € I'(So, Os,)
and € € (0, 1) so that

{yeSo:lfiy)-filx)|<e Vi=1,...,N} CU.

Since § is Stein, we can lift f; to g; € A. Next, since S is Stein, we can find gp € A
with go(x) = 0 and go|s, = 1. Then

xe{yeS:|g(y)—gix)<e Vi=0,...,N}CU.

Therefore, y(U) is open.
Step 2. We prove that (3.11) is also an isomorphism of C-locally ringed spaces.
Fix x € S. We need to show that the C-algebra homomorphism

Osp ax(x) = C{m(x)}/Jx — Os.« (3.12)

defined in Proposition 2.2.5 is an isomorphism. Here J, is the ideal generated by all

a= Z Ty, £=(fi,..., fu) € mx)" (3.13)
veNn
satisfying
Z e f em(x)", Vr>0. (3.14)
|v|<r

Recall that this homomorphism is defined by replacing the formal variable Ty
with f € m(x) by fx € mg x.

Step 2.1. We first argue the surjectivity.

Take gi1,...,8m € A such that g; € m(x) and the classes of g; , generate the
C-linear space mg / mé’x. This is possible by Cartan’s Theorem A. By Nakayama’s
lemma, gi,...,8m,x generate mg , as an ideal of Og . Then the substitution
homomorphism

Cl{zt,..-»zZm} = Os,xs  Zi P Gix-

is surjective. This homomorphism factors as
C{le cees Zm} - C{m(x)}/Jx = OSpA,/\/(X) - OS,x’

where the first map sends z; to the class of Tg,. Therefore (3.12) is surjective.

Step 2.2. We now argue the injectivity.

Now let @ be an element of C{m(x)} mapping to 0 in Os , and admitting an
expansion as in (3.13). We want to show that (3.14) holds. Since

Z cf) =0,

veNn

Dedr== > el emy

|v|<r lv|=r

we have



78 CHAPTER 3. STEIN ALGEBRAS

Here we used the fact that my, _is closed. Now (3.14) follows from Corollary 3.3.6.0

Lemma 3.3.4 Let A be a Stein algebra. Then the canonical homomorphism of C-
algebras
A>T (Sp A, OSpA)

in Proposition 1.5.2 is an isomorphism of Fréchet algebras.

Proof Let S be a Stein space and choose an isomorphism of Fréchet algebras
¢: As =T(S,05) — A.

Write g for the canonical map in Proposition 1.5.2 attached to a topological algebra
B. We first check that

Nag: As = T (SpAs, Ospag)

is the inverse of the pullback on global sections induced by the isomorphism ys: § —
Sp As of Lemma 3.3.3. Indeed, for f € Ag, the section 44 (f) is represented at
y € SpAs by

() +Tr—y(r) € C{m(y)}.

Aty = ys(x), the structural map of ys sends this germ to

f(x) + (f - f(x))x = fx € OS,x-

Hence x¢nas(f) = f for every f € Ag. Since ys is an isomorphism of locally
C-ringed spaces, x§, and therefore also 74, is an isomorphism of Fréchet algebras.

By the functoriality in Proposition 1.5.2 applied to ¢, we have a natural commu-
tative diagram

As > A

s | lm

I (SpAs,Ospag) —> T'(SpA,Ospa)

in the category of Fréchet algebras. The upper horizontal map is an isomorphism
by the choice of ¢, and the lower horizontal map is an isomorphism because it is
induced by ¢. The left vertical map is an isomorphism by the preceding paragraph.
It follows that the remaining right vertical map is also an isomorphism. O

Lemma 3.3.5 (Benoist) Let S be a Stein space. Then there is a holomorphic map
F: S — C? such that all fibers are finite-dimensional.

The proof relies on Oka theory, which is beyond the scope of this book. See [ 1.

Lemma 3.3.6 Let B be a d-dimensional analytic subset of a Stein space S with
o0 > d > 1. Then there is a holomorphic map f € I'(S, Os) such that, if f: S — C
denotes the associated holomorphic map, then all fibers of f|g have dimension at
most d — 1.



3.3. STEIN ALGEBRAS 79

Proof We may discard the irreducible components of B with dimension less than

d, and hence assume that B is equidimensional. Let By, B1, ... be the irreducible
components of B. The index set / could be either a finite set of the form {0, 1, ..., n}
or N.

For each i € I, choose distinct points p;,g; € B;, not lying on any other com-
ponent. Then the set {p;,q; : i € I} is discrete. Since S is Stein, we can find
a holomorphic function f € I'(S, Os) assigning different values to each of these
points. Now we assert that f|p does not have d-dimensional fibers. Otherwise, some
fiber of f would contain some B;, which is impossible since f(p;) # f(qi)- O

Corollary 3.3.7 Let A be a Stein algebra. Then all characters of A are continuous.

Proof Let S be a Stein space with Stein algebra A.

Let y: A — C be a character. We show that y is continuous.

Step 1. We reduce to the case where S is finite-dimensional.

Consider F: § — C? as in Lemma 3.3.5 with components fi, f> € A. Consider
the fiber T of F defined by f; = x(f1) and f> = x(f2). Then y factorizes through
the surjection

A— F(T, OT)

Therefore, we may replace S by T and assume that it is finite-dimensional, say of
dimension d.

Step 2. We prove the continuity of y by induction on d > 0.

When d = 0, by Proposition 3.3.1 and Proposition 1.2.5, we may assume that A
is a finite dimensional C-algebra. The continuity of y follows from the general fact
that any linear map between finite-dimensional linear spaces is continuous.

Assume that d > 0 and for all smaller d, the result is known. We take f € A so
that all fibers of f have dimension at most d — 1. The existence of f is guaranteed
by Lemma 3.3.6. We may also assume that y(f) = O after adding a constant to f.
Let S’ = V(). By Corollary 3.3.3, S’ is non-empty. Now y factorizes through the
surjection A — I'(S’, Os/). Therefore, y is continuous by the inductive hypothesis.00

Theorem 3.3.2 All C-algebra homomorphisms between Stein algebras are continu-
ous.

In particular, SAIg is a full subcategory of FrAlg, and Sp is a well-defined con-
travariant functor from SAIg to SteinSpace.

Proof Let F: A — B be a C-algebra homomorphism between Stein algebras.
By Corollary 3.3.7, F is spectral in the sense of Definition 1.5.4. The morphism
Sp F: SpB — Sp A of complex spaces is constructed in Section 1.5.3.2.

Now we have the commutative diagram:

A ul s B

| |

I'(SpF)
T (SpA,Ospa) —— T (Sp B, Os, )
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In the category of C-algebras. The two vertical maps are isomorphisms of Fréchet
algebras by Lemma 3.3.4, and the lower horizontal map is continuous. It follows that
F is also continuous.

Theorem 3.3.3 (Forster, Benoist) The functor
I': SteinSpace® — SAlg
is an equivalence with quasi-inverse Sp.

Proof 1t follows from Theorem 3.3.2 that Sp: SAIg®?® — SteinSpace is well-
defined. It is the quasi-inverse of I" by Lemma 3.3.3 and Lemma 3.3.4. O

Corollary 3.3.8 Let A be a Stein algebra. There are canonical bijections between
the following sets:

(1) SpA;
(2) the set of all characters A — C;
(3) the set of finitely generated maximal ideals in A;

(4) the set of closed maximal ideals in A;
(5) the set Spec A(C).

Proof This is a consequence of Corollary 3.3.4 and Corollary 3.3.7. O

Corollary 3.3.9 Given a Stein algebra A, there is a canonical morphism of locally
C-ringed spaces
ispecA: SpA — Spec A. (3.15)

The map is injective on the underlying sets.

Proof The morphism is induced by [ , Tag 01I1]. To be more precise, the
stacks project result only shows that (3.15) is a morphism of locally ringed spaces.
It is easy to see that it is indeed a morphism between locally C-ringed spaces by
abstract nonsense, but let us give a more concrete description of this morphism for
later use.

Given x € Sp A, the image in Spec A is just m(x). This defines the underlying
map of topological spaces (3.15). Next given g € A, we consider the basic open
set D(g) C Spec A. The map on the structure sheaves is given by the obvious
homomorphism

Ag = T (Ug, Ospa) »

where U, is the set of y € SpA with g(y) # 0. In particular, (3.15) is indeed a
morphism of locally C-ringed spaces. O

Corollary 3.3.10 Let X be a complex space, and let A be a Stein algebra. Then we
have a natural bijection

Hom.EocRing/c(X’ Sp A) ; Hom.EOC’Ring/C (X, SPeC A) > f and iSpecA © f (3]6)


https://stacks.math.columbia.edu/tag/01I1
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Proof The assertion is local on X. Hence we may cover X by Stein open subsets and
prove the statement on each member of the cover, with compatibility on overlaps.
Thus we reduce to the case where X is Stein. In this case, our assertion follows from
Theorem 3.3.3 and [ , Tag O111]. O

Proposition 3.3.4 Let S be a Stein space with associated Stein algebra A. Consider
x € S. Then for each n > 0, the germ map A — Os x induces isomorphisms

A/m(x)" S Os.« Jm . (3.17)

In particular, we get a natural isomorphism

Am(x) — Os.x. (3.18)

We remind the reader that in general A is not noetherian, so the fact that Ay is
noetherian follows from (3.18) and is non-trivial, cf. [ , Tag 05JA].

Proof The case n = 0 is trivial. Assume that n > 0. Let Z, C Og be the ideal sheaf
of the reduced point {x}. The coherent sheaf Os /I is supported at {x}, and its only
non-zero stalk is

(Os /T = Os /L.

Consider the exact sequence of coherent sheaves
0—-1I'—>O0s— O0s/I—0.
Since S is Stein, Cartan’s Theorem B gives the surjectivity of
A=T(S,0s) - I'(S,0s/1) = Os x /.

Under the above identification, this map is precisely the germ map modulo mg’x.
Its kernel consists of those f € A with f, € mg’x, which is exactly m(x)" by
Corollary 3.3.6. This proves (3.17).

Finally (3.18) follows by taking the inverse limit in 7 in (3.17). O

Lemma 3.3.7 Let S be a Stein space, and let x € S. Then the germ map
[(S,05) = Osx, [ fx (3.19)
is flat.

See Proposition 4.3.4 for a generalization.

Proof We shall use the equational criterion for flatness [ , Tag OOHK].
Let A :=T'(S,Os). Take fi, ..., f» € A and suppose we are given a relation

i fi,xbi =0
i=1


https://stacks.math.columbia.edu/tag/01I1
https://stacks.math.columbia.edu/tag/05JA
https://stacks.math.columbia.edu/tag/00HK
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with b; € Os . Consider the morphism of coherent analytic sheaves
n
@: 0" — Os, (ai,...,an) — Zaifl-.
i=1
Let R = ker(¢). Note that R is coherent, and
b= (b1,...,by) € OF",

lies in the stalk R.
By Cartan’s Theorem A, there exist global sections

rD kM en(s, R) c AP

and elements ¢, . .., ¢, € Og x such that
mn o
b= Z cj r)(ﬂ).
=1
Write
r) = (Fijs... rnj) € A®".

Then for each i we have

m
biZZerij inOS’X.
j=1

On the other hand, since each /) is a global section of R, we have

n

Zrijfizo in A

i=1

for every j.
The desired flatness follows. O

Corollary 3.3.11 Let A be a Stein algebra and m be a closed maximal ideal in A.
Then Ay, is noetherian.

Proof Let S = Sp A and x € S be the point such that m = m(x), cf. Corollary 3.3.8.
By Lemma 3.3.7, the map
Ap — OS,x

induced by the germ map (3.19) by localization is faithfully flat. Now A, is noetherian
by [ , Tag 033E]. O

Apart from the trivial situation, a Stein algebra is never noetherian:

Proposition 3.3.5 A Stein algebra A is noetherian if and only if Sp A is finite as a
set.


https://stacks.math.columbia.edu/tag/033E
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Proof LetS =SpA.

Suppose that S is finite as a set. Then A is a finite-dimensional C-algebra by
Proposition 3.3.1, and hence noetherian.

Conversely, assume that A is noetherian. We shall prove that S is finite. Suppose,
for contradiction, that S is infinite.

We may first reduce to the reduced case. Indeed, there is a natural surjection

I'(S,05) — (5™, Ogrea).

Since quotients of noetherian rings are noetherian, it is enough to show that
(8™, Ogra) is not noetherian when $™¢ is infinite. Replacing S by $™¢, we may
therefore assume that S is reduced.
Since S is an infinite Stein space, we can find a closed discrete sequence of
pairwise distinct points
X1,X2,... € S.

Consider the ideal
I ={fe€A: f(x;) =0 for almost all i}.

This is a proper ideal of A, since 1 ¢ I.

We claim that [ is dense in A. Assuming this, by Proposition 3.3.2, I is not finitely
generated, and hence A is not noetherian.

Let us prove the claim. Since S is reduced, the topology on A is nothing but the
compact-open topology, see Proposition 2.2.3. Let K € § be compact and let € > 0.
We shall construct f € I such that

sup|f — 1] <e. (3.20)
K
For this purpose, we may replace K by K and assume that K is O(S)-convex. Since

{xi}i>1 is closed and discrete, only finitely many x;’s lie in K. Hence, for N > 1,
the closed discrete analytic subset

D= {x;:i>N}

is disjoint from K.

By the Oka—Weil theorem ([ , Theorem 2.8.4]), there exists f € A such that
fIp = 0and (3.20) holds. Since f vanishes at x; for all i > N, we have f € I. Thus
lel O

Lemma 3.3.8 Let U be a relatively compact Stein open subset in a Stein space S,
and let F be a coherent Os-module. Then the I'(U, Oy )-module T'(U, F) is finitely
generated and the natural map

I'(S, ) ®rs,05) I'(U,0Oy) = T'(U, F) (3.21)

is an isomorphism.
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Proof Since U isrelatively compact, by Cartan’s Theorem A, we canfind fi, ..., f, €
I'(S, ) generating ¥ on U. We get a surjective morphism of Or-modules

OZI]_)T, (gl,---,gn)'_)zgifi-

i=1

By Cartan’s Theorem B, we find a surjective homomorphism

DU, 00)" » T(U, ), (g1,---.80) & ) gifr. (3.22)
i=1

Therefore, I'(U, ) is finitely generated, and the surjectivity of (3.21) follows.
Next, we prove the injectivity. Consider hy,...,h, € I'(S,¥) and cy,...,c, €
I'(U, Oy) with

r

Z CihilU =0.

i=1

Then we have a morphism of Ox-modules:
0F > F. (81,--.87) P . gihi.
i=1

Let K be the kernel. Then (c1,...,c,) € T(U, K).

Let d,...,ds € T'(S,K) be sections generating K C Og on U. We denote the
components of d; by d}, ~.d) e I'(S, Os). Then by the surjectivity (3.22) applied
to K in place of #, we can express

S
ci= ejdi, Vi=1,...r,
=1

for some ey, ...,es € I'(U, Oy). Therefore,
r r N . N r .
Zhi@)C,’ZZ h,’®€jd}=Z(Zd;hi)®€j=0.
i=1 i=1 j=1 j=1 \i=1
We conclude the proof. O

Corollary 3.3.12 Let S be a Stein space, F be a coherent Os-module and x € S.
Then the natural homomorphism

L'(S,F) @r(s,0s) Os,x = Fx
is an isomorphism.

Proof This follows from [ , Tag 00DD] and Lemma 3.3.8. O
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Theorem 3.3.4 Let S be a Stein space, and U C S be a relatively compact open
subspace. Then the restriction

I'($,0s) - I'(U,Ov)
is flat.

I do not know if the flatness holds if U is not relatively compact.

Proof Let I be a finitely generated ideal in T'(S, Os). It suffices to show that
I ®r(s,05) I'(U,0y) = I'(U,Oy)

is injective. Let 7 be the coherent ideal on S defined by 1. Then the above map can
be identified with
I'U,7) - I'(U,0u)

by Lemma 3.3.8, which is clearly injective. O

Proposition 3.3.6 The following are equivalent:

(1) S is reduced;
(2) A is reduced.

Proof (1) = (2). Assume (1). Suppose f € A and f" = 0 for some n > 1. Then
for any x € S, we have f' = 0 and hence f; = 0. Therefore, f = 0.

(2) = (1). Assume that S is not reduced. Let N C Og be the nilradical sheaf.
Choose x € S such that Ny # 0. By Cartan’s Theorem A, there exists f € I'(S, N)
such that f, # 0.

Since f; is nilpotent in Os , there exists m > 1 such that f* = 0. Consider the
coherent ideal sheaf

T = Anngg(f™) € Os.

Since fI* = 0, we have I, = Os . By Cartan’s Theorem A, there exists g € I'(S, 1)
such that g, is a unit.
Seth=gf € A. Then

hy = gxfx #0,
so i # 0. On the other hand,

W™ =g" (g f™) = 0.

Therefore A is not reduced. O

3.4 Stein modules

Throughout this section, let S be a Stein space with Stein algebra A =I'(S, Os).
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Definition 3.4.1 A Stein A-module is a topological A-module M such that there is a
coherent Os-module M with M = T'(S, M) as topological A-modules.
A morphism between Stein A-modules is an A-linear map.

Note that a morphism is not assumed continuous. The category of Stein A-modules
is denoted by Moditem.

The global section functor I'(S, @) gives a covariant functor from the category
Cohgy of coherent Os-modules to Mod3™.

Definition 3.4.2 Given an A-module M, we construct an Og-module M as follows:
if U C S is an open subset, then U +— M ®, ['(U,Oyp) defines a presheaf of
Og-modules; the sheaf M is the sheafification of this presheaf.

We call M the associated Og-module of M.

Equivalently, M is the pull-back of M via the morphism of ringed spaces § —

(pt, A).

From this description, it is easy to see that M +— M defines a covariant functor from
the category Mody4 of A-modules to the category Modp of Os-modules.
Observe the following simple fact:

M, = M®sOs., VxE€S. (3.23)

Example 3.4.1 If I is an ideal in A, then 1=1 Os. In particular, 1 is coherent.
To see this, observe that if U C S is a relatively compact Stein open subset, then
by Lemma 3.3.8 and Theorem 3.3.1, we have a natural isomorphism

1®4T(U,0y)— I'(U, 10s).

Since relatively compact Stein open subsets of S form a basis, I = IOg follows.

Stein modules do not have the apparent functoriality.

Example 3.4.2 Let X = N be the discrete reduced complex space. Then X is Stein
and
A=T(X,0x) =C".

Let M be the coherent Ox-module defined by M; = C' at the point i € N. Let
Y =NxN,and let F: Y — X be the projection F(i, j) = i. Then Y is Stein and

B=T(Y,Oy) = C™¥,
We have _ _
(X, M) = ﬂ@l, T(Y,F*M) = ]—[ o

i1 (i,7) ENXN

Consider the natural morphism

BsT(X, M) — T'(Y,F*M).
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An element of the source is represented by a finite sum

Zr: b ®my.
=1

Its image has value at (i, j) equal to
r .
D beli, jyme(i) € C'.
£=1

Thus, for fixed i, all values as j varies lie in the subspace
Spanc{m;(i), ..., m, (i)} € C',

which has dimension at most r.
Now define a section

s e (Y, F*M)
by .
s(i,j)=e;jeC" forl <j<i,
where e1, . . ., e; is the standard basis of C!, and set s(i, j) = 0 for j > i. If s were in
the image, then for some fixed r, the vectors ey, . . ., e; would lie in a subspace of Ct

of dimension at most r for every i. Taking i > r gives a contradiction.
Therefore the natural map

BasT(X, M) —T(Y,F'M)

is not surjective, hence is not an isomorphism.

Proposition 3.4.1 The functor

Mody — Modg,, M— M

is exact.

Proof Tt follows from Lemma 3.3.7 that the morphism § — (pt, A) is flat. Therefore,
the pull-back functor M — M is exact. O

Lemma 3.4.1 Let M be a coherent Os-module. Then the natural morphism
rs,m)—m (3.24)

is an isomorphism.

The morphism (3.24) is induced by the identity map I['(S, M) — I'(S, M) by
adjunction.

Proof 1t suffices to check the isomorphism on stalks. Fix x € S. The germ at x of
(3.24) is just
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(S, M) ®4 Os,x = M,
which is an isomorphism by Corollary 3.3.12. O

In general, Misa mysterious object. However, if M is finitely presented, M is
always coherent and we have:

Proposition 3.4.2 The functor M +— Mis a quasi-inverse of the global section
functor from the category of globally finitely presented Os-modules to the category
of finitely presented A-modules.

Here we say that an Os-module M is globally finitely presented if there is an exact
sequence of Og-modules
0 - 05 > M—0 (3.25)

for some m,n € N.

Proof We first observe that for any globally finitely presented Og-module M,
I'(S, M) is indeed a finitely presented A-module. To see this, it suffices to apply
I" to the exact sequence (3.25) and use Cartan’s Theorem B.

Conversely, given a finitely presented A-module M, we can find m, n € N and an
exact sequence of A-modules:

A" —> A" - M — 0. (3.26)
By Proposition 3.4.1, we get an exact sequence of Os-modules:
og' — Og — M — 0.

This shows that M is globally finitely presented.

Next, take a globally finitely presented Os-module M. The natural map I'(S, M) —
M is an isomorphism as a special case of Lemma 3.4.1.

Conversely, given a finitely presented A-module M, we want to show that the
natural map M — T°(S, 1\71) is an isomorphism. Taking a presentation of M as in
(3.26), we get a commutative diagram with exact rows:

A > A" > M > 0

! ! l

I'(S,A") —> I'(S,A") — I['(S,M) —> 0

Therefore, in order to show that M — T'(S, M ) is an isomorphism, it suﬂicgﬂo show
that the left two vertical maps are isomorphisms. But this is clear since A™ = O

and A" = 0;’. O

On the other hand, if M is not finitely presented, M could be very wild. But if M
is a Stein A-module, M is still coherent.
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Theorem 3.4.1 The global section functor is an equivalence from Cohgp, —
Mod3®™ with quasi-inverse M +— M.

Proof First observe that if M is a Stein module, say associated with a coherent Og-
module M, then the natural map M — Mis an isomorphism by Lemma 3.4.1. In
particular, M is coherent. Thus the functor M +— M is well-defined from /\/lodilein
to Cohgy.

It remains to show that if M is a Stein module, say associated with M, then the
natural map M — I'(S, M) is an isomorphism. From the above, we have M= M,
so it suffices to show that the natural map M — I'(S, M) is an isomorphism. But
this follows from the chosen presentation of M as I'(S, M). O

Corollary 3.4.1 Any A-module homomorphism between Stein modules is automati-
cally continuous and has closed image.

As a consequence, on each A-module, there is at most one topology making it a
Stein A-module. Now we can say an A-module M is a Stein A-module if there is a
topology on M such that M becomes a Stein A-module with respect to this topology.

Proof Let f: M — N be a homomorphism between Stein A-modules. By Theo-
rem 3.4.1, we can find a homomorphism between coherent Og-modules F : M—N
such that f is the global section map associated with F. Our assertion now follows
from Lemma 3.1.2 and Proposition 2.2.1(4). m]

Corollary 3.4.2 Any finitely presented A-module is a Stein module.
Proof This is a consequence of Proposition 3.4.2 and Theorem 3.4.1. O

In the case of ideal sheaves, we have the following more precise result:

Proposition 3.4.3 Any closed ideal of A is a Stein module. In particular, any finitely
generated ideal of A is a Stein module.

In particular, a Stein module is not necessarily finitely generated.

Proof The first assertion follows from Theorem 3.3.1, and the second assertion is a
consequence of the first one and Proposition 3.3.2. O

3.5 The entire function ring

In this section, we study the simplest non-trivial example of a Stein algebra beyond
the 0-dimensional examples in Section 3.3.1. Let A be the ring of entire functions
onC,ie. A=T(C,Oc¢).



90 CHAPTER 3. STEIN ALGEBRAS

3.5.1 Divisors of entire functions

Let Div*(C) denote the commutative monoid of effective (locally finite) divisors on
C. Thus an element D € Div*(C) is a function D: C — N whose support

|ID| ={z€C:D(z) >0}

is a closed discrete subset of C. The monoid structure is pointwise addition. We
write D < E if D(z) < E(z) for all z € C, and we write D A E for the pointwise
minimum.

For a nonzero entire function f € A, let

div(f) € Div*(C)

be its zero divisor.
We shall use the following standard facts from complex analysis.

Lemma 3.5.1 The following hold:

(1) The map div: A\ {0} — Div*(C) is surjective.
) If0 # f,g € A, then f divides g in A if and only if div(f) < div(g).
(3) The units of A are precisely the nowhere vanishing entire functions.

We shall also use the following classical theorem of Helmer.

Theorem 3.5.1 (Helmer-Bézout theorem) Let fi,..., f, € A be nonzero entire
functions. Then there exist d, ey, ..., e, € A such that

div(d) = div(fi) A+ A div(f})

and
d=€1f] +"'+€rfr.

In particular, every finitely generated ideal of A is principal.

Proof Choose d € A such that
div(d) =div(f;) A--- Adiv(f,),

which is possible by Lemma 3.5.1. Then each f; is divisible by d, say f; = dg; for
some g; € A.
By construction,
div(gy) A--- Adiv(g,) =0.

Equivalently, the functions g1, . . ., g, have no common zero. Therefore, by Proposi-
tion 3.1.1, there exist ay, ..., a, € A such that

aig1+---+aygr =1

Multiplying by d, we obtain
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d=aifi+---+a,fr.

Thusd € (fi,..., f). O

3.5.2 Divisor filters

Definition 3.5.1 A divisor filter on C is a filter on the set Div*(C).
In other words, a divisor filter is a subset

F C Div*(C)

satisfying the following two conditions:

(DIfDeF and E > D, then E € 7.
Q) If D,E € F,then D AE € F.

The empty subset is allowed and is regarded as a divisor filter.
Given an ideal I C A, define
Fr =A{div(f) : 0 # f € I} € Div*(C). 3.27)
Lemma 3.5.2 For every ideal I C A, the subset Fy is a divisor filter.

Proof First suppose D € F; and E > D. Choose 0 # f € I with div(f) = D. By
Lemma 3.5.1, choose g € A with div(g) = E. Since D < E, Lemma 3.5.1 implies
that f divides g. Thus g = fh for some h € A. Since f € I, we get g € 1. Hence
E € ¥;.

Now let D, E € ;. Choose O # f, g € I such that

div(f) =D, div(g)=E.

By Theorem 3.5.1, there exists d € (f,g) C I such that div(d) = D A E. Hence
D A E € F7. Therefore ¥7 is a divisor filter. O

Conversely, every divisor filter defines an ideal.

Lemma 3.5.3 Let ¥ C Div*(C) be a divisor filter. Then
Ir={0}U{0 % feA:div(f) e F) (3.28)

is an ideal of A.

Proof 1t is clear that 0 € I+ and that /# is stable under multiplication by arbitrary
elements of A. Indeed, if 0 # f € I and O # h € A, then

div(fh) = div(f) +div(h) = div(f).
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Since ¥ is upward closed, div(fh) € F,so fh € I¢.

It remains to check stability under addition. Let f, g € I#. If one of them is zero,
there is nothing to prove. Assume f, g # 0. For every a € C, the order of vanishing
satisfies

ordg (f +¢) = min{ord, (), orda(g)}-

Hence
div(f +g) = div(f) Adiv(g)
if f+g # 0. Since div(f), div(g) € F and F is closed under finite minima, we have

div(f) Adiv(g) € F.
By upward closure, div(f + g) € ¥. Thus f + g € I+ Therefore I#is an ideal. O

Proposition 3.5.1 There is a canonical bijection between

(1) the set of ideals in A;
(2) the set of divisor filters on C.

The map from (1) to (2) is just I — ¥ of (3.27), and the map from (2) to (1) is
F +— I# of (3.28).

Proof Let I C A be an ideal. We show that
Ig =1.

If0# f el thendiv(f) € F1,50 f € . Thus I C I;.
Conversely, if 0 # f € I, then div(f) € 7. Hence there exists 0 # g € I such
that

div(g) = div(f).
By Lemma 3.5.1, f = ug for some unit u € A. Since g € I, we get f € I. Hence
Ig C 1.
Now let ¥ be a divisor filter. We show that

Fi, = F.

If D € ¥, choose 0 # f € A with div(f) = D. Then f € I, so D € Fp,.
Conversely, if D € ¥, then D = div(f) for some 0 # f € I¢. By definition

of I, this means div(f) € ¥, hence D € F. Therefore the two constructions are

inverse to each other. O

3.5.3 Prime divisor filters and the spectrum

Definition 3.5.2 A divisor filter # C Div*(C) is called prime if it is proper and for
all D, E € Div*(C),
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D+Ee¥f¥ = DeForEeF.

Theorem 3.5.2 Under the bijection of Proposition 3.5.1, the following sets corre-
spond to each other:

(1) Spec A;
(2) the set of prime divisor filters on C.

Proof Let ¥ be a divisor filter. We claim that /# is prime if and only if ¥ is prime.
We first observe that I is proper if and only if Ogiy ¢ F.
Suppose first that I# is prime. Let D, E € Div"(C) and assume D + E € F.
Choose nonzero entire functions f, g € A such that

div(f) =D, div(g)=E.

Then
div(fg) =D+E € F,

so fg € I¢. Since I is prime, either f € I#or g € I Equivalently, either D € ¥
or E € ¥. Thus ¥ is prime.

Conversely, suppose that ¥ is prime. Let f, g € A and assume fg € I If f =0
or g = 0, there is nothing to prove. Otherwise,

div(f) +div(g) =div(fg) € .

Since F is prime, either div(f) € ¥ or div(g) € F. Therefore either f € I# or
g € I#. Hence I#is prime. O

3.5.4 Fixed and free ideals

Definition 3.5.3 Let I C A be a proper ideal.
(1) We say that I is fixed if

(M zH) #e.
fel

(2) We say that I is free if
(2t =e.
fel

Here

Z(f) ={z€C: f(z) = 0}.

For a € C, recall that

m(a) ={f €A: f(a) =0}.
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Proposition 3.5.2 The fixed non-zero prime ideals of A are precisely the ideals
m(a)={f € A: f(a) =0}, aeC.

Proof Clearly, each ideal m(a) is fixed.
Conversely, let p C A be a fixed prime ideal. Choose

aeﬂﬂﬁ
fep

Then every element of p vanishes at a, so p C m(a).
Since p is nonzero, choose 0 # f € p. Since f(a) = 0, we may write

f=G-a)"u

for some integer m > 1 and some entire function u with u(a) # 0. More precisely, u
is entire and nonzero at a; in particular, one factor z — a divides f.

Because p is prime and f € p, repeated application of primeness gives z —a € p.
But

m(a) = (z—a).

Indeed, if g(a) = 0, then g/(z — a) extends holomorphically across a and is entire.
Hence g € (z — a). Therefore,

p=m(a).

Consequently, the remaining non-zero prime ideals are precisely the free prime
ideals.

3.5.5 Finitely generated ideals

Corollary 3.5.1 No free ideal of A is finitely generated.

Proof LetI C A be a finitely generated proper ideal. By Theorem 3.5.1, there exists
d € A such that I = (d). Since [ is proper, d is not a unit. Therefore d has a zero. If
a € Z(d), then every element of (d) vanishes at a. Hence

ﬂzm¢@
fel

Thus 1 is fixed. Therefore a free ideal cannot be finitely generated. O
Corollary 3.5.2 No nonzero polynomial belongs to a free ideal of A.

Proof Let I C A be a free ideal and suppose that 0 # p € [ is a polynomial. The
zero set Z(p) is finite.
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For every f € I, the ideal (p, f) is contained in I, hence is proper. By Theo-
rem 3.5.1, the ideal (p, f) is generated by an entire function whose zero divisor
is

div(p) A div(f).

Since (p, f) is proper, this divisor is nonzero. Thus
Z(p)NZ(f) + 2

forevery f € I.
The finite collection of subsets

Z(p)NZ(f),  fel,
has the finite intersection property. Indeed, for fi, ..., f, € I, the ideal
(ps frseoos fr)
is contained in 7, hence is proper; by the Helmer—Bézout theorem, this means that
Z(p)NZ(fyn---NZ(fr) # @.

Since Z(p) is finite, the total intersection is nonempty:

z(p)n()z(h) #o.
fel

This contradicts the assumption that / is free. Hence no nonzero polynomial belongs
to a free ideal. O

3.5.6 Maximal ideals

The maximal ideals of A are of two kinds:
m(a), a €C,
and maximal free ideals.

Theorem 3.5.3 Let M C A be a free ideal. Then M is maximal if and only if it
satisfies the following condition:
For every infinite closed discrete subset D C C, if

DNZ(f)+o forevery f e M,

then there exists g € M such that
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div(g) = ) [al.

aeD

Proof Assume first that M is maximal. Let D C C be an infinite closed discrete
subset such that
DNZ(f)+ o

forevery f € M.

Choose g € A with Z(g) = D, which is possible by the Weierstrass product
theorem. We claim that the ideal M + (g) is proper. Indeed, if 1 € M + (g), then
there exist m € M and h € A such that 1 = m + hg. By assumption, D N Z(m) # @.
Choose a € D N Z(m). Then g(a) = 0 and m(a) = 0, so evaluating the equality
above at a gives 1 = 0, a contradiction. Hence M +(g) is proper. Since M is maximal,
we must have M + (g) = M, so g € M. Thus D is the zero set of an element of M.

Conversely, suppose M satisfies the stated condition. We prove that M is maximal.
Let N be a proper ideal with M C N. We show that N = M.

Let g € N. If g = 0, there is nothing to prove. We prove that g € M. Since N is
proper, for every f € M the ideal (f, g) is proper. By Theorem 3.5.1, this implies

Z(f)NZ(g) + 2.

Thus Z(g) meets Z(f) forevery f € M.
We claim that Z(g) is infinite. If Z(g) were finite, then the family

{Z(@)NZ(f): feM}

would be a family of nonempty subsets of the finite set Z(g) with the finite intersec-
tion property. Indeed, for fi,..., f, € M, the ideal

(& S i)

is contained in N, hence is proper; by the Helmer-Bézout theorem,

ZNZ(f)n---NZ(f) # 2.

Since Z(g) is finite, the total intersection is nonempty:

z@n () 2 e

feM

This contradicts the assumption that M is free. Therefore Z(g) is infinite.

Since g is entire and nonzero, Z(g) is a closed discrete subset of C. By the
assumed criterion applied to D = Z(g), there exists & € M such that Z(h) = Z(g).
Equivalently, div(/) and div(g) have the same support. Replacing & by a suitable
entire function with the same zero set and simple zeros, we may assume that &
divides g; alternatively, using the divisor language, choose hy € M whose divisor
is bounded above by div(g) and has the same support. Then Lemma 3.5.1 gives
g = hou for some u € A. Hence g € M.
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Thus every g € N lies in M, so N = M. Therefore M is maximal. O
Corollary 3.5.3 Maximal free ideals exist.

Proof Tt suffices to exhibit a free ideal. Let
1,325335 - - -

be a sequence of distinct complex numbers tending to infinity. For each N > 1,
choose an entire function F such that

Z(FN) = {2ZN+ZN+1 ZN42s - - -}

Let
I=(F\,F,F;,...).

Then [ is free: given any zx, the function Fy,; does not vanish at zx, so no point
belongs to the zero set of every element of /.

By Zorn’s lemma, [ is contained in a maximal proper ideal M. Since [ is free, the
ideal M is also free. Therefore maximal free ideals exist. O

3.5.7 Residue fields of maximal ideals

For the fixed maximal ideals, one has
A/m(a) =C

via evaluation at a.
The residue fields of maximal free ideals are more subtle.

Proposition 3.5.3 Let M C A be a maximal free ideal. Then, as a C-algebra, A|M
contains a subfield isomorphic to C(z).

Proof By Corollary 3.5.2, the ideal M contains no nonzero polynomial. Hence the
natural map
Clz] — A/M

isinjective. Since A/M is a field, this injective map extends uniquely to an embedding
C(z) — A/M.

Thus, as a C-algebra, the residue field of a maximal free ideal is a proper extension
of C.
Nevertheless, as an abstract field, it is isomorphic to C.

Theorem 3.5.4 Let M C A be a maximal free ideal. Then A/M is isomorphic to C
as an abstract field.
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Proof We first prove that A/M is algebraically closed.
Let L _
P(T) = fo+ [1T +---+ f,T" € (A/M)[T]

be a nonconstant polynomial, with n > 1 and
fng M.
We must find g € A/M such that
P(g)=0.

Since f,, ¢ M and M is maximal, the ideal M + (f;,) is equal to A. In particular,
it is not proper. It follows that there exists # € M such that

Z(h)NZ(fy) = 2.

Indeed, if every h € M met Z(f,), then the argument used in the proof of Theo-
rem 3.5.3 would show that M + (f;,) is proper, a contradiction.

Since h € M and M is proper, h is not a unit, so Z(h) # @. If Z(h) were
finite, then 7 = pu where p is a nonzero polynomial and u is a nowhere vanishing
entire function. Since u is a unit and 7 € M, we would get p € M, contradicting
Corollary 3.5.2. Thus Z(h) is infinite. Write

Z(h) ={ay,az,as,...}.

For each k, the complex polynomial

folar) + fila)T + -+ + fu(ap)T"

has degree n, because f,,(ar) # 0. Since C is algebraically closed, choose a root
A € C.
By the interpolation theorem for entire functions, there exists g € A such that

glag) = A for all k.

Then the entire function

F=fo+ fig+:+fug"

vanishes at every point of Z(h).

We now use the following consequence of maximality: if 4~ € M and an entire
function F vanishes on the reduced zero set of &, then F € M. To see this, let g be
an entire function whose zero set is exactly Z(h), with all zeros simple. The ideal
M + (g) is proper, because every element of M has a common zero with g. Since M
is maximal, g € M. Since g divides F', we get F € M.

Therefore

fo+ fig+-+ fug" €M,
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which means
P(g)=0
in A/M. Hence A/M is algebraically closed.
Next we compute the cardinality of A/M. The set A has cardinality ¢, the cardi-

nality of the continuum. Indeed, an entire function is determined by its values on any
countable subset of C with an accumulation point, for example on Q + iQ. Hence

Al <IC™ =,
and clearly |A| > ¢ because A contains the constant functions. Thus
|A| = c.
Therefore
|A/M| < c.

On the other hand, the constant functions inject into A/M, because M N C = 0.
Hence
|[A/M]| > c.

Thus
|A/M| = c.

The field A/M is algebraically closed of characteristic O and has cardinality c.
Hence its transcendence degree over Q is ¢. The same is true of C. By the classification
of algebraically closed fields by characteristic and transcendence degree, we get an
abstract field isomorphism

A/M = C.

3.5.8 Summary of the spectrum

Putting the preceding results together, we obtain the following description.

Theorem 3.5.5 Let A = O(C). Then Spec A is canonically identified with the set of
prime divisor filters on Div*(C).
Under this identification:

(1) The zero ideal corresponds to the empty filter.
(2) For every a € C, the evaluation ideal

m(a)={f€A: f(a)=0}

is a maximal ideal. These are exactly the non-zero fixed prime ideals.

(3) Every other non-zero prime ideal is free.

(4) The maximal ideals are precisely the ideals m(a) together with the maximal free
ideals.
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(5) If M is maximal free, then A|M contains C(z) as a C-subalgebra, but A/M = C
as an abstract field.

Proof The divisor-filter description of Spec A is Theorem 3.5.2. The classification
of fixed prime ideals is Proposition 3.5.2. Since a prime ideal is either fixed or free
by definition, all non-fixed prime ideals are free. The description of maximal ideals
follows from the fixed case and the definition of maximal free ideals. The assertion
about residue fields is Proposition 3.5.3 and Theorem 3.5.4. O

3.5.9 Zariski topology

Finally, in terms of divisor filters, the Zariski topology is described as follows. For
f € A\ {0}, the basic open subset

D(f) ={p €SpecA: f ¢p}

corresponds to

{F :div(f) ¢ 7}
Equivalently, the basic closed subset
V(f)={peSpecA: fep}

corresponds to

(F : div(f) € F}.



Chapter 4
Stein compacta

Bourbaki is not eternal.
— Henri Cartan®

¢ Henri Cartan (1904-2008) was a founding member of Bourbaki
and one of the architects of modern several complex variables. His
work on coherent analytic sheaves and Stein manifolds, especially
Cartan’s Theorems A and B, brought sheaf-theoretic methods
into complex analysis and gave Stein spaces their cohomological
character. Through the Séminaire Cartan and his students, these
ideas became part of the common language of complex analytic
geometry.

4.1 The algebra of subsets
4.1.1 The algebra of germs along general subsets

Recall that LCS is the category of locally convex topological vector spaces, not
necessarily Hausdorff.

Definition 4.1.1 Let X be a complex space, and S € X be a subset. Assume that S
admits a o-compact and Hausdorff open neighborhood in X.!

We define

I'(8,0x) = lim I' (U, Ox) , 4.1
U2S

where U runs over the directed system of o-compact and Hausdorft open neighbor-
hoods of S in X. The inductive limit is taken in LCS.

The topology on I' (S, Ox) is called the canonical topology. When we refer to
topological aspects of I' (S, Ox), this topology is always understood.

Note that when S is open, the canonical topology on I' (S, Ox) is the same as the
canonical Fréchet topology as in Section 2.2.

Also note that (4.1) holds in the category of vector spaces by Proposition 1.5.3.
In other words, the underlying linear space of I' (S, Ox) is indeed the usual algebra
of germs along S.

In general I do not know if I'(S, Ox) is a topological algebra.

Example 4.1.1 Let X be a complex space. When S = {x} is a singleton, the canonical
topology on I'(S, Ox) = Ox  is just the series topology by Corollary 2.2.2.

1 This assumption is satisfied if X is Hausdorff and S is relatively compact.

101
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Proposition 4.1.1 Let X be a complex space, S € X be a subset. Assume that
S admits a o-compact and Hausdorff open neighborhood in X. Then there is a
morphism in LCS

I'(5.0x) = €°(9),

induced by the family of continuous homomorphisms
L(U.0x) = CS). [+ (s f(5) 4.2)
for each o-compact and Hausdor{f open neighborhood U C X of S.

Note that this map is not injective even when X is smooth.

Proof Since S is Hausdorff, C°(S) with the compact-open topology is a topological
algebra.

It suffices to verify the continuity of (4.2), which follows immediately from
Proposition 2.2.4. O

Proposition 4.1.2 Let X be a complex space, T C X be a subset. Assume that T
admits a o-compact and Hausdorff open neighborhood in X. Let S C T be a subset.
Then the restriction

I'(T,0x) > T(S,0x)

Is continuous.

Proof Replacing X by an open neighborhood of 7, we may assume that X is o-
compact and Hausdorff.

By the definition of the topology on I" (7', Ox), it suffices to verify the following
assertion: If U is an open neighborhood of T in X, then the restriction

F(U’ OX) - F(S’ OX)

is continuous. But U is also an open neighborhood of S in X, so this follows from
the definition of the topology on I" (S, Ox). O

Observe the following functoriality:

Proposition 4.1.3 Let F: Y — X be a morphism of complex spaces. Assume that
T CYand S C X are two sets with F(T) C S. Assume that T (resp. S) admits a
o-compact Hausdorff open neighborhood in Y (resp. X). Then the pull-back

F*:T'(S,0x) = T'(T,Oy)

IS continuous.

Proof Replacing X (resp. Y) by an open neighborhood of S (resp. T), we may
assume that X and Y are o-compact and Hausdorff. By definition of the topology
on I' (S, Ox), we may assume without loss of generality that S is open. Then by
Proposition 2.2.1(2) and Proposition 4.1.2, the following two homomorphisms are
continuous:
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T'(S,0x) F(F’I(S),Oy) T (T,0y),

so the desired continuity follows. O

4.2 Germs along subspaces
4.2.1 Generalities

Definition 4.2.1 Consider the category C as follows:

(1) An object is a pair (X, S), where X is a complex space, and S C X is a subset
admitting a o-compact Hausdorff open neighborhood;

(2) a morphism (X, S) — (X’,§’) is a morphism F: X — X’ of complex spaces
with F(S) € §’;

(3) the composition of morphisms is the composition of the underlying morphisms
of complex spaces.

Consider the set S of arrows F: (X,S) — (X’,S’) such that there are open neigh-
borhoods U (resp. U’) of S (resp. S”) in X (resp. X’) for which F restricts to an
isomorphism U — U’ between complex spaces with F(S) = S’.

It is easy to see that S is a right-multiplicative system. We define the category
Germ as the category of right-fractions of C with respect to S. An object @ in Germ
is called a germ (of pairs of complex spaces).

See [ , Tag 04VB] for the basic notions of localizations of categories.

Definition 4.2.2 A germ « is a compactum if for one representative (X, K) of «, the
set K is compact and X is Hausdorff.

Note that in this case, we can always take X to be o--compact as well. Let Compactum
be the category of compacta, regarded as a full subcategory of Germ.

Given germs « and 8 represented by (X, S) and (X', S”), a morphism @ — S is
represented by a morphism U — X’ of complex spaces sending S to S’, where U is
an open neighborhood of S in X. Two such morphisms are identified if they agree
on an open neighborhood of S.

Example 4.2.1 The full subcategory of CompSpace consisting of o--compact Haus-
dorff complex spaces is a full subcategory of Germ. We identify a o-compact
Hausdorff complex space X with the germ represented by (X, X).

Example 4.2.2 We write C° for the germ represented by (C°, C?).

The set S with its topology can also be viewed more intrinsically.


https://stacks.math.columbia.edu/tag/04VB
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Definition 4.2.3 Let o be a germ. We define || as the set of morphisms C° — «. If
we represent a by a pair (X, S), then || as a set is nothing but S. In particular, |«|
has a topology induced from X, which is independent of the choice of (X, S).

Given any subset T’ C |a|, we write ar for the germ represented by (X, T) if « is
represented by (X, S). When x € |a|, we write a, instead of a(y}.

The object || is functorial: Given a morphism f: @ — g of germs, there is an
induced continuous map

Lf1: 1] — 8] (4.3)
Definition 4.2.4 Let o be a germ, represented by (X, S). Then we let O, be the
following sheaf of rings on S:

0, =i'0y,
where i: S — X is the inclusion.

It is clear that O, is independent of the choice of (X, S). Moreover, (|a|,O,) is a
locally C-ringed space, and the inclusion i becomes a morphism of locally C-ringed
spaces. We have

Oax=0xx, Vxela (4.4)

The maximal ideal in O, _, will be denoted by m, .
Observe that given any morphism of germs f: § — @, we can enhance (4.3) to
a functorial morphism between the corresponding locally C-ringed spaces:

[+ (B1,0p) = (lal, ). (4.5)
We have chosen to use the same notation f.

Theorem 4.2.1 (H. Cartan) Let (X, K) be a representative of a compactum. Then
the natural functor
li_r)n Cohg,, — Cohg, (4.6)
U2K

is an equivalence of categories, where the colimit is taken over the filtered category
of open neighborhoods U of K in X, with transition functors given by restriction.

The colimit is taken in the 2-category sense.

Proof Leti: K — X be the inclusion.
Step 1. First we prove full faithfulness.
Let U, V be open neighborhoods of K, and let

G € Cohp,,, H € Cohg, .
Replacing U and V by U NV, we may assume U = V. Put

P =Homo, (G, H).
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Then % is coherent.
For every open neighborhood W C U of K, we have

Homo,, (Glw,Hlw) =T(W,P|w).
Since K is compact, by [ , Tag 09V3], we find

lim Homo, (Glw, Hlw) = lim T(W,Plw) = D(K,ig'P).
W 2K W 2K

Here iy : K — U denotes the inclusion.
It remains to identify i {]150 with the internal Hom sheaf on K. We claim that the
natural morphism

iy Homo, (G, H) — Hom;.10, (ig) G, iy H) 4.7)

is an isomorphism. This may be checked on stalks. For x € K, the stalk of the
left-hand side is Homg,, (G, H)x. Since G is of finite presentation, this is naturally
Homg,, , (Gx, Hx). On the other hand, the stalk of the right-hand side is

Homy;j10,), ((iﬁlg)x, (i&lﬂ)x) :

which is the same group. This proves that (4.7) is an isomorphism and (4.6) is fully
faithful.
Step 2. We next prove the essential surjectivity.
Let
F € Coh(i"'0x).

Since ¥ is coherent, there exists an open cover of K in the relative topology such
that 7 admits a finite presentation on each member of the cover. Since K is compact,
we may choose finitely many open subsets Q1, . . ., Q, of K such that

K= UQ“
a=1

and such that, on each Q,, there is an exact sequence

—1 o @a —1 »
(i Oxle,)®P* — (i"'Oxlo,)®%* — Fla, — 0.

Choose open subsets Q/, € K such that
-
k=],
a=1

. —K .
and such that, if L, = Q, ,then L, C Q,. Each L, is compact.
Restricting the presentation above to L,, we get
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ﬂ’allLa
—

(i"'Ox|1,)®P (i"'Ox|r,) %% — Flr, — 0.

By Step 1, applied to the compact subset L, after choosing an open neighborhood
Vg of L, in X, the morphism a1, is induced by a morphism

- . ®Ppa ®ga
Ay OV(, - OVa .

Set G, = coker(a,). Since Oy, is coherent and G, is finitely presented, G, is a
coherent Oy,,-module. Moreover, by construction, there is an isomorphism

.1 =
(" lLaga - TILa,

where iy : L, — V, is the inclusion.

For a,b, put Ly, = L, N Lp. On Lgp, the isomorphisms ¢, and ¢p, induce an
isomorphism

Yab = ¢} © @at i, Ga = i, G-
Since L, is compact, Step 1 implies that, after replacing the common domain by
an open neighborhood V,;, € V, NV}, of Lgp, the morphism ¢, is induced by a
morphism _
Yab: GalVa, = GblVay,-

Similarly, c,lr;é is induced, after perhaps shrinking V,,;,, by a morphism

Yba: Golv, — Galv,,-

Since the compositions W¥pg © Yap, WYap © Upa are the identity on Ly, another
application of Step 1 allows us, after shrinking V,, to assume that

Jba ° Jab =id, Jab o Jba =1id.

Thus Jab is an isomorphism on V.
Now let Lype == LaNLp N Le. On Lgp,, the transition maps satisfy ¢pe oY ap =
Yac. By Step 1, after shrinking an open neighborhood of L., we may assume that

lz;bc o l;ab = J;ac

near Lgpc.

Since there are only finitely many indices, we may now choose open neighbor-
hoods W, € V, of L, such that W, N W}, C V,,;, for all a, b, and such that the triple
intersections W, N Wj, N W,. are contained in the neighborhoods on which the cocycle
identities hold. After replacing G, by G.|w, and {p'ab by its restriction to W, N W,
the Jab are transition isomorphisms satisfying the cocycle condition.

Therefore the coherent sheaves G,|w, glue to a coherent Oy -module G on

U = U W,.
a=1
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Since the open subsets Q/, cover K and Q/ € L, € W,, the set U is an open
neighborhood of K.
Finally, the isomorphisms

.1 -
Pa: lLaga - TlLu

are compatible with the transition isomorphisms. Since the open sets Q/, cover K,
they glue to an isomorphism

i'G - F.

This proves essential surjectivity. O

4.2.2 Properties of germs

We introduce several notions of germs. They generalize the corresponding notions
of o-compact Hausdorff complex spaces under Example 4.2.1.

Definition 4.2.5 We say a germ « is smooth (resp. reduced) if there is a representative
(X, S) of a such that X is smooth (resp. reduced).

Definition 4.2.6 A morphism @ — g of germs is a closed immersion if we can
find (X, S) representing « and (Y, T) representing $ and a morphism f: X — Y
representing @ — S such that

(1) f is a closed immersion;

2) S = ).

Definition 4.2.7 An analytic subspace of a germ « is a germ S together with a
closed immersion 8 — «. When the closed immersion is obvious, we also say f3 is
an analytic subspace of a.

Two analytic subspaces  and 8’ are identified if there is an isomorphism 8 — S’
compatible with the morphisms to a.

In this case, we can identify |3| with a closed subspace of |@|. Given two analytic
subspaces S and y of @, we say 8 C vy if B — « factorizes through y — a.

Example 4.2.3 Let « be a germ represented by (X, S). We write /5" for the germ
represented by (X51"¢, § n X5in¢) Tt is independent of the choice of (X, S), and o5
is an analytic subspace of a.

Example 4.2.4 Let a be a germ represented by (X, S). We write o™ for the germ
represented by (X™9, § n X™). It is independent of the choice of (X, S), and a™¢ is
an analytic subspace of a.

Note that @™ has the following universal property: if 3 is a reduced germ and
B — « is a morphism, then 8 admits a unique factorization through a9
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Indeed, choose a representative (Y, T) of 8 with Y reduced, so that the morphism
B — «a is represented by a morphism ¥ — X. The usual universal property of the
reduction of a complex space gives a unique factorization

Y - X™ 5 X,

The first arrow sends 7 into S, so it represents a morphism 8 — @™ whose composite
with @™ — @ is the given morphism.

For uniqueness, suppose two morphisms 8 — @™ have the same composite
with a. After choosing representatives and shrinking the source around T, their
composites with X" — X are equal as morphisms to X. By the uniqueness in the
universal property of X — X, the two representatives to X™¢ are equal after the
same shrinking. Hence the two morphisms are equal in Germ.

Definition 4.2.8 We say an analytic subspace § of « is essentially irreducible at
x € |B| if there is a representative (X, S) of @ with B represented by an analytic
subspace Y C X such that, for any open subset U C X containing S, Y N U has only
one irreducible component containing x.

Proposition 4.2.1 Let a be a compactum. There is a canonical bijection between the
following sets:

(1) The set of analytic subspaces of a;
(2) the set of coherent ideals in Q.

Given a coherent ideal 7 in O,, we write the corresponding analytic subspace of «
as V(7).

Proof The map from (1) to (2) is constructed as follows: suppose that 8 — a is a
closed immersion. Represent it by a closed immersion of analytic spaces ¥ — X.
Then the ideal of Y in X is a coherent ideal on X. It induces a coherent ideal in O,,.
The ideal is independent of the choices by Theorem 4.2.1.

The map from (2) to (1) is constructed as follows. If I is a coherent ideal in
O,, then by Theorem 4.2.1 again, we find a representative (X, K) of a such that 7
comes from a coherent ideal 7’ on X. We define V(1) as the germ represented by
(V(I"),V(I')NnK).

The two maps are inverse to each other. O

Corollary 4.2.1 Let @ be a compactum, and 8 be an analytic subspace of a. Then
the following are equivalent:

(1) B is reduced;
(2) the ideal of B in « is radical.

Proof (1) = (2). Take a representative (X, K) of a such that 8 < « can be
represented by a closed immersion ¥ — X. Since S is reduced, we can find a
reduced open neighborhood V of K NY in Y. We can find an open neighborhood U
of K in X suchthat UNY = V. We then replace X by U and Y by Y N U and reduce to
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the case where Y is reduced. In this case, we know that the ideal of Y in X is radical,
and hence so is the ideal of S in «.

(2) = (1). Assume (2). Denote by I C O, the ideal of 8 in @. Represent a by
(X, K).By Theorem 4.2.1, we may assume that 7 comes from a coherent ideal sheaf
J on X. Observe that the set of x € X with J, radical is open, so after replacing
X by an open neighborhood of K, we may assume that g is radical. Then it follows
that the closed subspace Y it defines is reduced, and hence S is reduced. O

Corollary 4.2.2 Let a be a compactum, and B be an analytic subspace of . Let T
(resp. ) denote the ideal of B (resp. B%) in a. Then

J=V1.
In particular, for any coherent ideal sheaf I on «, VT is coherent.

Proof Since 5™ is reduced, Corollary 4.2.1 implies that 7 is radical. The closed
immersion B4 < B gives 7 C J, hence VI C 7.

Conversely, let v be the analytic subspace of @ defined by VT. By Corollary 4.2.1,
v is reduced. Since 7 C VI, we have a closed immersion vy < B. The universal
property of the reduction in Example 4.2.4 gives a factorization

,y _)ﬁred _>ﬁ-

Therefore VI 2 . This proves the claim. O

4.3 Stein compactum
4.3.1 Stein compact subsets

Recall that the notion of Stein compact subsets is introduced in Definition 3.1.1.

Proposition 4.3.1 Let X be a Hausdorff complex space. Let K| and K, be Stein
compact subsets of X. Then so is K1 N K».

Proof Let U; and U, be Stein open neighborhoods of K| and K; in X. Since X
is Hausdorff, the diagonal of X is closed. Hence U; N U, identifies with a closed
analytic subspace of U; X U,. Since U; X U, is Stein, the space U; N U, is Stein.
Thus K7 N K> has a Stein open neighborhood. O

Proposition 4.3.2 Let X be a complex space. Let Y be an analytic subspace of X
and K be a compact subset of Y. Then the following are equivalent:

(1) K is Steinin Y;
(2) K is Stein in X.
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Proof We only need to show (1) = (2). Assume (1). Let U be an open neighbor-
hood of K in X. We need to find a Stein open neighborhood of K in X contained
in U. Note that K is Stein in ¥ N U as well. Thus after replacing X by U and Y by
Y NU, it suffices to find a Stein open neighborhood of K in X. Let V be a Stein open
neighborhood of K in Y. Then our assertion follows from Siu’s theorem on Stein
neighborhoods of V [ , Theorem 3.1.1]. O

Proposition 4.3.3 Let Y be an analytic subspace of X and K be a Stein compact
subset of Y. Then the natural map

['(K,0x) = I'(K,Oy) (4.3)
is surjective.

Proof Let f € T'(K,Oy). We show that f lies in the image of (4.8). Take an open
neighborhood V of K in Y on which f is defined.

By Proposition 4.3.2, K is Stein in X. Therefore, we can find a Stein open
neighborhood U of K in X such that U NY C V. Then f|yny lifts to a holomorphic
function in I'(U, Ox ), whose image in I'(K, Ox) is a preimage of f with respect to
(4.8). O

Definition 4.3.1 A compactum « is called a Stein compactum if, for one (hence any)
representative (X, K) of «, the set K is a Stein compact set in X.
If, in addition, X can be chosen smooth, we say that « is a smooth Stein compactum.

Definition 4.3.2 Let a be a Stein compactum and let F be a coherent O,-module.
Choose a representative (X, K) of @ and a coherent Ox-module G representing ¥
near K. We define
T(lal, F) = lim (U, Glo),
U2K

where U runs over the open neighborhoods of K in X for which I'(U, G|y ) carries
its canonical Fréchet topology, and the colimit is taken in LCS.

This locally convex topology is independent of the representative (X, K) and of
G, by Theorem 4.2.1. In particular,

I'(a) =T(|al.0a)

is a topological algebra by [ , Proposition 2.10] and Proposition 1.5.3, and
I'(la|, ) is a topological I'(@)-module.

Note that I'(@) is functorial in a, cf. (4.5).
We introduce the following notation. If @ is a Stein compactum, S is an analytic
subspace of @, and f € I'(a), then we write f|g for the image of f with respect to

I'(a) — T(B).

Definition 4.3.3 Given a Stein compactum «, we define its character map y =
Xa: la| = SpT(«) as follows: Given x € |a|, yo(x): I'(@) — C sends f to f(x).
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The character map is a well-defined continuous map. If « is represented by (X, K),
we also write yx = y: K — SpI'(K, Ox).
Cartan’s Theorem A and Theorem B hold in the following form:

Theorem 4.3.1 Let a be a Stein compactum. Consider a coherent O 4-module F.
Then

(1) for any x € ||, the germ F is generated by I'(|e|, ) as an Ox x-module;
(2) for any p > 1, we have HP (||, F) = 0.

Proof By Theorem 4.2.1, we can take a representative (X, K) of @ with X Stein and
¥ represented by a coherent sheaf on X.

(1) This follows immediately from the usual Cartan’s Theorem A.

(2) This follows from [ , Tag 09V3] and the usual Cartan’s Theorem B. O

Corollary 4.3.1 Let @ be a Stein compactum and let ¥ be a coherent O y-module.
Put A =T (). Then:

() T'(Ja|, F) is a finite A-module;
(2) for every x € |a|, putting m = m(x), the natural map

F(|a'|7 7:)m ®Am Oa,x — 7—;
is an isomorphism.

Proof By Theorem 4.3.1(1), for every x € || the stalk 7 is generated by the germs
of global sections of ¥ . Thus we may choose finitely many sections

sx,]’ M Sx,nx € F(|a|’ 7:)
whose germs generate . The induced morphism
o~ — F

is surjective at x, hence is surjective on some open neighborhood of x. Since || is
compact, finitely many such neighborhoods cover |@|. Collecting the corresponding
sections, we obtain a surjective morphism

oeN » F

for some N > 0.
Let K be its kernel. Then %K is coherent, and we have a short exact sequence

0—>K— 0 - F —0.
Taking global sections and using Theorem 4.3.1(2) for K, we get a surjection
A®N =T(|a],0gN) » I(lal, F).

Hence I'(|a|, ) is a finite A-module.
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We now prove the base change assertion. Applying the preceding finite generation
argument to K, we can choose a surjection

oM 5 K.
Let £ be its kernel. Taking global sections in
0> L—->0M 5K -0
and using Theorem 4.3.1(2) for L, we see that
A®M 5 AN S T(la], F) — 0

is exact. For x € |/, localizing this presentation at m = m(x) and tensoring with
O, .x gives a presentation whose first two terms are Off‘;’ and Ofﬁ. This is precisely
the stalk at x of the sheaf presentation

oM - 02N - F > 0.
Taking cokernels gives the desired isomorphism. O

Proposition 4.3.4 Let S be a Stein space and let K C S be a Stein compact subset.
Then the natural map
I'(S,05) = I'(K, Os)

is flat.
This is a generalization of Lemma 3.3.7.

Proof We shall use the equational criterion for flatness [ , Tag OOHK].
Let A :=T(S,0s). Put B=T(K,Os).Let fi,..., fu € A and suppose that

n
Z filk bi =0 in B.
i=1
Consider the morphism of coherent analytic sheaves
n
¢:O§”—>OS, (al,...,an)r—>Za,-fi.
i=1

Let R := ker(y). Note that R is coherent. Let
b= (by,...,byn),

then b, € R, for any x € K.
By Cartan’s Theorem A and the compactness of K, there exist global sections

r ™ eT(S,R) € A%,
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which generate R, for each x € K. Then we have a surjective morphism of Og|-
modules

m
(OS|K)m—>R|K, (Cl,...,Cm)l—)Zer(J)|K.
j=1
By Cartan’s Theorem B in Theorem 4.3.1, we can therefore find cy,...,c, €

I'(K, Os) such that

m
b, :chr)(f), Vx € K.
j=1
Write _
}"(J) = (rlj,...,rnj) € A@n'

Then for each i we have "

b[ :Zerile.

j=1
On the other hand, since each r/) is a global section of R, we have

n

Diriffi=0 inA

i=1

for every j.
The desired flatness follows. O

Corollary 4.3.2 Let X be a complex space and K C K’ be Stein compact sets. Then
the natural map

I'(K’,0x) — T'(K,Ox) 4.9)
is flat.

Proof By Proposition 4.3.4, for each Stein open neighborhood U of K’, the restric-
tion
I'(U,0x) — I'(K, Ox)

is flat. Therefore, (4.9) is also flat by [ , Tag OSUU]. O

Proposition 4.3.5 Let X be a Hausdorff complex space, and let K C X be a Stein
compact subset. Then the natural map

SPI'(K.Ox) — lim SpI'(U.Ox)
U2K

of locally C-ringed spaces is a homeomorphism on the underlying topological spaces,
where U runs over the o--compact open neighborhoods of K in X.

Proof This follows from the general fact Proposition 1.5.5. O
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Corollary 4.3.3 Let X be a Hausdor[f complex space. Suppose that K C X is a Stein
compact subset. Then the character map xx: K — SpI'(K, Ox) is a homeomor-
phism.

Recall that a Stein compact subset is defined in Definition 3.1.1.
Proof For each Stein open neighborhood U of K, the restriction homomorphism

I'v,0y) - I'(K,Ox)

induces a commutative diagram in the category of topological spaces:

K—— U

o iz

Indeed, evaluating a section of I'(U, Oy) at a point x € K gives the same value
before and after restriction to K. Since U is Stein, the map yy is a homeomorphism
by Lemma 3.3.3. Passing to the inverse limit over all Stein open neighborhoods U
of K, we get a commutative diagram in the category of topological spaces:

K— 5 1lim U
—vU
[ |
SpT(K,O0x) —— lim SpI'(U,Ov),

where U runs over all Stein open neighborhoods of K. Note that the upper horizontal
map is a homeomorphism and the right-vertical map is also a homeomorphism.
Since the Stein open neighborhoods of K are cofinal among the open neighborhoods
of K, the lower-horizontal map is a homeomorphism by Proposition 4.3.5. Thus yx
is also a homeomorphism. O

4.3.2 Morphisms to Stein compacta

Lemma 4.3.1 Let K C C" be a Stein compact subset, and let B be a compactum.
Then any continuous C-algebra homomorphism

®: T'(K,Ocn) — T(B)

is uniquely determined by its values ®(z;) fori =1,...,n.
Here and in the sequel, zy, . . ., z, denote the coordinates on C".
Proof Let

@": T'(K,Ocr) — I'(B)
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be another continuous homomorphism, and assume that
D(z;) =D'(z;), i=1,...,n

We prove that ®(f) = @’(f) for every f € ['(K, Ocn).
It suffices to prove equality on stalks at every y € |8]. Since Og,y is a Noetherian
local ring, Krull’s intersection theorem gives

ﬂ m/’;{y =0.
M=l

Hence it is enough to prove that, for every y € |B| and every integer M > 1,

D(f)y — @' (f)y € My, (4.10)

Fix y € |B]. The compositions

xp(y) o @, xp(y) o @

are continuous characters of I'(K, Ocr). Since K is a Stein compact subset of C",
the character map
K — SpT'(K, Ocn)

is a homeomorphism by Corollary 4.3.3. Therefore these two characters correspond
to points of K. They have the same values on the coordinate functions z;, hence they
correspond to the same point

x=(x1,...,x) € K.

Equivalently,
xi=‘D(Zi)(Y)=‘I)’(Zi)()’), i=1,....n

Thus
O(z;)y—x;€mgy, i=1,...,n 4.11)

Choose an open neighborhood of K on which f is represented by a holomorphic
function, still denoted by f. Since x € K, the germ f, has a Taylor expansion at x.
Subtracting its Taylor polynomial of degree < M, we may assume that

feemd, .
Let Jas be the coherent ideal sheaf on C" generated by the monomials
(z=x)%  lal=M.

Then (Jpr)x = mM, ., while (Jar)g = Ocn 4 for g # x. Hence f defines a section

of i~ Jy, over K, where i: K < C" is the inclusion.
By Theorem 4.3.1(2), applied to the surjection
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induced by the monomial generators, the induced map on sections over K is surjective.
Therefore we can write
f= ), galz-0°

la|=M

with g, € T'(K, Ocn).
Applying ® and @’, and using that ®(z;) = ®’(z;), we get

O(f) - (f) = D, (P(ga) — P (ga)) (@(2) = %)

lal=M

By (4.11), each monomial (®(z) —x)“ with |a| = M lies in m%y. This proves (4.10),
and hence ®(f) = @' (f). O

Lemma 4.3.2 Let a be a compactum, let 3 be a Stein compactum, and let y be an
analytic subspace of 5. Suppose that h: @ — [ is a morphism. Then the following
are equivalent:

(1) h factors through y;
(2) for every f € I'(B) with f|, = 0, we have h*(f) = 0.

Proof The implication (1) = (2) is immediate.
We prove (2) = (1). Let
I C OB

be the coherent ideal sheaf defining y. We need to show that the composite
W'I — 0 — 0,

is zero.
Since S is a Stein compactum, applying Theorem 4.3.1 to the exact sequence

0—7I—>03—0,—0

gives
L(|Bl,7) = ker(I'(8) — T'(y))-

Hence assumption (2) says precisely that
h*s =0, Vs eI'(|8], T).

By Theorem 4.3.1(1), the sheaf 7 is generated stalkwise by its global sections.
Therefore the image of 4T in O, is generated stalkwise by the pullbacks of these
global sections. These pullbacks are zero by the preceding paragraph. Hence the
morphism

' -o,

is zero, and & factors through y. O
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Theorem 4.3.2 Let o, f € Compactum. Assume that « is a Stein compactum. Then
the natural map

Homgerm (B, @) — Hom(F(a), r(,g)), hs h* (4.12)

is bijective. Here Hom(I'(a),T'(B)) denotes the set of continuous C-algebra homo-
morphisms I'(a) — T'(B).

In general, I do not know if I'() is a topological algebra or not.

Proof Choose a representative (X, K) of a such that X is a Stein space and K is a
Stein compact subset of X. By compactness of K, after shrinking X around K, we
may assume that X has finite dimension and finite embedded dimension. Hence, by
the embedding theorem Theorem 3.1.2, we may further assume that X is a closed
analytic subspace of some C".

Let y be the germ represented by (C", K). By Proposition 4.3.2, K is a Stein
compact subset of C", so y is a Stein compactum. The inclusioni: X < C”" induces
a closed immersion of germs i: a@ — 7.

Step 1. We first prove injectivity.

The morphism i induces a commutative diagram

Homgerm (B8, @) —— Hom(['(@),T'(B))

io(—)J: l(—)oi*

Homgerm(ﬁ’ 7) EE—— Hom(F(Y)’ F(ﬁ))

The left vertical arrow is injective because a closed immersion of germs is a monomor-
phism. Therefore it suffices to prove injectivity when @ = v, namely when « is
represented by (C", K).

Assume now that « is represented by (C",K). Let zy,...,2, € I'(a) be the
coordinate functions. Suppose that

hh':B—a

are two morphisms of germs with 2* = h’*. After choosing a representative (Y, S) of
B and shrinking it around S, we may represent 4 and 4’ by morphisms F, F': Y — C".
Since h* = h’*, the germs F*(z;) = F’*(z;) agree along S foreveryi = 1,...,n.
After shrinking Y around S, these equalities hold on Y. Hence F = F’ near S, and
therefore h = h’.

Step 2. We reduce surjectivity to the case where « is represented by (C", K).

Assume surjectivity is known for y in place of a. Let ®: I'(a) — I'(B) be a
continuous homomorphism. By the surjectivity for vy, there is a morphism of germs
h: B — 7 such that

K =®oi":T(y) - T(B).

We claim that /4 factors through @ < y. By Lemma 4.3.2, it suffices to show that
h*(f) = 0 for every
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f eker(i*: T(y) = I'(a)).

This is immediate from h* = ® o i*.
Thus there exists a morphism g: 8 — a such that 7 =i o g. Then

groi"=h"=Doi".

The map
i": T'(y) - I'(a)

is surjective by Proposition 4.3.3. Hence g* = ®.
Step 3. We prove surjectivity when « is represented by (C", K).
Let ®: I'(@) — I'(B) be a continuous homomorphism. Define

gi =O(z;) eT(P), i=1,...,n.

Choose a representative (Y, S) of 8 such that all g; are represented by holomorphic
functions on Y, still denoted by g;. These functions define a holomorphic map

G:Y —C".
We claim that G(S) C K. To see this, define
ho = xg' © Sp(®) o xp: |8l — lal = K.

This is well-defined because y, is a homeomorphism by Corollary 4.3.3. For s € S
and foreachi =1,...,n, we have

zi(ho(s)) = (xp(s) o @) (z:) = xp(s)(g:) = gi(s) = Gi(s).

Since the coordinate functions separate points of C", it follows that G (s) = hy(s) €
K. Hence G maps S into K, and therefore defines a morphism of germs g: § — «a.
By construction,

g (zi) = gi = P(z), i=1,...,n.

Therefore Lemma 4.3.1 gives g* = ®. This proves surjectivity and hence the theo-
rem. O

4.4 The section rings of Stein compacta

Let a be a Stein compactum. We wish to understand the ring structure of I'(«a).
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4.4.1 The ideals

The maximal ideals in I'(@) are easily understood.

Proposition 4.4.1 Let a be a Stein compactum. There is a natural bijection between
the following sets:

M lel;
() SpT'(a);
(3) the set of maximal ideals in T'(«).

We shall write the ideal corresponding to x € |a| as m(x).

Proof The bijection between (1) and (2) is given by Corollary 4.3.3. More specifi-
cally, a point x € |a| is sent to y(x): I'(@) — C, sending f to f(x).

The map from (1) to (3) sends x € |a| to ker y(x). The map is clearly injective.
Let us show that any maximal ideal m of I'(«@) is of this form.

Suppose not. Then for any x € ||, we can find f* € m C I'(@) with f*(x) # 0.
Take an open neighborhood U, of x in |@| on which f* # 0. By the compactness of
||, there are finitely many fi, ..., f,, € m without common zeros on |«|. The sheaf
homomorphism

o —22% 0,
is then surjective. By Cartan’s Theorem B in Theorem 4.3.1, we can therefore find

g1,...,8n € I'(@) such that
n
1=> gifiem,
i=1

which is a contradiction. O

Finitely generated ideals in I'(«) are also easily understood. Given a subset E of
I'(a), we write EQ, C O, for the coherent ideal sheaf generated by E, similar to
Definition 2.3.1.

Proposition 4.4.2 Let « be a Stein compactum. There is a natural bijection between

(1) the set of coherent ideal sheaves in O, and
(2) the set of finitely generated ideals in T'(«).

In particular, if B is an analytic subspace of «, then the kernel of

I'(a) - T(B)
is finitely generated.

Proof The map from (2) to (1) sends a finitely generated ideal 7 C I'(a) to IO,,.

Conversely, the map from (1) to (2) sends a coherent ideal 7 to I'(|e/|, I). From
Cartan’s Theorem A and the compactness of ||, we can find fi, ..., f, € ['(|a|, 1)
such that the homomorphism
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n
On =1, (31,....80) > Y. gif
i=1

is surjective. By Cartan’s Theorem B, it follows immediately that I'(|e|, 1) is finitely
generated.

These two operations are inverse to each other. Suppose that I is a finitely gener-
ated ideal in I'(@). Then we show that

1=T(la|,10,). (4.13)

The inclusion C is obvious. It suffices to prove the reverse inclusion. For this purpose,
take finitely many generators fi, ..., f, of I. Then we have a surjective morphism
of O,-modules:

oh — 10,

induced by (fi,. .., fu). By Cartan’s Theorem B, we find that the following map is
surjective:

D(@)" > T (je]104), (81,8 = Y. gifi.
i=1
Therefore, (4.13) follows.
Conversely, if 7 is a coherent ideal sheaf in O, we need to show that the natural
map
C(la|,7)0¢ = I

is an isomorphism. This follows immediately from Cartan’s Theorem A. O

Corollary 4.4.1 Let a be a Stein compactum and let I be a finitely generated ideal
in T(a). Then VI is also finitely generated.

Proof We claim that

ﬁ:r(m,@). (4.14)

Note that VIO, is coherent by Corollary 4.2.2. Therefore, VI is finitely generated
by Proposition 4.4.2.
It remains to argue (4.14). The C direction is trivial. Conversely, take f €

r (|a'|, \/IOQ). Then for any x € |a|, we find an integer n > 0 with f}' € (I04)x.
The same holds on an open neighborhood of x as well. Thus by the compactness of

|a| we can find n > 0 large enough with " € I'(|a|, IO,) = I, where the equality
is just (4.13). ]

Corollary 4.4.2 Let « be a Stein compactum. All maximal ideals of T' (@) are finitely
generated.

Proof By Proposition 4.4.1, all maximal ideals are of the form m(x) for some
x € |a|. It therefore suffices to show that any such ideal is finitely generated. We
regard {x} as a reduced complex space and hence a germ by Example 4.2.1. Then
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there is a closed immersion i: {x} — «, and we have a short exact sequence of
coherent O,-modules:

0—=1 — 04 —i.0f) — 0,

where 7 is defined by this short exact sequence. By Cartan’s Theorem B, we find a
short exact sequence

0— (e, T) - T(@) X% c o0,

Therefore, m(x) = I'(|a|, I') is finitely generated by Proposition 4.4.2. O
Next we wish to understand the prime ideals in I'(«).

Lemma 4.4.1 Let a be a Stein compactum, let p C I'(«) be a prime ideal, and let
x € |a| be such that p C m(x). Let I C p be a finitely generated ideal. If f € T'(a)

satisfies
foe (Vion) .
then f € p.

Proof By assumption there exists N > 0 such that f¥ € (10,). Consider the
coherent colon ideal sheaf

C:=(10,: fN).
Its stalk at x is the whole local ring O, . By Theorem 4.3.1(1), there exists h €
I'(la|, C) such that A, is invertible. Hence h(x) # 0, so h ¢ p because p C m(x).

On the other hand,
hfN €T(lal,104) =1Cp

by Proposition 4.4.2. Since p is prime, it follows that fV € p, hence f € p. O
Recall that essential irreducibility is defined in Definition 4.2.8.

Proposition 4.4.3 Let a be a Stein compactum. Take a reduced analytic subspace B
of @ and a point x € |B| at which B is essentially irreducible. Let

ppx = {f€T(@): (flg)x =0}. (4.15)

Then pg x is a prime ideal in I'(a).
Conversely, every prime ideal p in I'(@) arises in this way. In fact, x can be taken
to be any point such that p C m(x).

Proof We first show that pg_, is a prime ideal. It is clearly an ideal. Let f, g € I'(a),
and assume that

fg € Ps.x> fé Pg,x-
We prove that g € pg .

Choose a representative (X, K) of a such that 3 is represented by a reduced ana-
lytic subspace Y C X with || = YN K, and such that the condition in Definition 4.2.8
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is satisfied. After shrinking X around K, we may assume that f and g are represented
by holomorphic functions on X. By the essential irreducibility assumption, after this
shrinking, there is a unique irreducible component of Y containing x; denote it by
Y.

Since fg € pg.x, the germ of (fg)|y at x is zero. Thus there is an open neighbor-
hood V of x in Y such that (fg)|y = 0. In particular,

(f8)|VmY0 =0.

We claim that f|y, is not identically zero near x. Indeed, if f|y, were identically
zero near x, then, since Yy is the only irreducible component of Y containing x,
the germ (f|y)x would be zero. This would mean f € pg, contradicting the
assumption.

Therefore f|y, is a nonzero holomorphic function on the reduced irreducible
complex space Yy near x. By the Identitdtssatz, its zero locus is a proper analytic
subset of Yy; in particular, its complement is dense in a neighborhood of x in ¥y. On
this dense complement we have gly, = 0, because (fg)|vny, = 0.

Since Y is reduced, a holomorphic function on ¥ which vanishes on a dense
open subset vanishes identically. Hence g|y, vanishes near x. Again using that ¥y
is the only irreducible component of ¥ containing x, we conclude that (gly), = 0.
Thus g € pg . Hence pg x is prime.

Conversely, let p be a prime ideal in I'(@). Choose x € |a| such that

p cm(x),

which is possible by Proposition 4.4.1. Let p, € O, x be the ideal generated by the
germs fy for f € p. Since O, « is Noetherian, we may choose fi, ..., f» € p such
that their germs generate p,. Let

I=(fi,....fr) Cp, g = \/IOQ.

Let B be the reduced analytic subspace of a defined by 7.
We claim first that

P=Ps.x-

If f € p, then fx € px = Ix € Jx, 50 (flg)x = 0. Hence p C pg . Conversely, if
f € pg x, then fy € 9. By Lemma 4.4.1, we get f € p. Thus the claim follows.

It remains to show that 8 is essentially irreducible at x. Suppose not. Choose a
Stein representative (X, K) of @ such that 8 is represented by a reduced analytic
subspace Y C X. After shrinking X around K, we may assume that Y has at least two
irreducible components through x and only finitely many irreducible components
meeting K.

Write

Y=Y, UY,,

where Y] is one irreducible component through x, and Y, is the union of the remaining
irreducible components. Let 7; and 7, be the defining ideal sheaves of ¥; and Y, in
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X. Since neither branch contains the other near x, the coherent sheaves
Ii/(I1 N D), L/ ND)

have nonzero stalks at x. By Cartan’s Theorem A on the Stein space X, we can
choose
a e(X, 1), bel(X, )

whose images in Oy, are both nonzero. Since
abe hhb chinh =1y,

we have
(ablg)x = 0.

Thus ab € pg x = p. Since p is prime, either a € p or b € p. But p = pg ,, while
the images of both a and b in O, are nonzero. This is a contradiction.
Hence 3 is essentially irreducible at x, and the proof is complete. O

Corollary 4.4.3 Let a be a Stein compactum. Then the nilradical of T'(@) is precisely
the kernel of
(@) — ['(a™).

In particular, the nilradical of T' (@) is finitely generated.

Proof Let N denote the kernel of I'(a) — I'(a™%). If f € N, then f]| a = 0, so for
every reduced analytic subspace 8 of @ and every x € |B|, we have

(f1g)x = 0.

By Proposition 4.4.3, f lies in every prime ideal of I'(«). Hence f lies in the
nilradical.

Conversely, every nilpotent element maps to zero in I'(e™%), because o™ is
reduced. Thus N is exactly the nilradical.

The final assertion follows from Proposition 4.4.2, since @™ is an analytic sub-
space of a. O

Proposition 4.4.4 Let a be a Stein compactum. Consider x € |a|. Thenforanyn > 1,
the natural map
(@) /m(x)" = Og,x /My (4.16)

is an isomorphism of rings. In particular, we have a natural isomorphism
l—‘(a)m(x) — Oar,x-

Proof The natural map (4.16) is induced by the homomorphism I'(a) — Og.x
sending f to f. It is surjective by Proposition 3.3.4.

It remains to show that it is injective. Let f € I'(a) with f, € m{, .. Then
(M(x)"Oq : (f)) is coherent, and its germ at x is precisely O, x, in view of
Lemma 3.3.2.
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By Cartan’s Theorem A, we can find g € I'(a@) with g, invertible and gf €
I'(la], m(x)"O4) = m(x)", where the equality follows from the fact that m(x)" is
finitely generated by Corollary 4.4.2 and from Proposition 4.4.2.

Suppose that f ¢ m(x)". Then g™ € m(x)" for some m > 0 since m(x)" is
primary, cf. Lemma 1.2.1. But this contradicts the fact that g is invertible. O

Proposition 4.4.5 Let @ be a Stein compactum. Then the ring T'(«@) is stalkwise
Noetherian.

Recall that stalkwise noetherian rings are defined in Definition 1.2.1.

Proof By Corollary 4.4.3, the nilradical N of I'(«@) is finitely generated. Since every
element of N is nilpotent, the ideal N is nilpotent. Hence, by Proposition 1.2.2, it
suffices to prove the assertion for a™¢. We may therefore assume that « is reduced.
By Proposition 4.4.1, the maximal ideals of I'(«) are the ideals m(x) for x € |a]|.
Fix x € |a|. It suffices to show that I"(@)m () is Noetherian.
Put
A =T(a), m:=m(x).

Consider the natural homomorphism
73A—>Oa,x» f'_>fx

Since every element of A \ m maps to a unit in O, y, this homomorphism induces a
homomorphism
Y An — Og x-

We first show that y’ is injective. Let f/s € Ay, be mapped to zero by y’,
where s ¢ m. Since s, is a unit in O, _, we have fx = 0. Choose a reduced Stein
representative (X, K) of @ with x € K. After shrinking X around K, we may assume
that X has only finitely many irreducible components and that f and s are represented
by holomorphic functions on X.

Since f, = 0, the function f vanishes on a neighborhood of x in X. Hence,
by the Identitditssatz, f vanishes identically on every irreducible component of X
containing x. Let £ be the union of all irreducible components of X not containing x.
This is a closed analytic subspace of X. If E = @, put h = 1. Otherwise, by Cartan’s
Theorem A applied to the ideal sheaf of E, we can find & € T'(X, Ox) such that

hE=0, hx)=1.

Then hf = 0 on every irreducible component of X. Since X is reduced, this gives
hf = 0 in A. Moreover h ¢ m. Therefore % = 0 in Ay. This proves that y’ is
injective.
Let
R = Im('yl) < ch,x'

Since y’ is injective, it remains to prove that R is Noetherian.
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By Cohen’s theorem Theorem 1.2.1, it suffices to show that every prime ideal of
R is finitely generated. Let P C R be a prime ideal. We will prove that P is finitely
generated.
Let
p:=7y(P)CA.

Then p is a prime ideal of A. Moreover, p C m. Indeed, if g € A and g(x) # 0, then
g ¢ m, so y(g) is a unit in R, because its inverse is the image of 1/g € Ay,. Hence
v(g) ¢ P, and therefore g ¢ p.

By Proposition 4.4.3, applied to the point x with p C m(x), there exists a reduced
analytic subspace S8 of a, essentially irreducible at x, such that

p={feA:(flp)x=0}.

Let
J = ker(A - T'(B)).

By Proposition 4.4.2, the ideal J is finitely generated. Choose generators f, ..., f; €
J.
We claim that

Y1)y (fr)

generate P as an ideal of R. First observe that P is generated by y(p). Indeed, every
element of R is of the form y’(a/s) witha € A and s ¢ m. If yv’'(a/s) € P, then
multiplying by the unit y’(s) gives

y(a) € P,

hence a € p. Therefore it suffices to show that for every g € p, the element y(g) lies
in the ideal of R generated by the y(f;).

Fix g € p. Choose a reduced Stein representative (X, K) of « such that B is
represented by a reduced analytic subspace ¥ C X, and such that g, fi,..., f; are
represented by holomorphic functions on X. After shrinking X around K, we may
assume that ¥ has only finitely many irreducible components meeting K, and that
Y =Yy UY), where Y is the unique irreducible component of ¥ containing x, and Y
is the union of the remaining irreducible components.

Since g € p, we have (g|g)x = 0. Thus g vanishes on a neighborhood of x in Y.
In particular, g vanishes on a nonempty open subset of Yj. Since Y is reduced and
irreducible, the Identitdtssatz implies that g|y, = 0 as a germ along K N Yp.

We now choose a holomorphic function separating Y, from the other components.
IfY; = @, put & = 1. Otherwise, by Cartan’s Theorem A applied to the ideal sheaf
of Y7 in X, we can find & € I'(X, Ox) such that

hly, =0, h(x)=1.

We denote the image of 4 in A by the same symbol.
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Since gly, = 0 and kly, = 0, the product gh vanishes on Y as a germ along K NY.
Hence gh € J. Therefore there exist ay, ..., a, € A such that

r

gh=2a,<f,-.

i=1
Applying y, we get
y(@)y(h) = > y(any(f).
i=1

Since h(x) = 1, the element y (/) is a unit in R. Hence y(g) lies in the ideal of R
generated by y(f1), ..., v(fr).

This proves that P is finitely generated. By Cohen’s theorem, R is Noetherian.
Since Ay = R, the local ring Ay, is Noetherian. This completes the proof. O

4.4.2 Excellence

Definition 4.4.1 A Stein compactum « is excellent if I'(«) is noetherian.

red

Lemma 4.4.2 A Stein compactum « is excellent if and only if @™ is excellent.

Proof Let N be the kernel of the surjection I'(a) — I'(@™?). By Corollary 4.4.3, the
ideal N is finitely generated and consists of nilpotent elements. Hence N is nilpotent.
Therefore I'(a) is noetherian if and only if I'(a™) is noetherian. O

Lemma 4.4.3 Let X be a reduced complex space, and let K C X be a Stein compact
subset. Assume that for every analytic subspace Y of some open neighborhood of K
in X, the set Y N K has only finitely many connected components. Then for every
x € K, the ideal

px ={fel(K,Ox): fx =0}

is finitely generated.

Proof Since all assertions are assertions about germs along K, we may replace X
by an open neighborhood of K whenever needed. In particular, since K is a Stein
compact subset, we may first replace X by a Stein open neighborhood of K. Thus
we may assume that X is Hausdorff. Let r: X — X be the normalization of X. The
map 7 is finite. By Lemma 2.3.1, the compact set 7~ ! (K) has only finitely many
connected components.
Step 1. We show that, after replacing X by an open neighborhood of K, the natural
map
mo(n~!(K)) — mo(X) 4.17)

is injective. Write
' (K)=Ciu--- UG,
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for the decomposition into connected components. The sets C; are compact and
pairwise disjoint. Since X is Hausdorff, we can choose pairwise disjoint open neigh-
borhoods U; € X of C;. Set
-
w=Ju;.
J=1

Then W is an open neighborhood of 7~ (K). Since  is finite, it is closed. Hence
Q=X \n(X\W)
is an open neighborhood of K in X. Moreover,
Q) cw.

Replacing X by Q and X by 7~! (Q), which is the normalization of Q, we may assume
that every connected component of X is contained in one of the U ;. Therefore every
connected component of X meets at most one connected component of 7~ (K). This
proves that (4.17) is injective.

Step 2. We now assume that (4.17) holds. Since r is finite, the fiber 77! (x) is
finite. Write

ﬂ_l(x) = {)’1,---,yn}-

Let H; be the connected component of X containing y;. Since X is normal, its
connected components are irreducible. Put

This is a union of connected components of X, hence a closed analytic subspace of
X. Since 7 is finite, Remmert’s proper mapping theorem shows that V := n(H) is a
closed analytic subspace of X. We endow V with its reduced induced complex space
structure. The restricted map 7y : H — V is finite and surjective. We claim that

px={f €e'(K,Ox) : flyv =0asagermalong K N V}. (4.18)

First let f € p,. After shrinking X around K, we may assume that f is represented
by a holomorphic function on X. The condition f, = 0 means that f vanishes on
an open neighborhood of x in X. Therefore 7* f vanishes on an open neighborhood
of each y;. Since H; is irreducible, the Identitditssatz implies that (7* f)|g, = 0 for
every i. Hence (n* f)|g = 0. Equivalently, 7, (f|v) = 0. Since V is reduced and
ny: H — V is finite and surjective, the natural morphism Oy — (7g).Opy is
injective. Thus f|y = 0 as a germ along K N V. This proves the inclusion C in
(4.18). Conversely, suppose that f|y = 0 as a germ along K N V. After shrinking X
around K, we may assume that f is represented by a holomorphic function on X and
that f|y = 0. Then (7* f)|g = 0. In particular, for every i = 1,...,n, (7*f),, = 0.
Since X is reduced and 7: X — X is the normalization, the natural morphism
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Ox — .0y is injective. Taking stalks at x, we get an injection

OX,x — l—l O)?,y'

yern(x)

Since the image of fy in each factor is zero, this injection gives f, = 0. Thus
f € px. This proves the reverse inclusion and hence (4.18). Finally, let @ be the
Stein compactum represented by (X, K), and let 8 be the analytic subspace of «
represented by (V, K N V). Then the right-hand side of (4.18) is exactly the kernel
of the restriction homomorphism

[(a) = (K,O0x) — T(B) = (K NV, 0v).

By Proposition 4.4.2, this kernel is finitely generated. Therefore p, is finitely gener-
ated. O

Theorem 4.4.1 (Siu) Let a be a Stein compactum. Then the following are equivalent:

(1) « is excellent;
(2) for any analytic subspace B of @, |B| has only finitely many connected compo-
nents.

Proof By Lemma 4.4.2, we may assume that « is reduced.

(1) = (2). Suppose that || has infinitely many connected components. Since
| 3] is compact Hausdorft, at least one connected component L is not open. Consider
the ideal

I ={f eT’(B) : f vanishes on an open neighborhood of L}.

We claim that 7 is not finitely generated. Suppose otherwise, and choose generators
f1,- -+, fr of I. Then there is an open neighborhood U of L in |B| on which all f;
vanish. Hence every element of / vanishes on U.

Since L is not open, we can choose x € U \ L. In a compact Hausdorff space,
connected components coincide with quasi-components; hence there is a clopen
subset W C || such that L € W and x ¢ W. The characteristic function 1 |g)\w is
a section of Og: it is obtained by gluing the constant holomorphic functions 0 and
1 on the clopen decomposition |8 = W LI (|B] \ W). This section belongs to 7, but
it takes the value 1 at x, contradicting the previous paragraph. Thus / is not finitely
generated.

Therefore I'(B) is not Noetherian. Since I'(«r) — I'(B) is surjective, I'(@) is not
Noetherian.

(2) = (1). Suppose that (2) holds. We prove that I'(«) is Noetherian. By
Cohen’s theorem Theorem 1.2.1, it suffices to show that every prime ideal of I'(«)
is finitely generated.

By Proposition 4.4.3, it suffices to consider a prime ideal of the form pg ., where
B is a reduced analytic subspace of @ and x € |8] is a point at which g is essentially
irreducible. The kernel of the surjection I'(a) — I'(B) is finitely generated by
Proposition 4.4.2. Thus it is enough to prove that the ideal
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{g el'(B): gx =0}
is finitely generated. This follows from Lemma 4.4.3, applied to £. O
Corollary 4.4.4 (Frisch) Any semianalytic Stein compactum is excellent.

Proof Let (X, K) be a representative of the Stein compactum such that K is semian-
alytic. Let Y be an analytic subset of X. Then by Theorem 4.4.1 it suffices to show
that Y N K has finitely many connected components. But this is clear since Y N K is
semianalytic and compact. O

Lemma 4.4.4 Let X be a Stein space, and K be a compact subset. Then K has a
semianalytic Ox (X)-convex compact neighborhood in X.

Proof We may assume that X is reduced. Then by the solution to Levi’s problem,
there is a real-analytic strongly psh exhaustion function p of X. The desired neigh-
borhood is just given by

{xeX:px)<1+supp}.
K

Proposition 4.4.6 Let X be a complex space and K be a Stein compact subset. Then
K has a fundamental system of semianalytic Stein compact neighborhoods.

In particular, K has a fundamental system of excellent Stein compact neighbor-
hoods.

Proof Let U be an open neighborhood of K in X. Since K is a Stein compact subset,
there is a Stein open neighborhood V of K with

Kcvcu.

Applying Lemma 4.4.4 to the Stein space V, we obtain a semianalytic O (V)-convex
compact neighborhood L of K in V. By Lemma 3.1.1, L is a Stein compact subset
of V, hence also of X. By Corollary 4.4.4, it is excellent. This gives a fundamental
system of semianalytic excellent Stein compact neighborhoods of K. O

Theorem 4.4.2 Assume that X is a complex space and K C X is an excellent Stein
compact subset. Then T'(K, Ox) is excellent.

Proof Write A = T'(K, Ox). By definition of excellence for Stein compacta, A is
noetherian.
By Theorem 1.2.3, it suffices to construct a universally finite C-derivation of A.
Let Qx denote the sheaf of analytic Kihler differentials on X, and set M =
I'(K,Qx). By Corollary 4.3.1, M is a finite A-module. The analytic differential

d: OX —>Qx

induces a finite C-derivation
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d: A—> M.

We claim that d is universally finite. By Theorem 1.2.2, it suffices to check this
after localizing at maximal ideals. By Proposition 4.4.1, every maximal ideal of A
is of the form m(x) for a unique x € K. Fix such an x, and put m = m(x). We need
to prove that

dpn: A — My,

is universally finite.

The natural local homomorphism Ay, — Ox x is faithfully flat by Corol-
lary 4.3.2. Moreover, by Proposition 4.4.4, the induced homomorphism on com-
pletions is an isomorphism

Am — Ox x.
By Corollary 4.3.1, we have a natural isomorphism
Mm ®Am OX,x ; QX,x~
Under this identification, the base change of di, to Ox  is the analytic differential

dx: OX,x - QX',x-

Since My, and Qx  are finite modules, completion commutes with the preceding
base change. Hence

My = My ®4,, Am = (M ®4,, Ox x) ®0y ., Ox x = Qx «.

Therefore, under the identifications

Am 2C)X,xa Mm :QX,JH

the completed derivation

—_—

dAm: Ap — 1‘71;
is identified with the completion of
dx: OX,x - QX',x-

Since Ox  is a local analytic C-algebra, Theorem 2.1.1 shows that it admits
a universally finite derivation, and this derivation is identified with the analytic
differential
dxi OX,x — QX,x~

By Proposition 1.2.7, its completion is universally finite. Hence d’\m is universally
finite. Applying Proposition 1.2.7 once more, now to the noetherian local C-algebra
A, we conclude that

dpn: A — My,

is universally finite.
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Thus d is universally finite by Theorem 1.2.2. Therefore Theorem 1.2.3 shows
that A is excellent. O

Proposition 4.4.7 Let a be a Stein compactum, and let p be a prime ideal in T'(«)
defined by a reduced analytic subspace B and a point x € || at which B is essentially
irreducible. Then the following are equivalent:

(1) The local ring I'(a)y is regular;
(2) the germ By is not contained in a)S(mg.
Proof Choose a Stein representative (X, K) of a such that 3 is represented by a
reduced analytic subspace Y C X.

(1) = (2). Assume that I'(@),, is regular. By Proposition 4.4.6, we can choose
an excellent Stein compact neighborhood L of K in X. Put

B=T(L,Ox), A=T(K,Ox).

Let q C B be the prime ideal defined by the same analytic subspace Y and the same
point x. Then q is the inverse image of p under B — A. The local homomorphism

By — Ay

is faithfully flat by Corollary 4.3.2. Since Ay is regular, B, is regular by faithfully
flat descent of regularity.

By Theorem 4.4.2, the ring B is excellent. Hence the singular locus of Spec B is
closed. Let I C B be an ideal defining this singular locus. Since B, is regular, we
have I ¢ q; choose

fel\a

The condition f ¢ q means that f|y is not zero as a germ at x. Thus every neigh-
borhood of x in Y contains a point # € ¥ N L such that f(z) # 0. For such ¢, the
maximal ideal m(¢#) C B does not contain /, so By ;) is regular. By Proposition 4.4.4,
the completion of By ;) is isomorphic to 5X,t; hence Ox ; is regular. Therefore the
germ Y, cannot be contained in X>"€. This proves (2).

(2) = (1). Assume that S, is not contained in > "¢. Let Y’ be the irreducible
component of the germ Y, corresponding to 8, and let

p, c OX,x
be the prime ideal of functions vanishing on Y’. By [ , Théoreme 3], the local
ring
(OX,X)P’
is regular.

The homomorphism
F(a')p E— (OX,x)p’

is faithfully flat: it is obtained by localizing the flat local map
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l—‘(a")m(x) - OX,x

from Corollary 4.3.2. Since I'(a), is Noetherian by Proposition 4.4.5, regularity
descends from the faithfully flat extension above. Hence I'(a), is regular. O

Corollary 4.4.5 Let a be a smooth Stein compactum. Then () is stalkwise regular.

See Definition 1.2.2 for the definition of stalkwise regular rings.

Proof Letp C I'(@) be a prime ideal. By Proposition 4.4.3, p is defined by a reduced
analytic subspace 8 of « and a point x € || at which S is essentially irreducible.
Since @ is smooth, we have @5"¢ = @. Thus

S
Bx & @™
By Proposition 4.4.7, I'(@), is regular. This proves the assertion. O

Corollary 4.4.6 Let « be a Stein compactum. Then Spec (@) admits a closed im-
mersion into a regular affine scheme.

Proof Choose a Stein representative (X, K) of @. After shrinking X around K,
we may assume that X has finite dimension and finite embedded dimension. By
Theorem 3.1.2, there is a closed immersion

X—C"
for some n. By Proposition 4.3.3, the induced homomorphism
I'(K,Ocn) — I'(K, Ox) =T'(a)
is surjective. Therefore
SpecT'(a) — SpecT'(K, Ocn)

is a closed immersion. The compactum represented by (C", K) is smooth and Stein,
so I'(K, Ocn) is regular by Corollary 4.4.5. Hence the target is regular. O

Corollary 4.4.7 Let X be a complex space, and let K C L C X be two excellent
Stein compact subsets. Then the ring homomorphism

I'(L,0x) = I'(K, Ox)
is regular.
Proof We may freely shrink X around L. Put
Ap =T(L,0x), Ag =T(K,Ox).

The map A — Ak is flat by Corollary 4.3.2. It remains to show that its fibers are
geometrically regular.
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Let q € Spec Ak, and let
p=qnNAL.

Since the residue field x(p) has characteristic 0, it is enough to show that the local
fiber

(AK)q/p(AK)q

is regular.

Since Ay is Noetherian, the prime ideal p is finitely generated. By Proposi-
tion 4.4.2, after shrinking X around L, the ideal p is represented by a coherent ideal
sheaf 7 C Ox. Let

Z=V()

be the corresponding analytic subspace. Replacing X by Z and replacing K, L by
KnNZ, LN Z, wereduce to the case

p=0.

Thus Ay, is an integral domain, and we need to prove that (Ag ), is regular.

By Proposition 4.4.3, the prime ideal q is defined by a reduced analytic subspace 3
of the compactum represented by (X, K) and a point x € |3| at which S is essentially
irreducible. By Proposition 4.4.7, it suffices to prove that

By ¢ X3e, (4.19)

Suppose, to the contrary, that 5, C Xfmg. Since Ay is an excellent domain, the
singular locus of Spec Ay is a proper closed subset. Hence there exists a nonzero
element f € Ar which vanishes on the singular locus of Spec Ayr..

For a point ¢ € L, the local ring (Ar)m(y) is regular if and only if Ox ; is regular,
by Proposition 4.4.4. Therefore, after shrinking X around L, the section f vanishes
on the analytic singular locus X5"¢ near L. Hence we can choose a nonzero section
f € Ay which vanishes on X5 near L. Since By C X;"¢, the image of f in Ax
belongs to q. But g N Ap = 0, because we have reduced to p = 0. This contradicts
f#0.

Therefore (4.19) follows. We conclude the proof. |






Chapter 5
Analytifications

Or, nous, devant le beau systéme de problémes a F. Hartogs et
aux successeurs, voulons léguer des nouveaux problémes a ceux
qui nous suivront.

— Kiyoshi Oka“, at the end of his 1943 paper

4 Kiyoshi Oka ([f] 3, 1901-1978) was a Japanese mathematician
whose work transformed the theory of functions of several com-
plex variables. After studying at Kyoto Imperial University and
spending several years in Paris, he developed the ideas that led to
the solution of the Cousin problems, the Levi problem, and the
theory of domains of holomorphy. His coherence theorem and the
principles now bearing his name became part of the foundation
from which the Cartan—Serre theory of coherent analytic sheaves
and modern complex analytic geometry emerged.

5.1 List of properties

5.1.1 Fpqc local properties

Co

L]

L]

nsider the following properties of morphisms of schemes:

open immersion/closed immersion/quasi-compact immersion;
quasi-compact;

universally closed/universally open;
quasi-separated/separated/proper;
monomorphism/surjective/universally injective;
affine/quasi-affine;

of finite type/locally of finite type/of finite presentation/locally of finite presen-
tation/locally of finite type of relative dimension d;
quasi-finite/locally quasi-finite/finite/integral/finite locally free;
flat/syntomic/smooth/unramified/G-unramified/étale;
universally submersive/universal homeomorphism.

See [ , Tag 02WE].

ey
(@)

All these properties of morphisms of schemes are

stable under base change;
fpqc local on the base:

135


https://stacks.math.columbia.edu/tag/02WE
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5.1.2 Properties of modules

Fix an integer n > 0. Consider the following properties of a finite module M over a
noetherian local ring R:

(1) M=0;

(2) M is free;

(3) M can be generated by n elements;
@) pdg(M) < n;

(5) M is torsion-free;

(6) M is reflexive;

(7) M satisfies (S,);

(8) M is Cohen—Macaulay;

(9) codepg(M) < n.

For (9), we use the convention
codepg (M) = dimg (M) — depr (M)

for M # 0, and codepg (0) = —co.

Proposition 5.1.1 Let f: (R,m) — (R’,m’) be a flat local homomorphism of
noetherian local rings, and let M be a finite R-module. Put M’ = M ®g R’. Then
M satisfies any one of the properties (1)—(6) over R if and only if M’ satisfies the
corresponding property over R'. If, in addition, f is regular, then the same assertion
holds for (7)—(9).

Proof Since a flat local homomorphism of local rings is faithfully flat, R’ is faithfully
flat over R.

(1) The assertion is immediate from faithful flatness.

(2) The implication from M to M’ is clear. Conversely, if M’ is free, then M’ is
projective. Hence M is projective by faithfully flat descent of projectivity, [ ,
Tag 05A9]. Since R is local and M is finite, M is free.

(3) By Nakayama’s lemma, M can be generated by n elements if and only if
dimy () M /mM < n. Since

M |Jm'M’ = (M/mM) ®m) k(m'),

the assertion follows from the same criterion over R’.

(4) The implication from M to M’ follows from [ , Tag 066M]. Conversely,
assume that pdg, (M’) < n. For every R-module N and every i > n, flat base change
gives

TorR(M,N) ®r R" = Tor,R/(M',N ®r R') =0.
Faithful flatness gives Torf(M ,N) =0foralli > n, hence pdg(M) < n.
(5) For a finite module over a noetherian ring, torsion-freeness is equivalent to

Assgr(M) C Assg(R), by [ , Tag OOLD]. By flat base change for associated
primes, [ , Tag 05C2], we have


https://stacks.math.columbia.edu/tag/05A9
https://stacks.math.columbia.edu/tag/066M
https://stacks.math.columbia.edu/tag/00LD
https://stacks.math.columbia.edu/tag/05C2
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Assp/(M’) = U Assgrrgri(p) (R' ®r (D)),
peAssr (M)

as subsets of Spec R’, and the same formula holds with M = R. If Assg(M) C
Assg(R), the displayed formula gives Assg/(M’) C Assg/(R’). Conversely, assume
that Assg' (M’) C Assg/(R’), and let p € Assg(M). Since R’ is faithfully flat over
R, the ring R’ ®g k() is nonzero. It is noetherian, hence it has an associated prime
g. The displayed formula gives q € Assg/(M’), hence q € Assg (R’). Applying the
displayed formula to R shows that q lies over some py € Assg(R). Since q also lies
over p, we get p = pgp € Assg(R). Hence torsion-freeness is equivalent before and
after base change.

(6) Since R is noetherian and M is finite, M is finitely presented. For every finite
R-module N, choosing a finite presentation of M and using flatness of R’ gives

Homg(M,N) ®g R’ = Homg (M’, N ®g R’).

Taking N = R and then N = M" shows that the base change of the canonical
map M — MV is the canonical map M’ — (M’)"Y. Faithful flatness detects
isomorphisms, so M is reflexive if and only if M’ is reflexive.

(7)-(9) Assume now that f is regular. Let q € Suppg/ (M’) and set p = qN R. Put

c(q) = dim(R;/pRy).

By the depth formula for flat local homomorphisms, [ , Tag 0336], the dimen-
sion formula, [ , Tag OOON], and the compatibility of supports with flat base
change, [ , Tag 056J], we have

depg, (M) = depg, (M) +c(a),  dimg; (M) = dimg, (My) + c(a),

because the local fibre R;/pRy is regular, hence Cohen-Macaulay.
(7) Suppose first that M satisfies (S,,). For every q € Suppg (M’), the preceding
formulas give
depRa(Mé) > min{n, dimg; (M;)},

so M’ satisfies (S,,). Conversely, assume that M’ satisfies (S,) andlet p € Suppr (M).
Since R’ is faithfully flat over R, the fibre over p is nonempty. Choose q € Spec R’
lying over p and minimal in that fibre. Then q € Suppg, (M) and ¢(q) = 0. The (S,)
inequality for M is therefore exactly the (S,) inequality for M. Hence M satisfies
(Sn).

(9) Taking g = m’ and p = m in the displayed formulas gives

codepg (M’) = codepg (M),

with our convention for the zero module. Hence codepth < n is equivalent before
and after base change.


https://stacks.math.columbia.edu/tag/0336
https://stacks.math.columbia.edu/tag/00ON
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(8) If M =0, then M’ = 0 and there is nothing to prove. Otherwise M is Cohen—
Macaulay if and only if codepg (M) = 0, and similarly for M’. Thus (8) follows from
). O

Proposition 5.1.2 Let X be a locally noetherian scheme and let F be a coherent Ox -
module. For each of the properties (1)—(6), the subset of points x € X such that ¥
satisfies the corresponding property over Ox  is Zariski open. If X is quasi-excellent,
then the same assertion holds for (7) and (8). If X locally admits an immersion into
a regular scheme, then the same assertion holds for (9).

Proof (1) The locus is X \ Supp(¥), which is open by [ , Tag 056J].

(2) Since X is locally noetherian and ¥ is coherent, ¥ is finitely presented
by [ , Tag 01XY]; the assertion follows from the openness of the free locus,
[ , Tag OGWM].

(3) The locus where 7, can be generated by n elements is the locus where
Fitt, (F)x = Ox x, hence is open by the construction and local criterion for Fitting
ideals, [ , Tag 0C3C].

@ Ifpdp, (Fx) < n,thenby [ , Tag 0CXF] there is a finite free resolution
of ¥ of length n. Since coherent sheaves on locally noetherian schemes are finitely
presented and exactness of coherent complexes spreads to an open neighborhood, by
[ , Tag 01XY], after shrinking around x this resolution spreads to a locally free
resolution of ¥ of length n. Thus the locus is open.

(5) This is Lemma 1.2.2.

(6) Let 6 : ¥ — FV be the canonical morphism. By [ , Tag 01XY], VY
and ¥V are coherent. The reflexive locus is the isomorphism locus of &, hence is
open by [ , Tag 05GF].

(7) Under the quasi-excellence hypothesis this is Proposition 1.2.3.

(8) Under the quasi-excellence hypothesis this is [ , Corollaire 6.11.5].

(9) The assertion is local on X and follows from [ , Proposition 6.11.2].0

5.1.3 Properties of ideals

Consider the following properties of a pair (R, I) consisting of a noetherian local
ring R and an ideal /:

(1) R satisfies (R,);

(2) R isregular;

(3) R isreduced;

(4) R is normal;

(5) I is a complete intersection;
(6) R is Gorenstein,

(7) the height of I is at least n.

Recall that the height of an ideal [ is the minimal height of prime ideals containing
1. We say I is a complete intersection if / can be generated by a regular sequence in
R.


https://stacks.math.columbia.edu/tag/056J
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https://stacks.math.columbia.edu/tag/0GWM
https://stacks.math.columbia.edu/tag/0C3C
https://stacks.math.columbia.edu/tag/0CXF
https://stacks.math.columbia.edu/tag/01XY
https://stacks.math.columbia.edu/tag/01XY
https://stacks.math.columbia.edu/tag/05GF
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Proposition 5.1.3 Let (Q) be one of the properties listed above. Let f: (R, m) —
(R’, m') be a regular local homomorphism between excellent noetherian local rings,
and let I be an ideal of R. Then (Q) holds for (R,1) if and only if it holds for
(R',IR").

Proof Since f is regular, it is flat. Since it is also local, it is faithfully flat by [ ,
Tag OOHR]. Moreover all fibres of f are geometrically regular, hence regular.

(1) The ascent follows from [ , Tag 033A], because the fibres of f are regular
and hence satisfy (R,,). The descent follows from faithfully flat descent for (R;),
[ , Tag 0353].

(2) The ascent follows from [ , Tag OH7S], and the descent follows from
faithfully flat descent for regularity, [ , Tag 07NG].

(3) The ascent follows from [ , Tag 07QK], and the descent follows from
faithfully flat descent for reducedness, [ , Tag 033F].

(4) The ascent follows from [ , Tag OBFK], and the descent follows from
faithfully flat descent for normality, [ , Tag 033G].

(5) If I = R, then IR’ = R’, and conversely IR’ = R’ implies (R/I) ®g R’ =0,
hence R/I = 0 by faithful flatness. Thus we may assume that / and /R’ are proper.
Let ay,...,a, be a minimal system of generators of /, and put a; = f(a;). By
Nakayama’s lemma and the isomorphism

IR'/W'IR" = (I/ml) ®y(m) k(M'),

the elements a/, . . ., a; form a minimal system of generators of /R’. If / is a complete
intersection, then we may choose ay, . . ., a, to be a regular sequence, and a? yeensdy
is a regular sequence by [ , Tag 0OLM]. Hence IR’ is a complete intersection.
Conversely, assume that /R’ is a complete intersection. Choose a regular sequence
b}, ..., bg generating IR’. Since IR’ is proper, all b’ lie in m’. A regular sequence
is quasi-regular by [ , Tag OOLN]; in particular, the classes of b{,. .., b} form
a basis of IR’ /m’IR’ over k(m’). Hence s = r. Since a;, ...,a, and bi, ..., bl are
two minimal systems of generators of /R’, they differ by an invertible matrix over
the local ring R’. By [ , Tag 0625], their Koszul complexes are isomorphic.
Since b, ..., b, is a regular sequence, it is Koszul-regular by [ , Tag 062F].
Thus ai, ...,a, is Koszul-regular. By [ , Tag 09CC], ai, ...,a, is a regular
sequence. Applying [ , Tag OOLM] again, ay,...,a, is a regular sequence.
Hence [ is a complete intersection.

(6) The closed fibre R’ /mR’ is regular, hence Gorenstein by [ , Tag 0AWX].
The equivalence follows from the flat local criterion for Gorenstein rings, [ ,
Tag OBJL].

(7) Since f is flat local, the assertion follows from Proposition 1.2.4. |

Proposition 5.1.4 Let X be a quasi-excellent scheme and let I C Ox be a coherent
ideal sheaf. For each property, the set of points x € X such that the pair (Ox x, Iy)
satisfies that property is Zariski open.

Proof The assertion is local on X, so we may work affine-locally whenever needed.
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(1) This is the openness of the (R,,)-locus on a quasi-excellent scheme, [ ,
Proposition 6.12.9].

(2) Let U = Spec A be an affine open subset of X. Since X is quasi-excellent, A
is quasi-excellent, hence A is J-2 by [ , Tag 07QT]. By the definition of J-2,
[ , Tag 07P7], the regular locus of Spec A is open. Thus the regular locus of X
is open.

B3)Byl[ , Tag 031R], a noetherian ring is reduced if and only if it satisfies
(Rp) and (S1). The (Rg)-locus is open by (1), and the (S)-locus for Oy is open by
Proposition 5.1.2. Hence the reduced locus is open.

(4) By Serre’s criterion for normality, [ , Tag 031S], a noetherian ring is
normal if and only if it satisfies (R;) and (S3). The (R;)-locus is open by (1), and
the (S2)-locus for Oy is open by Proposition 5.1.2. Hence the normal locus is open.

(5) Let x € X and suppose that Z, is a complete intersection ideal of Ox .. After
replacing X by an affine open neighborhood of x, choose sections ay,...,a, €
I'(X,7) whose images in Ox . generate 7, and form a regular sequence. The
morphism

0¥ — 1, (bi,...,b)r— Zb,-a,-
12

is surjective at x. Its cokernel is coherent, hence its support is closed by [ ,
Tag 056J]. After shrinking around x, the sections ay, . .., a, generate 7. By [ ,
Tag 061L], after shrinking further, the sequence ay, ..., a, remains regular in every
stalk. Therefore 7y, is a complete intersection ideal of Oy ,, for all y in some open
neighborhood of x.

(6) Under the present quasi-excellence hypothesis this is the openness theorem for

the Gorenstein locus, [ , IV,, §6.11]. If one assumes instead that X locally
admits a dualizing complex, this reference can be replaced by [ , Tag OBFQ)].
(7) This is [ , Proposition 0.14.2.6]. O

5.1.4 Properties of morphisms of schemes and complex spaces

Consider the following properties of morphisms between schemes and complex
spaces.

(1) smooth;

(2) unramified;

(3) étale;

(4) flat;

(5) surjective;

(6) universally injective;
(7) open immersion;
(8) closed immersion;
(9) immersion;

(10) isomorphism;
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(11) monomorphism;
(12) separated;

(13) proper;

(14) finite;

(15) dominant;

(16) quasi-finite.

In the case of complex spaces, universally injective is precisely the same as
injective by Corollary 1.3.1.

Proposition 5.1.5 Let (Q) be one of the properties (1)—(4). Let A — A’ be a flat
homomorphism between noetherian rings, and let f: X — Y be an A-morphism
between A-schemes of finite presentation. Let

' X' =X Xspeca Spec A" — Y’ = Y Xgpec 4 Spec A’

be the base change, and let p: X’ — X be the projection. Let T be the set of points
x € X such that f does not satisfy (Q) on any open neighborhood of x, and define
T’ C X' similarly for f'. Then T and T’ are Zariski closed, and

7" =p N (T).

Proof For a morphism h: Z — W, write W) (h) € Z for the locus of points
z € Z such that & satisfies (Q) on some open neighborhood of z. Since each of the
properties (1)—(4) is local on the source, we have

T=X\Wp(f), T'=X"\Wp(f).

It is therefore enough to prove that W) () and W(o)(f”’) are open and that

Wio)(f) = p~ (Wio) (f))

(1) This is exactly [ , Tag 02V4], applied to the cartesian square

X s x

lf ’ lf

y’Hy7

because f is locally of finite presentation and Y’ — VY is flat.

(2) This is [ , Tag 0475]. Indeed, f is locally of finite presentation, hence
locally of finite type, and the open locus where f is unramified commutes with
arbitrary base change.

(3) This is [ , Tag 0476], again using that f is locally of finite presentation
and Y’ — Y is flat.

(4) The loci W(f) and W( f”) are open by the openness of the flat locus, [ ,
Tag 0399]. Let x” € X’ and putx = p(x’), y = f(x), and y’ = f’(x). If f is flat at
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x, then f” is flat at x” by flat base change, [ , Tag 01U8]. Conversely, assume
that f’ is flat at x". Since Y’ — Y is flat, the projection p: X’ — X is flat at x” by
[ , Tag 01U8]. Moreover, the composite X’ — Y’ — Y is flat at x” by [ ,
Tag 01U6]. Applying [ , Tag 02JZ] to the morphism p: X’ — X over Y and
to the sheaf Oy, we conclude that X is flat over M at x. Thus f is flat at x. Hence
W(f") = p~"(W(f)). Taking complements gives 7’ = p~'(7) in all four cases, and
the closedness of 7~ and 7 follows from the openness of the corresponding good
loci. O

5.2 Interior properties

Let S be a Stein space with associated Stein algebra A = I'(S, Os).

For simplicity, we first introduce the following shorthand notation. Suppose that
f: X — Y is a morphism of A-schemes, and let T C § be an arbitrary subset. We
define fr: Xy — Yr as the morphism defined by the following Cartesian diagram
in the category of schemes:

X ——— X

lfr lf

Yo —Y

| |

SpecI'(T,Os) ——> Spec A.

More generally, if S’ — S is a morphism of Stein spaces and 7’ C S’ is a subset,
we write fr-: X — Yp/ for the morphism defined by the following Cartesian
diagram

SpecI'(T’,Os/) ——> Spec A.

For any O xy-module ¥, we write ¥ for the inverse image with respect to X7» — X.
We regard ¥+ as an Xp--module.
Let (P) be a property of schemes which is

(1) stable under base change;
(2) fpqc local on the base.

For a list of examples, we refer to Section 5.1.1.
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Definition 5.2.1 We say a morphism of A-schemes f: X — Y interiorly satisfies
(P) if there is an open covering {U;};cs of S such that the base changes fy, satisfy
(P) for each i € 1.

We say an A-scheme X interiorly satisfies (P) if the structure morphism X —
Spec A interiorly satisfies (P).

In particular, if f satisfies (P), then it interiorly satisfies (P) as well. In this definition,
we may equivalently assume that the U;’s are Stein.

Lemma 5.2.1 Let f: X — Y be a morphism of A-schemes interiorly satisfying (P).
Then

(1) for any compact subset K C S, the induced morphism fx : Xx — Yk satisfies
(P);

(2) for any open and relatively compact subset U C S, the induced morphism
fu: Xy — Yy satisfies (P).

Proof (1) Since (P) is stable under base change, when proving (1), we could always
replace K by a larger subset. Therefore, without loss of generality, we may assume
that K is O(S)-convex, and hence Stein.

Next we construct a finite family Ki,..., K, of Stein compact subsets of §
contained in K such that fk, satisfies (P) for each i.

By assumption, each s € K has a Stein compact neighborhood K such that fx,
satisfies (P). By the compactness of K, we can then find finitely many sy,...,s, €
K such that the corresponding Stein compact neighborhoods Kj, ..., K, cover K.
Replacing K; by K; N K, we get the desired family.

Now we claim that the natural map

I(K,0s) = [ [ T(K:,05)

i=1

is faithfully flat. The flatness is already proved in Corollary 4.3.2, so it remains to
show that every maximal ideal of I'(K, Os) is the inverse image of a prime ideal in
some I'(K;, Ogs). This follows immediately from Proposition 4.4.1.

Since (P) is fpqc local, we conclude that fx satisfies (P).

(2) This is a simple consequence of (1) applied to the compact set U. O

Corollary 5.2.1 Let X be an A-scheme interiorly locally of finite type (resp. interiorly
of finite type). Then X is interiorly locally of finite presentation (resp. interiorly of
finite presentation).

Proof Let s € S. It suffices to construct a compact neighborhood K of s in S such
that Xk is locally of finite presentation (resp. of finite presentation).

By Proposition 4.4.6, s admits an excellent Stein compact neighborhood K. By
Lemma 5.2.1, Xk is locally of finite type (resp. of finite type) over I'(K, Os). But
the latter ring is noetherian, and hence X is locally of finite presentation (resp. of
finite presentation). O
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Proposition 5.2.1 Let X — Z, Y — Z be morphisms between interiorly locally of
finite type A-schemes. Then the fiber product X Xz X is interiorly locally of finite
type as A-scheme.

Proof Take an open covering {U;};e; of S by relatively compact subsets. Then
for each i € I, the schemes Xy,, Yy,, and Zy, are all locally of finite type by
Lemma 5.2.1. Thus

XU,. qul_ XU,- = (X Xz X) XSpecA Spec F(Ui, S)
is locally of finite type for each i. Our assertion follows. O

Proposition 5.2.2 Let f: X — Y be a morphism of A-schemes that interiorly
satisfies (P). Let S — S be a morphism of Stein spaces corresponding to a morphism
of Stein algebras A — A’. Then the base change fs : Xs» — Ys/, as a morphism of
A’-schemes, also interiorly satisfies (P).

Proof Let {U;};cs be an open covering of S such that fy;, satisfies (P) for eachi € I.
Let U/ be the inverse image of U; in §’. Then Jur satisfies (P). O

5.3 Analytification functor

Let S be a Stein space with associated Stein algebra A = I'(S, Os).

Recall that LocRing, is the category of locally A-ringed spaces, as defined in
Definition 1.3.1. Note that given a locally ringed space Z with a morphism Z — S,
we can view Z as an element in LocRing, by considering the composition

iSpec A

Z — S —— SpecA,
where i: § — Spec A is defined in Corollary 3.3.9.
Definition 5.3.1 Let X be an A-scheme. We define a functor:
Fx: CompSpace(/)g — Set
as follows:
(1) Given a complex space Z over S, we define
Fx(Z) = Hom gocRing, (Z, X)3

(2) given a morphism h: Z — W of complex spaces over S we define the corre-
sponding map

Fx(h): HomLOC’RingA(W’ X) — Homioc’RingA(Za X), fr foh
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Note that Fx is functorial in the following sense. Suppose that we are given

(1) a Stein space morphism §” — S, where S’ has the Stein algebra A’;
(2) an A’-scheme X’;
(3) a morphism of A-schemes X’ — X.

Then there is a natural transformation
Fx» = Fx o (CompSpace;5;, — CompSpace /). (5.1)

Here (CompSpace;s; — CompSpace,s) denotes the composition with § — S.
The natural transformation is defined as follows. Let Z be a complex space over S’.
We define the map between sets

HomLOCRing/Ar (Z2,X') — HomLOC‘Ring/A (Z,X) (5.2)
by composition with the morphism X’ — X in (3).

Lemma 5.3.1 Let X be an A-scheme. Suppose that S’ — S is a morphism of Stein
spaces with corresponding morphism of Stein algebras A — A’. Let X’ be the
A’-scheme defined by the following Cartesian diagram in the category of schemes:

X — KX

l O l (5.3)

Spec A” —— Spec A.
Then the natural transformation (5.1) is a natural isomorphism.

Proof Observe that (5.3) is also a Cartesian diagram in the category of locally

A-ringed spaces. This follows for example from [ , Tag O1JN] and Proposi-
tion 1.3.1.
Then it follows that (5.2) is bijective and (5.1) is a natural isomorphism. O

Example 5.3.1 Let B = A[ty,...,t,] forsome n > 0 and let X = Spec B. We claim
that the functor Fx is represented by S x C" over S.

Let p: § x C" — § be the projection, and let zi,...,z, denote the standard
coordinates on C". The morphism

ix: SxC" — SpecB

is the morphism of locally A-ringed spaces induced by the homomorphism of A-
algebras

B=A[t,...,t,] > T (§xC",Osxcn), a— pa, t;i z.

Let g: Z — S be a complex space over S. A morphism Z — § x C" over S is the
same as a morphism Z — C”", and hence is the same as an n-tuple
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(g1,...,8n) €T(Z,02)".

On the other hand, by the universal property of affine schemes, a morphism Z —
Spec B in LocRing , is the same as an A-algebra homomorphism

B=A[t),...,.ty,] > T(Z,0z).

Such a homomorphism is uniquely determined by the images of #1, . . . , t;, and these
images are arbitrary elements g1, ...,g, € I'(Z,0z). Therefore composition with
i x induces a natural bijection

HomCOmpSpace/S (Z’ S % Cn) — HomlocRingA (27 X)

Thus § x C" represents Fy.

We also record the corresponding local computation. Let x = (s,a) € S x C",
where a = (ay,...,a,). Let m(s) be the maximal ideal of A corresponding to s.
Then

ix(x)=m(s)B+ (t; —ay,...,tn —ay).

Put u; = t; — a;. The local homomorphism

ii,xi Ox,ix(x) — Osxcr x
identifies with

(Am(s) [ug, ..., u”])m(s)Am(s) [u1 — Os s{u1, ... un}.
The source is noetherian, since Ay, (y) is noetherian by Corollary 3.3.11.
Taking completions at the maximal ideals, we obtain the homomorphism

PR

Ams Mttty s un]l — Os s [[ur, - unll -

This is the formal power series extension of the isomorphism

Am(s) - OS,S

#

from Proposition 3.3.4. Hence 7},

induces an isomorphism on completions. In

particular, ig\, N is flat.

Theorem 5.3.1 (Bingener) Let X be an A-scheme interiorly locally of finite type.
Then the functor Fyx is representable.

In other words, there is a complex space X* over S and a morphism of locally A-
ringed spaces i x : X*™ — X such that for any complex space Z over S, composition
with i x induces a bijection

HomCOmpSpace/S (z, Xan) - HomLOCRingA (Z,X). (54
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Furthermore, for each x € X*, we have

(1) Ox,ix(x) is noetherian;
(2) the induced homomorphism

iﬁ(,x: OXJX(X) - Oz\’*‘“,x 5.5)

induces an isomorphism on the completion. In particular, i x is flat.

In particular, (5.5) is regular. Furthermore, for any x € X, the image ix(x) is
necessarily a closed point with residue C.

By Corollary 3.3.10, our previous notation ispec 4: S — Spec A is compatible
with the notation here, and S is canonically isomorphic to (Spec A)*".

Proof We first record two reductions.

Step 1: base change to a Stein open subset. Let S’ C S be a Stein open subset,
andput A’ =T'(S",Os). Let X’ = X Xspec 4 Spec A”. Suppose that Fy is represented
by ix: X*™ — X. Then the open subspace X§' := X*" Xg S’ represents Fx'. Indeed,
for every complex space Z — S’, we have natural bijections

HomCompSpace/S, (Z, ngl) = HomCompSpace/s (Zs Xan)
= HomLOCRingA (Z,X)
= Hom.[joc‘RingA/ (Z’ X,),

where the last bijection is Lemma 5.3.1. This proves the asserted compatibility of
the representing object with base change to Stein open subsets.

Step 2: open and closed subschemes. Assume that the theorem has been proved
for an A-scheme X interiorly locally of finite type.

Firstlet Y C X be an open subscheme. We define Y*" = i :\,1 () with the induced
morphism iy : Y* — VY. Then Y represents Fy, since a morphism to an open
subspace is the same as a morphism whose underlying map has image in that open
subspace. The assertions on local rings are immediate.

Now let Y C X be a closed subscheme whose defining ideal sheaf 7 € Oy is of
finite type. Then

iX'T - Oxan

is a coherent ideal sheaf of Oy=. We define YY" to be the analytic subspace of X"
defined by this coherent ideal sheaf. Equivalently, it fits into the Cartesian diagram
of locally ringed spaces

yan } Xan

"
Y — X

We now verify the universal property. By the universal property of X*", a morphism
Z — X* over § is the same as a morphism Z — X in LocRing,. Under this
bijection, a morphism g : Z — X" corresponds to & =iy o g. Since YY" is defined
by the ideal sheaf i;(lf - O xm, the condition that g factors through YY" is equivalent



148 CHAPTER 5. ANALYTIFICATIONS

to the condition that 41~'7 — Oy is zero. This is precisely the condition that &
factors through Y. Hence the representing bijection for X restricts to the desired
bijection
HomCompSpace/S (Z,Y*") — Hom.CocRingA (2,Y).
It remains to check the local ring assertions in the closed case. Let y € YY", let x
beitsimagein X", and putn = iy (y) and & = ix(x).Set R = Ox ¢ and R’ = Oxan x.
Let I C R be the stalk of 7 at &. Then

Oy, =R/, Oym .y =R'/IR'.

Since R is noetherian and / is finitely generated, R/I is noetherian. Moreover, using
the completion isomorphism R — R’, we get

R/1=R/IR=R/IR = R']IR’.

Hence Oy, ; — Oym  induces an isomorphism on completions. The local homo-
morphism is therefore flat.

Combining the open and closed cases, the theorem holds for every locally closed
subscheme of X whose closed embedding into an open subscheme is defined by an
ideal sheaf of finite type.

Step 3: the affine finite presentation case. Assume that X = Spec B, where B
is a finitely presented A-algebra. Choose a presentation B = A[ty,...,t,]/I with [
finitely generated. Then X is a closed subscheme of A"} = Spec A[ty,...,1,]. The
theorem for A’} is exactly Example 5.3.1. Therefore the theorem for X follows from
Step 2.

Step 4: the locally finite presentation case. Now assume that X — Spec A is
locally of finite presentation. Choose an affine open covering X = | J;¢; U; such that
each U; = Spec B, is of finite presentation over A. By Step 3, each Fq,, is represented
by some U™".

Fori, j € I, Fy,n; is represented by

igh (U O Uy) € U

by Step 2. The same open subscheme is also an open subscheme of U/}, and the
corresponding functor is represented by

i, (U N Up) €U

By the universal property, these two complex spaces are canonically isomorphic.
The resulting transition isomorphisms satisfy the cocycle condition. Hence, by The-
orem 2.3.2, the U’s glue to a complex space X*" over S.

The morphisms iq, : U™ — U; glue to a morphism of locally A-ringed spaces

ix: X" — X.
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The universal property follows from the usual open-cover description of morphisms
into schemes and into complex spaces: both sides of

HomCOmpSpace/S (Z’ Xan) — HomLOCRingA (Z, X)

are obtained by gluing compatible morphisms to the open pieces U™ and U;,
respectively. The local ring assertions are local on X*", hence follow from Step 3.

Step 5: the interiorly locally finite type case. Finally assume only that X is
interiorly locally of finite type. By Corollary 5.2.1, there exists a Stein open covering
{Sa}aer of S such that, if A, =T'(S4,0s,) and Xy = X Xgspec 4 Spec A, then X,
is locally of finite presentation over A,. By Step 4, each Fx,_, can be represented by
X&' over S,.

On Sap = Sq N Sp, the restrictions of X3" and Xg" represent the same functor.
Indeed, for every complex space Z — S,, we have natural bijections

HomCompSpace/Sn (Z, X;n) = Homiocﬂingmt (Z,Xa)

= HomLOC’RingA (Z,X),

and similarly for 8. Thus the two restrictions are canonically isomorphic over g,
and these canonical isomorphisms satisfy the cocycle condition. We glue the X3"’s
to obtain a complex space X" over S. The morphisms i x, glue to a morphism

ix: X" — X.

The universal property is checked on the open covering {S,}, hence follows from
the universal properties of the X3"’s.

It remains to verify the local ring assertions for the original scheme X. Let
x € X, and let s € S be its image. Choose « such that s € S,. Put m(s) C A
and m,(s) C A, for the maximal ideals corresponding to s. By Proposition 3.3.4,
applied to S and to S, the local homomorphism

Am(s) — (Aa)m(, (s)

induces an isomorphism on completions. Since both local rings are noetherian by
Corollary 3.3.11, this homomorphism is faithfully flat.

The base change X, is locally of finite presentation at the point corresponding
to x. Since locally finite presentation is fpqc local on the base, it follows that X is
locally of finite presentation over A at the point i x(x). Hence we may choose an
open neighborhood V C X of ix(x) such that V — Spec A is locally of finite
presentation. The open subspace i;(' (V) C X" represents F, hence is canonically
identified with V*" constructed in Step 4. Therefore the local homomorphism

OX,i,\f(x) > Oz\’a“,x

has noetherian source and induces an isomorphism on completions by Step 4. It is
therefore flat. O
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Definition 5.3.2 Given a scheme X interiorly locally of finite type over A, we define
its analytification X*" as the complex space over S as defined in Theorem 5.3.1.

This construction is functorial: Given any morphism f: X — Y of interiorly
locally of finite type A-schemes, we write

fﬂn: Xal’l N yan
for the analytification of f.

Example 5.3.2 Let X = P',. Then X*" is canonically isomorphic to the relative
complex projective space
P§ = S x Pg,

and the structure morphism X* — § is the projection Pg — S.
Let Ty, . . ., T,, be the homogeneous coordinates on PZ. Fori=0,...,n, put

7Ii = D+(Ti) c PZ-

Then T
U; = Spec Alui0, .. iliis- - Uinls ui,j=% (#1).

13

By Example 5.3.1, the analytification of U; is
U" = SxCt,

with coordinates z; ; corresponding to u; ; for j # i.
On the overlap U; N U;, where i # j, we have u; ; # 0. Under the above affine
coordinates, the transition functions are

1 Ui k .
ujj=—, ujr=—— (k#ij).
uj,j Uij

Therefore the induced analytic transition functions on

'Llfnﬁ’Ll?HZ{Zi,j +0}csSxC"

1 Zik
Lji= T Zjk =
Zi,j Zi,j

(k#1,7).

These are exactly the usual transition functions defining the relative complex projec-
tive space P’s.. Hence the complex spaces obtained by gluing the U"’s are canonically
identified with P%.

Let us also describe the morphism

T, n n
ix: P — Py

On the standard chart § X C"* = U™, it is the morphism of locally A-ringed spaces
induced by
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Alui, .. Uiy ttjn] — T(SXC", Osxcn), awmpra, uije oz,

where p : S X C" — § is the projection. These local morphisms are compatible with
the transition functions above, and hence glue to a morphism iy : P; — P'}.

Finally, this glued object has the desired universal property. Indeed, let Z — S
be a complex space. A morphism Z — P over S is equivalent to giving an open
covering {Z;}"  of Z together with morphisms

Zi—>SXCnE(Lll:‘m

over §, satisfying the usual compatibility conditions on the overlaps. By Exam-
ple 5.3.1, this is equivalent to giving compatible morphisms

Zi — U,

in LocRing 4. Since the U;’s form an open covering of P’;, such compatible local
morphisms glue uniquely to a morphism

n
zZ— Py
in LocRing 4. Thus composition with iy gives a natural bijection

HomCompSpace/S (Z9 Pg) - Hom.Coc‘RingA (Z» PZ) .
Hence Pg represents Fx, as claimed.

The functoriality (5.1) and Lemma 5.3.1 now give the following:

Proposition 5.3.1 Let S” — S be a morphism of Stein spaces corresponding to a
morphism of Stein algebras A — A’. Suppose that we are given:

(1) an A-scheme X (resp. A’-scheme X') interiorly locally of finite type;
(2) an A-morphism f: X' — X.

Then there is a functorial morphism of complex spaces f*: X’* — X*" making the
following diagram commutative:

X/al’l fﬂ“} Xan

l”” lY (5.6)

X —L 5 x

Furthermore, if X' is the Cartesian product X Xspec 4 Spec A’, then the diagram is
Cartesian in the category of locally C-ringed spaces.

Corollary 5.3.1 Let X be an A-scheme interiorly locally of finite type. Then the
following diagram is Cartesian:
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xm Xy x
iSpe(I:jA \L

S — Spec A
in the category of locally C-ringed spaces.
Proof This follows immediately from Proposition 5.3.1. O

Corollary 5.3.2 Let X be an A-scheme interiorly locally of finite type. Then for any
open subscheme i: U — X, the map i*: U™ — X* is an open immersion, and
the following diagram is Cartesian:

ﬂan i Xan
[
U ——x
Similarly, if U C S is an open Stein subset with corresponding morphism of Stein

algebras A — A’. Then the following diagram is Cartesian:

X[}}n } Xal’l

ook
! o

U——S§
and X' — X" is an open immersion.

We shall identify U/*" and X" with their images in X*" in the sequel.

Proof We first observe that U is an A-scheme interiorly locally of finite type. The
Cartesian diagrams follow from Proposition 5.3.1. O

Corollary 5.3.3 Let X be an A-scheme interiorly locally of finite type. Let {U;}icr
be a family of open subschemes of X. If {U;}ier covers X, then {U"}icr covers
X,

Proof Let x € X™. Since the open subschemes {U;};c; cover X, there exists i € 1
such that
ix(x) eU;.

By Corollary 5.3.2, the analytification of the open immersion U; — X identifies
U™ with the open subspace
i (U € X™.

Hence x € i;(l (U;) = U™, Since x was arbitrary, the family {U?"};c; covers X*".O
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Corollary 5.3.4 Let X be an A-scheme interiorly locally of finite type. Let {U,;}icr
be a family of Stein open subsets of S. If {U; }icr covers S, then {X[]'}ier covers X*".

Proof Let p: X* — S be the structure morphism. By Corollary 5.3.2, for every
i € 1, X! is naturally identified with the open subspace p N (U;) = X* x5 U; of
XA,

Since {U; };ey covers S, we get

xr=ps=p" | Ju

iel

=\pr o = X

iel iel

Therefore {X}]'}ie; covers X" m]
1

Proposition 5.3.2 Let X — Z, Y — Z be morphisms between interiorly locally
of finite type A-schemes. Then the fiber product X* X za Y exists and there is a
natural isomorphism

X X Zzan y* = (X Xz y)an .

Proof First observe that X Xz Y is again an A-scheme interiorly locally of finite
type by Proposition 5.2.1.

The fiber product X" X za Y?" exists in CompSpace by Proposition 1.3.2. We
show that it represents Fxx,y. Let T — § be a complex space over S. By the
universal property of the fiber product in CompSpace, we have a natural bijection

HomCOmpSpace/S (T, X" X zan v
= HomCOmpSpace/S (T7 Xan) XHomC(,mpspuce/S (T, Z™) HomCompSpace/s (T, yan).
By Theorem 5.3.1, the right-hand side is naturally identified with
Hom gocRing , (7' X) XHom oeing , (7.2) HOM LocRing,, (T ).

Since the Cartesian square

szy—>X

Lol

Yy —Z

is also Cartesian in the category of locally A-ringed spaces, this last set is naturally
identified with
HomLocRingA (T.Xxz Y)= FXXZJ/(T)-

Thus X" X za Y*" represents Fxx, y.
On the other hand, by Theorem 5.3.1, (X Xz Y)*" also represents Fyx,y. By
uniqueness of representing objects, there is a unique isomorphism

X‘dn Xzan yan ;) (X XZ y)an
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compatible with the two projections to X" and Y?". This is the desired natural
isomorphism. O

Corollary 5.3.5 Let f: X — Y be a morphism between interiorly locally of finite
type A-schemes. Then, under the natural isomorphism

(X Xy X)) = X3 X opam X3
of Proposition 5.3.2, the analytification of the diagonal morphism
Ap: X > Xxy X
is identified with the diagonal morphism
Apan s X* — X* Xy X,

Proof Let
p],pQIXXyX—>X

be the two projections, and let
q1,q2: X™ Xym X*" — X"

be the two analytic projections. Denote by

@ (X Xy X)™ S X3 X yan XN
the isomorphism of Proposition 5.3.2. By construction of @, one has

gioa=(p)™
fori = 1, 2. Therefore
gioao (Ap)™ =(p)™ o (Ap)™ = (pioAp)™ =idym

fori = 1, 2. Hence the morphism

@o (Ap)™: XM — X Xy X

has both projections equal to id x=. By the universal property of the fibre product,
this morphism is exactly the diagonal morphism associated with

féll’l . Xan N yan
This proves the claim. O

Definition 5.3.3 Let X be an A-scheme interiorly locally of finite type. Given an
Ox-module ¥, we define its analytification " as the Oxw.-module given by i, F .

By the flatness part in Theorem 5.3.1, the functor  +— F " is exact.
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Proposition 5.3.3 Let X be an A-scheme interiorly locally of finite type, and let ¥
be an O x-module of finite presentation. Then F*" is coherent.

If T is a quasi-coherent ideal sheaf on X, then ™ is a coherent ideal sheaf on
X

Proof Both assertions are local on X*". Let x € X%, and let s € S be its image. By
the construction in Theorem 5.3.1, after replacing S by a Stein open neighborhood of
s and X by an affine open neighborhood of i y (x), we may assume that X = Spec B,
where B is a finitely presented A-algebra. In this case X*" is a closed analytic
subspace of some S X C", hence is Stein.

We first prove the assertion for #. Since ¥ is of finite presentation, after further
shrinking X if necessary, there is an exact sequence

Oy - 0y —»F —0.
Pulling back to X" gives an exact sequence
O%um = Ofaw — T — 0.

Since X" is a complex space, O yan is coherent, and cokernels of morphisms between
coherent analytic sheaves are coherent. Hence 7" is coherent.
We now prove the assertion for 7. Since X = Spec B, the ideal sheaf I corresponds
toanideal I C B. Let
C =T(X™", Oxn)

and let J C C be the ideal generated by the image of / under the natural homomor-
phism B — C. By the definition of analytification of modules,

T = JOxan.

Since X?" is Stein, Example 3.4.1 implies that JO xan is a coherent ideal sheaf. Thus
T is coherent. |

Corollary 5.3.6 Let X be an A-scheme interiorly locally of finite type, andi: Y — X
be a closed immersion with ideal I . Then i*™ is a closed immersion of complex spaces
with ideal T®".

Proof We first observe that Y is an A-scheme interiorly locally of finite type.
By Proposition 5.3.1, we have a Cartesian diagram:

ran

Yyan ! Xan
[
Yy —— X
In particular, /" is a closed immersion of locally ringed spaces of ideal i :\,II -Oxan. By

the flatness of i x, the latter is just 7?". It is coherent by Proposition 5.3.3. Therefore,
i*" is a closed immersion of complex spaces with ideal 72". O
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Corollary 5.3.7 Let X be an affine A-scheme of finite type. Then X*" is a Stein space.
Further, the following diagram is commutative:

\

X i X
iSpec r (X a"m /

SpecT" (X, O xan).

Proof Write X = Spec B, where B is a finite type A-algebra. Choose a surjection
Alty,...,t,] > B.
It defines a closed immersion
X — A’y =SpecAlty,...,1,].

By Example 5.3.1, we have
(A%)" =S xC".

By Corollary 5.3.6, the induced morphism

XM e §xC"

is a closed immersion of complex spaces. Since S x C" is Stein and closed analytic
subspaces of Stein spaces are Stein, X*" is Stein.
It remains to verify the commutativity of the diagram. Put

C =T(X™, Oxm).
Since X" is Stein, we have the canonical morphism
ispecc: X — Spec C.
The morphism iy : X*" — X = Spec B induces an A-algebra homomorphism
¢: B=T(X,0x) — C =T(X*, O xm).

Let
p: SpecC — SpecB=X

be the morphism induced by ¢. Then the composite
p o iSpecC: X" —X

is the morphism corresponding to the homomorphism ¢ : B — C. But ix also
corresponds to the same homomorphism ¢. Hence

ix = p olispecCs
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which is exactly the commutativity of the displayed diagram. O

Lemma 5.3.2 Let X be an A-scheme interiorly locally of finite type. For every Ox-
module ¥, one has
Supp(F™") =iy (Supp F).

Proof Let x € X*". By definition,
(Tan)x = 7_;,\’()6) ®OX”"X(X) OXa",X'

But Ox iy (x) — Oxam  is faithfully flat by Theorem 5.3.1. Thus 2" = 0 if and only
if ﬁx(x) =0. O

Lemma 5.3.3 Let K C S be a Stein compact subset. Assume that X is an A-scheme
interiorly of finite type. Consider a constructible subset T~ C |X|. Then the following
are equivalent:

(1) there is a Stein open neighborhood U C S of K such that the inverse image of T
with respect to X' — X is empty;
(2) the inverse image of T with respect to Xx — X is empty.

Proof We may shrink S around K. Indeed, replacing S by a Stein open neighborhood
So of K, and replacing X by X5, and 7~ by its inverse image in Xy, , does not change
condition (2), and condition (1) is unchanged because it only asks for the existence
of a smaller open neighborhood of K.
Thus, by Lemma 5.2.1 and Corollary 5.2.1, we may assume that the structure
morphism
f: X — SpecA

is of finite presentation. By Chevalley’s theorem [ , Tag 054]], the image
f(T) C Spec A is constructible.

We first reduce the assertion to the case X = Spec A. We claim that the two
conditions for 7~ C |X| are equivalent to the corresponding two conditions for the
constructible subset f(7°) C Spec A.

For condition (2), this follows from the usual set-theoretic behaviour of scheme-
theoretic fiber products. Indeed, in the Cartesian square

Xy — X

Lo

SpecI'(K,Os) — Spec A,

the inverse image of 7~ in Xk is empty if and only if the inverse image of f(7") in
SpecI'(K, Os) is empty.

For condition (1), let U C S be a Stein open neighborhood of K. We claim that
the inverse image of 7 in X" is empty if and only if the inverse image of f(7°) in U
is empty. One implication is immediate. Conversely, suppose that there exists s € U
whose image in Spec A lies in f(7"). Then the constructible subset
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Ts =T Xspeca SpecCy C | X |

is non-empty. Since Xj is a finite type scheme over C, it is Jacobson; hence every
non-empty constructible subset of |X;| contains a closed point. Thus 75 contains a
closed point x. As C is algebraically closed, x gives a point of the analytic space
X" € X', and this point maps to 7. Hence the inverse image of 7~ in X} is
non-empty. This proves the claim.

Therefore it suffices to prove the assertion in the special case X = Spec A.

Assume now that X = Spec A, and let 7~ C Spec A be constructible. We need to
prove the equivalence of:

(1) there exists a Stein open neighborhood U C S of K such that the inverse image
of 7 under U — Spec A is empty;
(2) the inverse image of 7 under SpecI'(K, Os) — Spec A is empty.

Since 7 is constructible, it is a finite union of subsets of the form
V(a;) ND(gi),

where each a; C A is finitely generated and g; € A. Since we are testing emptiness
of a finite union, it is enough to treat one summand: after treating each summand,
we take the intersection of the finitely many neighborhoods obtained. Thus we may
assume that

T = V(a) N D(g).

where a = (hy, ..., h,,) is a finitely generated ideal of A and g € A.
Put
Ax =T(K,Os).

The inverse image of 7 in Spec Ak is
V(aAg) ND(g) C Spec Ak .

Hence condition (2) is equivalent to

g € \/aAK.

On the other hand, for a Stein open neighborhood U C S of K, the inverse image
of 7 inU is
{seU:hi(s)=---=hyu(s) =0, g(s) #0}.

By Riickert’s Nullstellensatz, this set is empty if and only if

g|U (S aOU.

Therefore condition (1) is equivalent to the existence of a Stein open neighborhood

U C S of K such that
glv € VaOy.
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It remains to compare this condition with g € VaAg. If g|y € VaOy for some
such U, then after restricting to K we immediately get g € VaAg.
Conversely, assume that g € VaAg . Then there exists N > 1 such that

gN € aAk.

Since Ax = I'(K, Os) is the ring of germs of holomorphic functions along K, this
means that, after replacing U by a sufficiently small Stein open neighborhood of K,
there exist

©1,---,0m € T(U,Op)
such that
m
gV = Z hig;  inT(U,0p).
j=1
Hence g|y € VaOy . This proves condition (1), and the lemma follows. O

5.4 Properties of the analytification functor

Let S be a Stein space with associated Stein algebra A.

5.4.1 Analytification of modules

Theorem 5.4.1 Let X be an A-scheme interiorly locally of finite type, and let F be
a quasi-coherent O x-module of finite type. Let (Q) be one of the properties of finite
modules over noetherian local rings listed in Section 5.1.2. If ¥ is an ideal sheaf,
then (Q) may also be one of the properties of pairs (R, I) listed in Section 5.1.3.
Then, for every excellent Stein compact subset K C S, after replacing S by a Stein
open neighborhood of K and replacing X and ¥ by the corresponding base changes,
there exists a closed locally constructible subset T~ C |X| such that:

(1) for every excellent Stein compact subset K’ C S with K C K’, the inverse image
of T in Xk is precisely the set of points where Fg- fails to satisfy (Q);
(2) the inverse image of T in X*™ is precisely the set of points where F*" fails to

satisfy (Q).

If X is interiorly quasi-compact, then T may be chosen constructible.
Proof Fix the property (Q). For every excellent Stein compact subset E C S, define
Te = {x € |XEg| : e« fails to satisty (Q)}.

If ¥ is an ideal sheaf and (Q) is one of the properties of pairs, the phrase means
that the pair (Ox, x, Fr.x) fails to satisfy (Q). The ring I'(E, Os) is excellent by
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Theorem 4.4.2. By Lemma 5.2.1, the scheme Xg is locally of finite type over
I'(E, Os), hence is locally noetherian, and g is coherent. Thus 7 is closed and
locally constructible by Proposition 5.1.2 in the module case, and by Proposition 5.1.4
in the ideal-pair case. We next record the compatibility of the sets 7g under restriction.
Let E/ C E C S be excellent Stein compact subsets. By Corollary 4.4.7, the
homomorphism

I'(E,Os) — I'(E’, Os)

is regular. Hence the morphism Xz» — XE is regular, and all induced local homo-
morphisms are regular local homomorphisms. Therefore, by Proposition 5.1.1 in the
module case, and by Proposition 5.1.3 in the ideal-pair case, a point of Xg- lies in
T if and only if its image in Xg lies in 7¢. Hence

Ter = Xer Xxz TE

as subsets of |Xg|. Choose, by Proposition 4.4.6, an excellent Stein compact neigh-
borhood L of K in S, and choose a Stein open neighborhood U of K such that U C L.
Let 7~ be the inverse image of 77, under the morphism Xy — Xr. Then 7 is closed.
It is locally constructible by [ , Tag 0541]. Replacing S by U, and replacing X
and ¥ by Xy and Fy, we regard 7 as a subset of |X|. Let K’ C S be an excellent
Stein compact subset with K C K’. Since, after the replacement, S = U C L, we
have K’ C L. The compatibility just proved gives

Tk = Xk Xx, TL-

But the inverse image of 7 C |X| = |Xy| in Xk~ is the same fibre product. This
proves (1). It remains to prove (2). Let x € X?", and let z € Xy, be its image under
the composition

X —>X=XU —>XL.

The local homomorphism
Ox,,z — Oxm x

is regular. Indeed, this is local on X ; after embedding an affine neighborhood of
z into an affine space over I'(L, Os), it follows from Proposition 4.4.4 by the same
local computation as in the proof of Theorem 5.3.1. Hence, by Proposition 5.1.1 in
the module case, and by Proposition 5.1.3 in the ideal-pair case, 72" fails to satisfy
(Q) if and only if ¥, , fails to satisfy (Q). Equivalently,

x € X*™" XXr TL.

Since 7 is the inverse image of 77, in X = Xy, this is precisely the inverse image of
7 in X*". This proves (2). Finally assume that X is interiorly quasi-compact. Then
after shrinking S, we may assume that it is quasi-compact. Then X7, is a noetherian
scheme, so the closed subset 77 is constructible. Therefore its inverse image 7~ in
Xy is constructible by [ , Tag 0541]. |
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Corollary 5.4.1 Let X be an A-scheme interiorly of finite type, let ¥ be a quasi-
coherent Ox-module of finite type, and let K C S be an excellent Stein compact
subset. Let (Q) be one of the properties of finite modules over noetherian local rings
listed in Section 5.1.2. If ¥ is an ideal sheaf, then (Q) may also be one of the
properties of pairs (R, I) listed in Section 5.1.3. Then the following are equivalent:

(1) the base change Fx on Xk satisfies (Q) everywhere;
(2) there exists a Stein open neighborhood U C S of K such that the analytification
Fot on X[ satisfies (Q) everywhere.

Proof Applying Theorem 5.4.1 to X, ¥, K, and (Q), we get a constructible subset
7 C |X], since X is interiorly of finite type. After the harmless shrinking allowed in
Theorem 5.4.1, the inverse image of 7~ in Xk is precisely the failure locus of (Q) for
Fk , and the inverse image of 7 in X" is precisely the failure locus of (Q) for #".
Thus (1) says that the inverse image of 7 in Xk is empty, while (2) says that, after
possibly shrinking S to a Stein open neighborhood of K, the inverse image of 7 in
X" is empty. These two conditions are equivalent by Lemma 5.3.3. O

Lemma 5.4.1 Let X be an interiorly locally of finite type A-scheme. Let T C |X| be
a locally constructible subset, and let T be its inverse image in X*". Then

T =iy (7),

where the closure on the left is taken in X*™ and the closure on the right is taken in

|X].

Proof The inclusion _ .
T Ci(7)
follows immediately from the continuity of i x. We prove the reverse inclusion locally

on S and on X. We shall use the following standard fact: if g: ¥ — X is flat and
C C |X] is locally constructible, then

g '(C)=¢71(C).

This is [ , Théoreme 2.3.10]. Since A — T'(U, Os) is flat for every Stein
open subset U C S by Theorem 3.3.4, this fact shows that the desired equality may be
checked after replacing S by Stein open subsets. Similarly, since closure commutes
with restriction to open subsets, the assertion is local on X. Thus we may work
locally on X. Fix an excellent Stein compact subset K C S. By Proposition 4.4.6,
after replacing S by a Stein open neighborhood of K, we may choose an excellent
Stein compact subset L C S with K C Int(L). Put

Ap =T'(L,Os).

Let Xp = X Xspeca Spec Ar,, and let 77 be the inverse image of 7 in Xz. By the
flatness of A — A and the preceding paragraph,

T =Xpxx T



162 CHAPTER 5. ANALYTIFICATIONS

as subsets of |X.|. Hence it is enough to prove the corresponding assertion for
71 € |Xr| after shrinking around K. By Lemma 5.2.1, the scheme X, is locally
of finite type over the noetherian ring Az, hence is locally noetherian. Since the
assertion is local on Xz, we may assume that X7, is affine and that 77, is constructible.
Write

.
=7
J=1
as a finite union of locally closed subsets such that each 7; is open and dense in its
closure

Z; =17

Endow Z; with the reduced induced scheme structure. Since inverse images and
closures commute with finite unions, it suffices to prove the assertion for each pair
(Z;,7;). Replacing Xz by Z;, we are reduced to the case where 77 is open and
dense in Xy . Put

ﬂL =X L \ 7Z

Then Hp is a closed subset of Xz containing no irreducible component. Let
I1. € Ok, be the coherent ideal sheaf defining the reduced closed subscheme with
underlying set H . Since H}. contains no irreducible component of the noetherian
scheme Xj, the ideal (/7). has height at least 1 for every z € X, with the usual
convention that the unit ideal has infinite height. By Corollary 4.4.7, the homomor-
phism

AL — (K, Os)

is regular. Therefore Xx — X is regular, and all induced local homomorphisms are
regular local homomorphisms between excellent noetherian local rings. By Proposi-
tion 5.1.3, applied to property (7) in Section 5.1.3 with n = 1, the ideal (I1)k has
height at least 1 at every point of Xg. Applying Corollary 5.4.1 to the ideal sheaf
(Z1.)me(r) and to property (7) of Section 5.1.3 with n = 1, we may shrink S to a Stein
open neighborhood U of K contained in Int(L) such that the analytified ideal 75"
has height at least 1 at every point of X;". Hence the closed analytic subset

Hy = Hp Xx, Xia]n

contains no irreducible component of X7, and therefore has empty interior. Equiv-
alently, the inverse image of 77 in X7 is dense. Thus, after shrinking around every
excellent S_tein compact subset K C S, the inverse image of 77, is dense in the inverse
image of 7. Since such neighborhoods cover S, this proves

i (T)cT.
Together with the first inclusion, the lemma follows. O

Corollary 5.4.2 Let X be an A-scheme interiorly of finite type, let T C |X| be a
constructible subset, and let K C S be a Stein compact subset. Then the following
are equivalent:
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(1) the inverse image of T in Xk is dense, respectively closed, respectively open;
(2) there exists a Stein open neighborhood U C S of K such that the inverse image
of T in X[} is dense, respectively closed, respectively open.

Proof In view of [ , Tag 0541], after shrinking S, we may assume that X is an
A-scheme of finite presentation, see Corollary 5.2.1.
Put

Tk =Xk Xx T, Ty = (X[a]n) xXx T.

We first treat density. Since 7~ is constructible and X is quasi-compact, the subset
C=1XI\T

is constructible. The morphism Xx — X is flat by Proposition 4.3.4. Hence, by
the compatibility of flat pullback with closures of constructible subsets, [ ,
Théoreme 2.3.10], we have

FK = XK XX ?

Therefore 7k is dense in Xk if and only if the inverse image of C in Xk is empty.
On the other hand, by Lemma 5.4.1, for every Stein open neighborhood U of K we
have

Ty = (X)) xx T

Thus Ty is dense in XJ' if and only if the inverse image of C in X' is empty.
The equivalence for density follows from Lemma 5.3.3 applied to C. We next treat
closedness. Since 7 is constructible and X is quasi-compact, the subset

D=T\T

is constructible. By the same flat-closure compatibility as above, 7k is closed in Xk
if and only if the inverse image of D in Xk is empty. By Lemma 5.4.1, Ty is closed
in X} if and only if the inverse image of O in X/} is empty. The equivalence for
closedness follows again from Lemma 5.3.3. Finally, openness follows by applying
the closedness assertion to the constructible subset

X\ T

Indeed, the inverse image of 7 is open if and only if the inverse image of its
complement is closed, both on Xx and on X ;}“. ]

5.4.2 Analytification of morphisms

Let S be a Stein space and let A be the corresponding Stein algebra.

Theorem 5.4.2 Let K C S be a Stein compact subset. Consider A-schemes X and Y
interiorly of finite type, and a morphism f: X — Y of A-schemes. Let (Q) be one
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of the properties of morphisms of schemes and morphisms of complex spaces listed
in Section 5.1.4. Then the following are equivalent:

(1) fx: Xk — Yk satisfies (Q);
(2) there is an open neighborhood U C S of K such that f": X{' — Y satisfies

(Q)

Proof Fix the property (Q). We first make a reduction. By Proposition 4.4.6, after
replacing S by a Stein open neighborhood S’ of K, we may choose an excellent Stein
compact subset L in the original base such that

K S clInt(L).

Put
Ap =T(L,Os).

By Lemma 5.2.1 and Corollary 5.2.1, the schemes X, and Yy, are of finite presenta-
tion over Ar. Since Ay is noetherian and X, Y, are of finite presentation over Ay,
the morphism

foi X — Y

is of finite presentation. We shall compare both fx and f* with this finite-
presentation model f;. We shall use the following consequence of Lemma 5.3.3
and Corollary 5.4.2. Let Z be a quasi-compact Ay -scheme of finite presentation,
and let C C |Zr| be constructible. Then the inverse image of C in Zx is empty if
and only if, after possibly shrinking S around K, the inverse image of C in Z*" is
empty. Similarly, the inverse image of C in Zg is dense, closed, or open if and only
if, after possibly shrinking S around K, the inverse image of C in Z*" is respectively
dense, closed, or open. We also use repeatedly that analytification commutes with
fibre products by Proposition 5.3.2.

(1)—(4) Let B, C |XL| be the locus of points at which f; fails to satisfy (Q) in every
open neighborhood. By Proposition 5.1.5, 8By, is Zariski closed and its inverse image
in Xk is exactly the corresponding failure locus for fx. On the analytic side, the
inverse image of By in X" is exactly the corresponding failure locus for f2". Indeed,
this follows from the local criteria for smoothness, unramifiedness, étaleness, and
flatness, together with the regularity of the local homomorphisms

OXxpix(x) = Oxn x

from Theorem 5.3.1. Hence fx satisfies (Q) everywhere if and only if the inverse
image of By in Xk is empty, and f*" satisfies (Q) everywhere if and only if the
inverse image of By, in X*" is empty. The assertion follows from Lemma 5.3.3.

(5) Let
Cr =YLl \ fL(XL]).
Since f, is of finite presentation, Chevalley’s theorem gives that f7 (|Xz|) is con-

structible, hence Cy, is constructible. In a Cartesian square, the complement of the
image pulls back to the complement of the image. Therefore the inverse image of Cr,
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in Yk is precisely

Yk |\ fx (IXk D).

Similarly, using Proposition 5.3.2, the inverse image of Cy, in /" is precisely
Y\ f2AX).

Thus fx is surjective if and only if the inverse image of Cr in Yk is empty, and "
is surjective if and only if the inverse image of Cr in Y*" is empty. The assertion
follows from Lemma 5.3.3.

(6) For schemes, a morphism is universally injective if and only if its diagonal
is surjective, by [ , Tag 01S4]. For complex spaces, universally injective is
the same as injective by Corollary 1.3.1, and injectivity is likewise equivalent to
surjectivity of the diagonal. Since analytification commutes with fibre products, the
diagonal of f" is the analytification of the diagonal of f. Hence the assertion follows
from (5) applied to

Ap: X — X xy X.

(7) A morphism of schemes is an open immersion if and only if it is étale and
universally injective, by [ , Tag 02LC]. The corresponding analytic statement
says that an injective local biholomorphism identifies the source with an open analytic
subspace of the target. Thus the assertion follows from (3) and (6).

(10) A morphism is an isomorphism if and only if it is a surjective open immersion,
both for schemes and for complex spaces. Hence the assertion follows from (5) and
().

(11) A morphism is a monomorphism if and only if its diagonal is an isomorphism,
both for schemes and for complex spaces; in the algebraic case this is [ , Tag
01L3]. In view of Corollary 5.3.5, the assertion follows from (10) applied to

AfiX—>XXyX.

(12) Put
Zr = X Xy, Xi,

and let
Dy =Ag (X)) € |ZL]

be the image of the diagonal. Since Ay, is of finite presentation, 9y is constructible
by Chevalley’s theorem. A morphism of schemes locally of finite presentation is
separated if and only if the image of its diagonal is closed. The same criterion holds
for morphisms of complex spaces. By Proposition 5.3.2, analytification commutes
with the formation of Z; and of the diagonal. Moreover, by the same fibre-product
argument as in (5), the inverse image of Dy in Zk is the image of Ag, and its
inverse image in Z*" is the image of A sw. Hence fx is separated if and only if the
inverse image of Dy, in Zk is closed, and f" is separated if and only if the inverse
image of Dy, in Z*" is closed. The assertion follows from Corollary 5.4.2.

(15) Let
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I = fL(XLl) < 1YLl

This subset is constructible by Chevalley’s theorem. Its inverse image in Yk is the
image of fk, and its inverse image in Y*" is the image of f*", again by the fibre-
product argument used in (5). Therefore fx is dominant if and only if the inverse
image of 7} in Yk is dense, and f" is dominant if and only if the inverse image of
I; in Y is dense. The assertion follows from Corollary 5.4.2.

finite locus is open by [ , Tag O1TT], hence By, is closed. Since fi, is locally
of finite presentation, quasi-finiteness at a point is equivalent to that point being
isolated in its fibre. This condition is invariant under extension of the residue field.
Therefore the inverse image of By, in Xk is the failure locus for quasi-finiteness of
fx, and the inverse image of By, in X*" is the failure locus for quasi-finiteness of
/. The assertion follows from Lemma 5.3.3.

(16) Let B, C |X.| be the complement of the quasi-finite locus of f; . The quasi-

(13) Assume first that fx is proper. Since f7, is of finite presentation, properness
spreads out from K: by [ , IV3, Théoreme 8.10.5], after shrinking S around
K, the morphism f is proper. The analytification of a proper morphism of finite
presentation is proper. Indeed, by Chow’s lemma, one reduces to the projective case,
and the projective case follows from the properness of complex projective space
over the Stein base. Hence, after shrinking S around K, the morphism f?" is proper.
Conversely, assume that, after shrinking S around K, the morphism

fan: X, yan

is proper. By (12), after possibly shrinking § further, the morphism fk is separated.
Since fx is of finite presentation, it remains to prove that fx is universally closed.
By [ , IV3, Théoreme 8.3.11], it is enough to verify the following condition:
for every n > 0 and every constructible subset

CL C | XL nl, Xpn = XL Xspee Ags
whose inverse image Cx C |Xk | is closed, the image of Cx under
fK,n: XK,n — «yK,nv yK,n =Yk XSpec C Aés

is closed. Fix such an n and such a constructible subset Cy.. By Corollary 5.4.2, after
shrinking S around K, the inverse image

C™ C |X™ xc C|
of Cr, is closed. Since f" is proper, its base change

fi XM Xe C" — Y xe C"
is proper, hence closed. Therefore f2"(C?") is closed. Let

W = fL,n(CL) c |~yL,n|, yL,n =Y XSpecC Aé-
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By Chevalley’s theorem, ‘W, is constructible. The inverse image of Wy, in Yk ,, is
precisely fx »(Ck), and the inverse image of ‘W, in YY" xcC" is precisely f2"(C*").
Since the latter is closed, Corollary 5.4.2 implies that fx ,(Cx) is closed in Yk .
Thus the criterion above applies, so fx is universally closed. Since fx is separated
and of finite presentation, it is proper.

(14) A morphism of schemes is finite if and only if it is proper and locally quasi-finite,
by [ , Tag 02LS]. The same criterion holds for morphisms of complex spaces.
Hence the assertion follows from (13) and (16).

(8) A morphism of schemes is a closed immersion if and only if it is a proper
monomorphism; the non-trivial direction is [ , Tag 04XV]. The same criterion
holds for complex spaces. Hence the assertion follows from (13) and (11).

(9) A morphism locally of finite presentation is an immersion if and only if it
is a monomorphism and its image is locally closed. The same criterion holds for
morphisms of complex spaces. By (11), the monomorphism condition is equivalent
on the algebraic and analytic sides. By Chevalley’s theorem, the image

I = fL(IXLl) € 1YLl

is constructible. Its inverse image in Yk is fx (|Xk|), and its inverse image in YY"
is f2(|X?®"]). Since local closedness of a constructible subset is equivalent to being
open in its closure, Corollary 5.4.2 gives the equivalence of local closedness for
these two inverse images. Thus the assertion follows.

This proves the theorem for all properties listed in Section 5.1.4. O

Lemma 5.4.2 Let f: X — Y be a morphism of A-schemes interiorly locally of
finite type. Then, for every p > 0, there is a canonical isomorphism

an
p - p
(Qx/y) _)QXan/yalt'

Proof We first construct the canonical morphism. Let
ix: X" = X, iy: Y" - Y
be the analytification morphisms. The universal derivation
d: Oxm — Qﬁ(an/yan

induces a derivation
—1 1
15 OX - Qxan/yan-

This derivation vanishes on the image of i:\,l f~'0y, because this image factors
through (f2)~!Oyu. Hence, by the universal property of relative Kihler differen-
tials, it induces a morphism

—1 0l 1
i Qxpy = Lanyyon-

After tensoring with Oxa, we get a canonical morphism
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1 1\l 1
Op: (QX/y> =iy Qyyy > Q) yan-
Taking exterior powers gives canonical morphisms

an
pP. p p
Hf (Qx/y) _)QXan/yan

for all p > 0. The case p = 0 is tautological. It remains to prove that ', is an
isomorphism, because analytification is a pull-back functor and therefore commutes
with finite tensor products, quotients, and exterior powers. The assertion is local
on X and on Y. By Corollary 5.3.4, it is also local on the Stein base S. Using
Corollary 5.2.1, we may therefore replace S by a Stein open subset and assume
that X and Y are locally of finite presentation over A. Then f is locally of finite
presentation. After shrinking X and Y Zariski-locally, we may assume that

Y = Spec B, X = SpecC, C=B|[T,...,T,]/J
with J finitely generated. Put
P = A”y = Spec B[T1, ..., T,].

Then X < P is a closed immersion. Let J C Op be its defining ideal. The
conormal exact sequence gives

TIT* — Qp )y ®0, Ox — Qi — 0.
Since

n
1 ~
Qp,y = P Op ar;,
i=1

analytifying this exact sequence gives an exact sequence

n

(j/jz)an — (le/y ®0p O,\»)a — (Q&/y)an — 0.

Here exactness follows from the flatness of i x in Theorem 5.3.1. By Proposition 5.3.2,
we have
P = Al

Moreover, by Corollary 5.3.6, the closed immersion
Xan IN Pan
is defined by the ideal J*". Hence
2\ 2
(717%)" = g™ g™

Also,
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an
1 ~ Ol
(QP/J/ ®0, Ox ) = Qpun )y ®0pun Oxen,

because both sides are canonically isomorphic to

Eopman
i=l

On the analytic side, the conormal exact sequence for
Xan (SN Pan
I
2 1 1
jan/(jaﬂ) -_— Qpan/yan ®0pan 0/\/“" — Qxan/yan — 0

Under the identifications above, the first arrows in the analytified algebraic conormal
sequence and in the analytic conormal sequence agree: both send the class of a local
section i € J to dh. Therefore their cokernels are canonically identified. This says
exactly that

oh: (@) Sl
e XY Xan [ yan

is an isomorphism. Taking exterior powers gives the assertion forevery p > 0. O

5.4.3 Cohomology comparison

Let S be a Stein space and A be the corresponding Stein algebra.

Theorem 5.4.3 Let
[ X—Y

be an interiorly proper morphism between A-schemes interiorly locally of finite type,
and let F be a quasi-coherent Ox-module. Then, for every p > 0, the canonical
morphism

(RP f,7)™ — RP fangan (5.7)

is an isomorphism.

Proof Step 1. Construction of the comparison morphism. Consider the commu-
tative square

Xan fﬂ“> yan

o

X T) Y.
For every quasi-coherent O x-module ¥, adjunction gives a natural morphism

iy fF — [y F.
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Tensoring with O yan over i;ll Oy gives a functorial morphism

(FFV™ = i3y fF — fi3F = [,

Since iy is flat by Theorem 5.3.1, the functor i’ is exact. Passing to right derived
functors gives the morphism (5.7). This is the usual base-change morphism associ-
ated with the displayed square.

Step 2. Local reductions and reduction to finitely presented sheaves. The asser-
tion is local on Y*" and local on the Stein base S. Thus, by the definition of interior
properness and by Corollary 5.2.1, we may replace S by Stein open subsets and
assume that f is proper and that X and Y are locally of finite presentation over A.
The morphism f*" is then proper by Theorem 5.4.2. The assertion is also local on
Y, so we may assume that Y is affine. Then X is quasi-compact and quasi-separated.
Write

F =1lim%F;
—
i€l
as a filtered colimit of finitely presented O x-modules, using [ , Tag O1PJ]. Since

f is quasi-compact and quasi-separated, cohomology of quasi-coherent sheaves
commutes with filtered colimits, so

RP f.F = h_g>1RPf*7§

13

by [ , Tag O7TB]. Flatness of analytification gives

(R £ 7)™ = lim (R £.F7)™ .

L

Moreover,
F =1lim 7.
-0
1

Since f*" is proper and hence quasi-compact with finite cohomological dimension
locally on the target, Proposition 2.3.1 gives

Rpf*anfan ~ h-_I)anf*an?;an.
i
The comparison morphism is compatible with these colimit identifications. Hence

it suffices to prove the theorem when ¥ is finitely presented. In this case 7" is
coherent by Proposition 5.3.3.

Step 3. Reduction to the case Y/ = Spec A. Assume first that the theorem has been
proved when the target is the Stein base. We prove the theorem for affine V. Write

Y = SpecB.

Then YY" is Stein by Corollary 5.3.7. Put
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C=T(Y*™, Oym).
Let
Xc = X Xspec B Spec C, fc: Xc — SpecC

be the base change, and let ¢ be the pull-back of 7. By Lemma 5.3.1, the analyti-
fication of X¢ as a C-scheme is naturally identified with X*" over Y*". Thus the
theorem for the morphism f¢ gives

(R fe.Fe)™ = RP f2F™,

It remains to compare R? fc.F¢ with the pull-back of R? f,F. Let K C Y*" be an
excellent Stein compact subset and put

CK = F(K, Oyan).

The homomorphisms B — Cg and C — Ck are flat: for C — Ck this is Proposi-
tion 4.3.4; for B — Ck it follows from the flatness of the local analytification maps
in Theorem 5.3.1 and the completion criterion, using Proposition 3.3.4. Proper flat
base change gives canonical isomorphisms

(R? £.7) ®p Cx = R? fx.Tx
and
(R? fe.Fc) ®c Ck = R? fx.Fk.

Hence the canonical morphism
C ®B Rpf*?- — Rpr*TC

becomes an isomorphism after tensoring with Ck for every excellent Stein compact
K C Y®. 1Its kernel and cokernel are finite modules. Applying Corollary 5.4.1
to the property of being zero, after shrinking around each such K we find that
the analytification of this morphism is an isomorphism. Since the excellent Stein
compact subsets form a local basis on Y*", the analytification is an isomorphism
globally. Therefore the theorem for target Spec C implies the theorem for target
Y = Spec B. Thus it remains to prove the theorem when

f: X — Spec A

is proper of finite presentation and ¥ is finitely presented.

Step 4. The projective case. We first prove the comparison theorem for projective
morphisms. More precisely, let

g:Z—W

be a projective morphism of finite presentation between A-schemes interiorly locally
of finite type, and let G be a finitely presented Oz-module. Then the comparison
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morphisms
(Rpg*g)an SN Rpggngan

are isomorphisms for all p > 0. The assertion is local on W. We may therefore
assume that W is affine and that g factors as

zLe, 5w,

where j is a closed immersion. Since j, is exact and analytification carries j to the
closed immersion j" defined by the analytified ideal, we have

(] g)an ~ jangan.
Thus Leray reduces the projective case to the case
n: Py, — W.

Since the assertion is local on ‘W, we reduce further to ‘W = Spec B. We prove the
result for : Py — Spec B. Its analytification is

s WR x P — W,
First take G = Opr. . Algebraically,
7.Opn = B, RP7.0pn =0 (p > 0).

Analytically, let V € “W?" be Stein. The product V x P" is covered by the n + 1 Stein
open subsets
VxDu(T}), i=0,...,n,

and all finite intersections are Stein. The Cech complex for this covering is obtained
from the standard Cech complex computing

H” (P", Opn)
by completed tensor product with I'(V, Oy ). Since
H(P", Opn) = C, HP (P",0p) =0 (p > 0),

we get
7" Oqyanypn = Oqpan, RPN Oqpansen =0 (p > 0).

Hence the comparison theorem holds for Opz . Next we prove it for all twists Opz (m),
m € Z, by induction on n. The case n = 0 is immediate. Assume n > 0 and let

H— P}

be the hyperplane 7,, = 0, so that H = P’If}_l. For every m € Z there is an exact
sequence
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0—>O]p';g(m— 1) —>Op;;(m) — Oy (m) — 0.

Analytification gives the corresponding analytic exact sequence. By the induction
hypothesis the comparison theorem holds for O (m). Comparing the long exact
cohomology sequences and applying the five lemma, we see that the theorem holds
for OPZ’ (m) if and only if it holds for OPZ (m —1). Since it holds for m = 0, it holds
for every m € Z. Finally let G be an arbitrary finitely presented Opr;; -module. The
assertion is local on “W?". Fix a point w € “W?" and put

P, = ]P'(’)Wan’w.
It suffices to show that, for every coherent Op,, -module M,,, the natural comparison
map

HP (P, M,,) — (RPAEM™)

is an isomorphism, where M is any finitely presented model of M,, after shrinking
‘W around w. The existence and independence of such a model follow from the
limit theorem for finitely presented modules, [ , Tag 01ZR]. We prove this
by descending induction on p. Both sides vanish for p > n: algebraically this is
standard for projective space, and analytically it follows from the Stein covering
above and Cartan’s Theorem B. Assume the comparison is known in degree p + 1
for all coherent modules on P,,. Choose a surjection

Lw _>MW_)0,

where

Ly, = @ Op,, (m;)
=1

is a finite direct sum of twists. Let V,, be the kernel. After shrinking, this descends
to an exact sequence
0—-N—>L—>M—50

on P%, with £ a finite direct sum of twists. Comparing the long exact algebraic and
analytic cohomology sequences gives a commutative diagram

Hp(Pw’Nw) _> Hp(Pw’-Ew) _> Hp(Pw’Mw) _> Hp+1(PW’NW) —> Hp+1(Pw, -[:w)

| L | L L

(angnNan)w - (angn_ﬁan)w - (Rpﬂ-inMan)W - (RPHﬂ.imNan)w - (RPH”:nLan)W )

The comparison is an isomorphism for £ because £ is a finite direct sum of twists,
and it is an isomorphism in degree p + 1 by the induction hypothesis. The four lemma
gives surjectivity of the middle vertical arrow. Applying this to N,, as well, the first
vertical arrow is also surjective. Returning to the diagram, the five lemma gives
injectivity of the middle vertical arrow. Hence it is an isomorphism. This proves the
projective case.


https://stacks.math.columbia.edu/tag/01ZR
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Step 5. The proper case over Spec A. We now assume that
f: X — SpecA

is proper of finite presentation and that ¥ is finitely presented. We prove the com-
parison theorem stalkwise on S. Fix s € S and put

Ry = OS,Sa X=X XSpec A SP€C R;.

For a finitely presented Ox-module M, let My denote its pull-back to X,. Since
A — Ry is flat by Lemma 3.3.7, flat base change gives

(R? M) = HP (X, My).
Thus the comparison morphism at s may be written as
HP (X;, M) — (RP f2OM™) . (5.8)
By the limit theorem for finitely presented modules,

lim Mod®(Xy) — Mod™®(Xy)
U>ss

is an equivalence, where U runs through Stein open neighborhoods of s. Hence
the map (5.8) depends only on the coherent Oy, -module M,. Let €, be the full
subcategory of Coh(X) consisting of those coherent modules M; for which (5.8)
is an isomorphism for every p > 0. Both sides have finite cohomological dimension
locally, and comparison morphisms are compatible with long exact sequences. It
follows from the five lemma, by descending induction on p, that €y is a Serre
subcategory of Coh(X,). We shall show that €, = Coh(X,) by dévissage. By
[ , Tag 01YT], it suffices to prove the following: for every irreducible closed
subset Z C |X,| with generic point &, there exists G; € € such that

Supp(gs) =Z, (gs)f = k(€).

Fix such Z. After replacing S by a Stein open neighborhood of s, the reduced closed
subscheme Z < Xj spreads out to a closed immersion

jiZ—X

of finite presentation. Since X is proper over Spec A, so is Z. By Chow’s lemma, after
shrinking S around s, there exists a projective A-scheme Z’ of finite presentation
and a projective surjective morphism

g:Z7'—Z

which is birational over the generic point of Z; = Z. Put


https://stacks.math.columbia.edu/tag/01YI
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h=jog:Z — X.

Then & is projective, and f o h is projective over Spec A. Choose a g-ample invertible
sheaf Oz (1). For n > 0, relative Serre vanishing gives

R9g,.0z(n)=0 (g >0).

Set
G = .0z (n) = j.g.0z/(n),

and let G, be its pull-back to X. Since j, is exact and A — Rj is flat, flat base
change gives

Gs = hs .07/ (n), Rk, 0z/(n)=0 (q>0).

The morphism g, : Z; — Z is surjective and birational at the generic point ¢. Hence
Supp(Gs) = Z and

(Gs)e = H' (Speck(£), 0z, (n)lspec(s)) = k(£).
It remains to prove that G; € €. Algebraic Leray gives
H? (X, Gs) = HP (Z;, 0z, (n)).
On the analytic side, the projective case applied to & gives
(R71. 07 (n))™ = RIA"O 7 (n).
Since the algebraic higher direct images vanish for g > 0, we get
RO zm(n) =0 (g > 0),

and
h*Ozm(n) = G*.

Therefore analytic Leray gives
(R? fI"G™) = (RP(f o h)I"Ozm(n)), .
Since f o h is projective, the projective case applied to f o & gives
(R”(f © 1).0z/(n){" = (R (f o h)I"Ozwn(n)), .
By flat base change, the left-hand side identifies with
HP(Z{, Oz (n)).

Combining these identifications, we obtain
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H” (X,, Gy) = (RP fG6™)
for every p > 0. Hence G, € 6. The dévissage lemma now gives
€5 = Coh(Xj).

In particular, the comparison map (5.8) is an isomorphism for 7. Since s € S was
arbitrary, the comparison morphism is an isomorphism for proper morphisms over
Spec A.

Step 6. Conclusion. By Step 3, the result for proper morphisms over Spec A implies
the result for proper morphisms with affine target. Since the assertion is local on
the target, it holds for every proper morphism of finite presentation between A-
schemes locally of finite presentation. By Step 2, this proves the theorem for arbitrary
quasi-coherent ¥ . Finally, since the original morphism was only assumed interiorly
proper and the schemes were only assumed interiorly locally of finite type, the same
conclusion follows by covering S by Stein open subsets on which the preceding finite-
presentation proper case applies, and then gluing the resulting local isomorphisms.O

Corollary 5.4.3 Let X be an A-scheme interiorly of finite type, and let  be a finitely
presented O x-module. Assume that Supp F is proper over Spec A, in the sense that
the closed subscheme defined by Fito(F) is proper over Spec A. Let K C S be
an excellent Stein compact subset. Then, for every p > 0, there is a canonical
isomorphism
H? (Xk,Fx) — h_n)l HP (X, 75, (5.9
U2K

where U C S runs through the Stein open neighborhoods of K.

Proof Let
a = Fitg(F),

and let

it Z—KX
be the closed subscheme defined by a. Since a annihilates ¥, the sheaf ¥ descends
to a finitely presented O z-module ¥z such that

The underlying closed subset of Z is Supp ¥, and Z is proper over Spec A by
assumption. Since closed immersions are exact on sheaves, and since analytification
is compatible with closed immersions by Corollary 5.3.6, for every p > 0 we have
canonical isomorphisms

H?(Xk, Fx) = H?(Zk. (F7)k)

and
HP (X', 75" = BP(Z, (FZ2)y
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for every Stein open neighborhood U of K. Thus we may replace X by Z and ¥ by
F~z. Hence we may assume that

f: X — SpecA
is proper. By Theorem 5.4.3, the canonical morphism
(RP£.F)™ = RP fF "
is an isomorphism. Taking sections over the Stein compactum K gives
[ (K, (RP £, F)™) — [ (K,RP foF™) (5.10)

Put
Ax =T(K, Os).

Since A — Ak is flat by Proposition 4.3.4, flat base change gives
(R? £.F) ®4 Ak = RP(fg).Fk .
Therefore
[ (K, (RP£.F)™) = T (Spec Ak, R? (fx).Fx) = H? (Xk, Fx).
On the analytic side, by the definition of sections over a Stein compactum,

p fang-an) _
I (K, RP f"F") = lim

im [ (U, R? [ F5") .
U2K

For every Stein open neighborhood U of K, the morphism f;" is proper by Theo-
rem 5.4.2, and 5" is coherent by Proposition 5.3.3. Hence R f", 7" is coherent
by Grauert’s direct image theorem. Since U is Stein, Cartan’s Theorem B gives

H (U, RIf2FE) =0  (r>0).

Thus the Leray spectral sequence for f' degenerates and gives canonical isomor-
phisms
L (U, R? fBF5") = HP (X, 7M.

Combining these identifications with (5.10), we obtain the canonical isomorphism
(5.9). O

Corollary 5.4.4 Let X be an A-scheme interiorly of finite type, and let ¥,G be
finitely presented O x-modules. Assume that

SuppF N Supp G

is proper over Spec A. Let K C S be an excellent Stein compact subset. Then, for
every n > 0, there is a canonical isomorphism
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Extg,, (Fk. Gx)— lim Extp, (73" Gi7) . (5.11)
U2K v

where U C S runs through the Stein open neighborhoods of K. In particular, for
n =0, there is a canonical isomorphism

Homo,, (Fk,Gx)—> lim Homo,,, (7", G) -
U2K

Proof For every g > 0, put
— &t
&9 = &xty (F.G).
Since # and G are finitely presented, the sheaves &7 are finitely presented. Moreover,
Supp & C Supp F N Supp G,

so Supp &4 is proper over Spec A. We shall use the following base-change identifi-
cations. Since ¥ is finitely presented, it is pseudo-coherent. The morphisms

Xk — X and X — X

are flat; the first by Proposition 4.3.4, and the second by Theorem 3.3.4 together with
the flatness of analytification in Theorem 5.3.1. Hence flat base change for derived
Hom, [ , Tag 0A6A], gives canonical isomorphisms

&l = SXI?JXK (Fx.Gk)

and
an ~
(€5)" = extf, (7.6
for every Stein open neighborhood U of K. Applying Corollary 5.4.3 to &9, we get
canonical isomorphisms

P q - . P an q an an
H (XK,aszXK (?K,gK))ﬂl%l{H (XU,SxtOX;?( gy (5.12)

Consider the local-to-global Ext spectral sequence on Xk :
P.q _ q P+q
EPY = WP (Xg, Extd) (Tk.Gx)) = Extr? (Fi, Gx)

For every Stein open neighborhood U of K, we also have the analytic local-to-global
Ext spectral sequence

"E(U) = HE (Xi“f“’ Exty, (75" gf‘f‘)) — Exg, (75" 65).

an
U
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Passing to the filtered colimit over U 2 K gives a spectral sequence

: an o P.q : ptq an an
lim “E(U) = lim Extp, (F" G .
U2K U2K v

Indeed, filtered colimits are exact, and these are first-quadrant spectral sequences,
so for every fixed total degree only finitely many terms are involved. The canonical
base-change morphisms for sheaf Ext and cohomology define a morphism from the
algebraic spectral sequence to the filtered colimit of the analytic spectral sequences.
By (5.12), this morphism is an isomorphism on the E,-page. Therefore it is an
isomorphism on the abutments. This gives (5.11). The assertion for Hom is the
special case n = 0. O

Corollary 5.4.5 Let f: X — Y be an interiorly proper morphism of A-schemes
interiorly locally of finite type. Then, for every n > 0, the canonical morphism

an
(R"f*QB(/ y) — R Q%) yan (5.13)

is an isomorphism.

Proof By Lemma 5.4.2, for each p > 0, we have a canonical isomorphism

an
p - p
(@%,)" = Q- (5.14)

Consider the algebraic hypercohomology spectral sequence

r.q9 _ P + .
EP =RI£Q%, | = RVILQY,,.

After analytification, this becomes

E N an
(E)" = (qu*glx/y)

On the analytic side, we have the corresponding hypercohomology spectral sequence

an P-4 _ g fanP pt+q ranye
El _R f* QXun/yzm =>R f* Qxaﬂ/yaﬂ'

By the comparison theorem for proper morphisms, applied to the coherent sheaf

p .
Q) Y the natural morphism

q P an g pan p an
(R f*Qx/y) — R (Qx/y)
is an isomorphism. Using (5.14), we obtain

an
p - P
(qu*QX/y) 4 qu*angxan/yan

forall p,q > 0.
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Thus the morphism of hypercohomology spectral sequences induced by analytifi-
cation is an isomorphism on the E;-page. Consequently it is an isomorphism on the
abutments. Therefore, (5.13) is an isomorphism. ]

5.4.3.1 Existence theorem
Theorem 5.4.4 Let K C S be an excellent Stein compact subset, and let X be an

interiorly separated A-scheme interiorly locally of finite type. Then analytification
induces an equivalence of categories

ps/Ak _~, 13 ps/U
COhOxK —> ;ﬂ);( Coho - (5.15)
2

Here Ax = I'(K, Os), the category Cohp())s)/(?'( is the full subcategory of Coho,
consisting of coherent modules with proper support over Spec Ak, and C thos/ Z is

defined similarly.

Proof We first construct the functor. Since every object under consideration has
proper support, all questions are local on a quasi-compact open neighborhood of
the support. Thus, for the construction and for full faithfulness, we may work after
replacing X by a quasi-compact open subscheme. After shrinking S around K, we
may then assume that X is a separated A-scheme of finite presentation. By the limit

theorem for finitely presented modules, [ , Tag 01ZR], the natural functor
. fp
ll_r)n MOdeU — Cohg, (5.16)
U2k

is an equivalence, where U runs through the Stein open neighborhoods of K. More-
over, properness of the support spreads out after shrinking U around K, by the
finite-presentation limit theorem for proper morphisms, [ , Tag 081G]. Hence
(5.16) restricts to an equivalence

lim ModPPYAU =, conPy/AK (5.17)
UsK Oy O

For such a finitely presented module Fyy on Xy, its analytification 7" is coherent
by Proposition 5.3.3, and its support is proper over U by Theorem 5.4.2. Thus
analytification defines the functor (5.15). We next prove full faithfulness. Let ¥, G €
Co hps/ AK . After shrinking S around K, choose finitely presented lifts, still denoted
a and g on X, with proper support over Spec A. Then Supp & N Supp G is proper
over Spec A. Applying Corollary 5.4.4 with n = 0 gives

= : an an
Homoy, (k. Gx) = lim Homo, (737 G
o}
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This is exactly full faithfulness. It remains to prove essential surjectivity. Let G be an
object of the right-hand side of (5.15). After replacing S by a Stein open neighborhood
of K, we may assume that G is a coherent O x=-module with proper support over
S. Shrinking S again and replacing X by a quasi-compact open neighborhood of
the support, we may assume that X is separated and of finite presentation over A.
We say that such an analytic coherent module is liftable if, after possibly shrinking
S around K, it lies in the essential image of (5.15). We record two permanence
properties of liftable modules. First, liftable modules are stable under kernels and
cokernels of morphisms between liftable modules. Indeed, if a: G — G is a
morphism between liftable modules, choose algebraic lifts 71, 7, on Xk . By full
faithfulness, after shrinking around K, the morphism « is induced by a unique
morphism B: F; — 5. Since analytification is exact, ker @, coker @, and im @ are
respectively the analytifications of ker 8, coker 3, and im . These sheaves still have
proper support. Hence they are liftable. Second, liftable modules are stable under
extensions. Let
0—G —G—G"—0

be an exact sequence with G’ and G liftable. Choose algebraic lifts ¥’ and ¥’ on
Xk . The extension class of the displayed sequence lies in

r7an

: 1 7 an
1£>n EXtOXan (7:(_] U ) N
U2K v

By Corollary 5.4.4, it comes from a unique class in
1 " ’
ExtOXK (F", 7).

Let
0—>F —wF —>F"—0

be the corresponding algebraic extension. Then ¥ has proper support and 2" = G
as germs around K. Hence G is liftable. We shall also use the following closed
immersion reduction. Let

i:Z—X

be a closed immersion of separated A-schemes of finite presentation. Let H be a
coherent O za-module with proper support. If i2"H is liftable on X", then H is
liftable on Z?". To see this, choose a lift ¥ of i2"H on Xk, after spreading it out to
a neighborhood of K. Let 7 C Oy be the ideal defining Z. Since 7*"3"H = 0, we
have (I F)*™ = 0 as a germ near K. By Corollary 5.4.1, after shrinking around K,
Ix ¥ = 0. Hence ¥ descends to a coherent module ¥ on Zk . Since analytification
is compatible with closed immersions, we get

iin?’an o~ (iK,*TZ)an ~ 7_~an ~ iinq__(.

As 2" is fully faithful for a closed immersion, 7"%“ =~ H. Thus H is liftable. We now
prove the projective case. Suppose first that
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_ pN
X =PY.

Let 7*": PIS\’ — S be the analytic projection. By the analytic Serre theorem for
projective space over a Stein base, after shrinking S around K, there exist integers
a, b, m, and an exact sequence

O]PISV (-m)®* — Py (_€)®b — G —0.

Indeed, for r > 0, the sheaf G(r) is generated by 72"G(r) near K, and 72"G(r) is
generated by finitely many sections after shrinking the Stein base; applying the same
argument to the kernel gives the displayed two-term presentation. By full faithfulness
already proved, the first arrow in this presentation is induced, as a germ around K,
by a morphism

Opn (-m)® — Opn (=),

AK AK

N
Ak’
analytification is G. Thus G is liftable on PX . If X is projective over A, choose
a closed immersion X — PX and apply the closed immersion reduction. Hence
the theorem holds for projective X. Next assume that X is quasi-projective over A.
Choose an open immersion

The cokernel of this algebraic morphism is a coherent module on P and its

ji XX
with X projective over A. Since Supp G is proper over S and X" s separated over

S, the induced map 4
SuppG — an

is proper; hence its image is closed and contained in the open subset X*". Therefore
Ji"G is a coherent O5»-module with proper support. By the projective case, ji"G

is liftable. Let # be a lift on X . The analytification of F vanishes on X \ X" as
a germ near K. By Corollary 5.4.1, after shrinking around K, the restriction of F to
XK \ Xk is zero. Hence F is the extension by zero of a coherent module ¥ on Xk,
and 7" = G. Thus the theorem holds for quasi-projective X. We finally prove the
general case by noetherian induction on closed subsets of |Xx |. For a closed subset
Y C |Xk|, let P(Y) be the assertion that every coherent O x=-module with proper
support, whose support is contained near K in the analytification of some closed
constructible model of Y, is liftable. The assertion is trivial for Y = (0. Assume that
P(Y’) is known for every proper closed subset Y’ C Y, and let G be supported over Y.
Choose an open subscheme V C X, after shrinking around K, such that Vk meets
every irreducible component of Y and is quasi-projective over A. By Chow’s lemma
in its V-admissible form, [ , Tag 0202], after shrinking around K there exists
a projective surjective morphism

h: X' — X

such that X’ is quasi-projective over A and /% is an isomorphism over V. Since A"
is proper, the support of 2*™* G is proper over S. By the quasi-projective case, h*™* G
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is liftable on X", Therefore A2"h*™* G is liftable on X*" by Theorem 5.4.3, applied
to the proper morphism # in degree 0. Consider the adjunction morphism

g SN hinhan*g-

It is an isomorphism over V", because / is an isomorphism over V. Hence its
kernel and cokernel are supported over

Y\ (Y nVk),

which is a proper closed subset of Y. By the induction hypothesis, this kernel and
cokernel are liftable. Since liftable modules are stable under kernels, cokernels, and
extensions, G is liftable. Thus P(Y) holds. By noetherian induction, P(Y) holds for
every closed subset Y C |Xk|. Taking Y = |Xk |, we find that every object on the
right-hand side of (5.15) is liftable. This proves essential surjectivity, and hence the
theorem. O

Corollary 5.4.6 Let K C S be an excellent Stein compact subset, and let X be
an interiorly proper A-scheme interiorly locally of finite type. Then analytification
induces an equivalence of categories

Cohoy, — lim Cohg,y. (5.18)
U2K

where U C S runs through the Stein open neighborhoods of K.

Proof By Theorem 5.4.4, it suffices to observe that every coherent module on
Xk has proper support over Spec I'(K, Os), and, after shrinking S around K, every
coherent module on X/} has proper support over U. This follows from the properness
of Xk — SpecI'(K,Os) and of X{' — U, the latter being a consequence of
Theorem 5.4.2. O

Corollary 5.4.7 Let K C S be an excellent Stein compact subset, and let X be an
interiorly separated A-scheme interiorly locally of finite type. Let

f: X — SpecA

be the structure morphism. Then analytification induces a bijection between the set
of closed subschemes of Xx with proper support over SpecI'(K, Os) and the set of
germs along £~ (K) of closed analytic subspaces of X*™ with proper support over
S.

Proof A closed subscheme of Xk with proper support is equivalently a quotient
Ox, — 8B

where 8 is a coherent O x, -algebra and Supp B is proper over SpecI'(K, Os). Simi-
larly, a closed analytic subspace of a germ of X" with proper support is equivalently,
after shrinking S around K, a quotient
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O)(il]n — BU

where By is a coherent Oxgl—algebra with proper support over U. By Theorem 5.4.4,
the underlying coherent module of By has, as a germ around K, an algebraic lift 8
on Xg with proper support. The unit morphism

O)(la]n — BU

is lifted, after shrinking around K, by the case n = 0 of Corollary 5.4.4, applied to
Ox and B. The multiplication

By B0 Bu — By

is likewise lifted by the same full-faithfulness statement, applied to B®¢,, 8 and B.
The associativity, commutativity, and unit identities hold after analytification, hence
hold algebraically by full faithfulness. Thus B is a coherent Ox, -algebra whose
analytification is By as an algebra germ. It remains to see that the lifted unit map is
surjective. Let C be its cokernel. Then C has proper support, and its analytification
is zero as a germ around K, because the analytic unit map is the quotient defining
the closed analytic subspace. By the equivalence in Theorem 5.4.4, or equivalently
by Corollary 5.4.1 applied to the property of being zero, we get C = 0. Therefore

B =0y, /T

for a coherent ideal sheaf 7 C Oy, , and this defines the required closed subscheme.
The construction is inverse to analytification. Indeed, if two algebraic closed sub-
schemes have the same analytic germ, then the corresponding quotient algebras
are isomorphic as analytic quotient algebras. By full faithfulness, this isomorphism
comes from a unique algebraic isomorphism compatible with the quotient maps from
Ox, - Hence the kernels are equal. This proves injectivity, and the lifting argument
above proves surjectivity. O

Corollary 5.4.8 Let X be an interiorly proper A-scheme, and let Y be an interiorly
separated A-scheme interiorly locally of finite type. Let K C S be an excellent Stein
compact subset. Then the natural map

HomSch/spccl—(K,os) (Xk,Yx) — h_n)l HomCOmpSpace/U (Xia]n, y{}n)
U2K
is bijective, where U C S runs through the Stein open neighborhoods of K.
Proof Put
Ak IF(K,Os), ZzXXSpecAy-

Since X is interiorly proper and Y is interiorly separated and interiorly locally of
finite type, the product Z is interiorly separated and interiorly locally of finite type.
By Proposition 5.3.2, one has

an _ yan an
Ly =Xy v Yy



5.4. PROPERTIES OF THE ANALYTIFICATION FUNCTOR 185
for every Stein open neighborhood U of K. A morphism
g: Xk — Yk
over Spec Ak is equivalent to its graph
Iy © Xk Xspecax Yk = Zk-

This graph is a closed subscheme because Yk is separated over Spec Ak, and its
support is proper over Spec Ax because the first projection

Fg—>XK

is an isomorphism and Xk is proper over Spec Ax . Conversely, a closed subscheme
I' € Zk with proper support is the graph of a morphism Xx — Yk if and only if
the first projection

I' — Xk

is an isomorphism. The same description holds analytically for morphisms
Xia]n N ygn

over U, using graphs inside X' Xy Y. By Corollary 5.4.7, analytification gives a
bijection between closed subschemes of Zx with proper support and germs around
K of closed analytic subspaces of Z*" with proper support over S. Under this
bijection, the condition that the first projection be an isomorphism is preserved. One
direction is immediate from analytification. Conversely, suppose that the analytic
first projection is an isomorphism as a germ around K. After shrinking S around K,
spread the corresponding algebraic closed subscheme to a closed subscheme

I'y ¢ Zu.

Then the analytification of
FU —> XU

is an isomorphism as a germ around K. Applying Theorem 5.4.2 to the property of
being an isomorphism, we conclude that

I'e — Xk

is an isomorphism. Hence 'k is the graph of a unique morphism Xx — Y. Thus
the graph correspondence identifies the algebraic Hom set with the colimit of the
analytic Hom sets, which proves the claim. O
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5.4.3.2 Finite étale covers

Theorem 5.4.5 (Grauert—Frisch injectivity theorem) Let S be a complex space,
let K C S be a Stein compact subset, and let ¥ be a coherent Os-module. Then, for
every open neighborhood W of K in S, there exists a Stein open neighborhood U of
K with U € W such that the natural restriction map

U, ) —T(K,¥)

is injective. In particular, there exists a fundamental system {U,}, of Stein open
neighborhoods of K such that

LUy F) — T(K, F)
is injective for every A.

Proof We first recall two standard facts about associated components of coherent
analytic sheaves. If G is a coherent sheaf on a complex space V, then the associated
components of G form a locally finite family of irreducible closed analytic subsets
of V. Moreover, if U C V is open, then the associated components of G|y are exactly
the non-empty intersections Z N U, where Z runs through the associated components
of G on V. Finally, if H C G is a non-zero coherent subsheaf, then every associated
component of H is an associated component of G. Fix an open neighborhood W of
K. Since K is a Stein compact subset, there exists a Stein open neighborhood W, of
K such that
KcW,cWw.

Let {Z,} aer be the locally finite family of associated components of 7 |w,. Let
B= | ) Za
ZoNK=0

Since the family {Z,} o¢; is locally finite, the subset B is closed in Wy. It is disjoint
from K. Therefore
W1 = W() \ B

is an open neighborhood of K. Again using that K is Stein compact, choose a Stein
open neighborhood U of K with

KCcUCW,.

We claim that every associated component of ¥ |y meets K. Indeed, let C be such an
associated component. By the restriction property for associated components, there
is an associated component Z,, of ¥ |w, such that

C=Z,NnU.
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IfZ,NK =@,then Z, C B, hence Z, NU = @, a contradiction. Thus Z, N K # @.
Since K C U, we get

CNK=(ZoNU)NK=ZyNK % @.

Now let
ocel(U,F)

be a section whose image in I'(K, ) is zero. By the definition

F(K,ﬂ = h_I)n F(V9 7:)9
V 2K

there exists an open neighborhood V of K in U such that
o |V =0.

We prove that o = 0. Suppose otherwise. Let H C |y be the coherent subsheaf
generated by o, namely the image of

Ouv — Flu, l— 0.

Then H is non-zero. Hence H has an associated component C. Since H C ¥y,
the component C is also an associated component of ¥ |y;. By the construction of U,
we have

CNK # .

On the other hand, o |y =0, so H|y = 0. Therefore
Supp(H) NV = @.
Since C C Supp(H) and K C V, this implies
CNK =0,
a contradiction. Hence o~ = 0, and the map
ruv, ) —rIrK,sv)

is injective. Since the construction works inside every open neighborhood W of K,
the resulting Stein open neighborhoods form a fundamental system. This proves the
theorem. o

Lemma 5.4.3 Let {X;}<i<n be a finite family of A-schemes interiorly of finite type,
and let K C S be an excellent Stein compact subset. Then the following conditions
are equivalent:

(1) there exists a fundamental system of Stein open neighborhoods {U} 1 of K such
that, for every i and every A, the complex space Xl?t‘ih is irreducible, respectively
connected;
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(2) for every i, the scheme X; g is irreducible, respectively connected.

Proof Replacing S by a Stein open neighborhood of K is harmless. Thus, by Corol-
lary 5.2.1, we may assume that all X; are of finite presentation over A. Since the
family is finite, all subsequent shrinkings of § around K may be made simultaneously
for all 7.

(1) = (2), irreducible case. Assume that X; x is reducible for some i. Since X; g is
noetherian, there exist proper closed subsets

Zg,Zy C |Xi k|

such that
|Xi,K| =Zg U Z;<.

After shrinking S around K, the two closed subsets spread out to closed subschemes
Z,.27¢cX;

of finite presentation whose base changes to K have underlying sets Zx and Z,, by
[ , Tag 01ZM] and [ , Tag 01ZP]. Since Zx U Z, = |X; k|, Lemma 5.3.3
implies, after shrinking S around K, that

X0 = 12U 12,
Moreover, since Zg and Zj. are proper in |X; k|, the complements
1Xi| \ 1Z], X[\ |Z']

have non-empty inverse images in X; k. Again by Lemma 5.3.3, their analytic inverse
images cannot become empty on any sufficiently small Stein neighborhood of K.
Hence, for every sufficiently small member U, of the fundamental system in (1),
the space Xﬁ‘l‘jﬂ is the union of two proper closed analytic subsets. This contradicts
irreducibility.

(1) = (2), connected case. Assume that X; g is disconnected for some i. Then it has
anon-trivial clopen subset Zg . By the limit theorem for finitely presented closed and
open subschemes, after shrinking S around K, Zg spreads out to a clopen subscheme

ZcCX

whose base change to K is Zg, see [ , Tag 01ZM], [ , Tag 01ZP], and
[ , Tag OEUU]. Since Zk and its complement are both non-empty, Lemma 5.3.3
implies that, on every sufficiently small Stein neighborhood of K, both Z*" and its
complement in X are non-empty. Thus Xﬁ‘b’l is disconnected for sufficiently small
U,, contradicting (1).

(2) = (1), irreducible case: reduction to the affine case. Assume that every X;  is
irreducible. After shrinking S around K, choose finite affine open coverings
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X = O YVia
a=1

such that V;, x # @ forevery a. This can be achieved by removing those affine opens
whose base change to K is empty, using Lemma 5.3.3. Since X; k is irreducible, each
non-empty open subscheme V;, g is irreducible, and, for fixed 7, the intersections

YVia.xk N YVigx

are non-empty for all @, . By Lemma 5.3.3, after shrinking S around K, the analytic
intersections

an an

ia,U iB.U
are non-empty for every sufficiently small Stein open neighborhood U of K. There-
fore, if the assertion is known for the finite family of affine schemes {V;o}i a»
then the spaces X7, are finite unions of irreducible open subspaces with pairwise
non-empty intersections, hence are irreducible. Thus we may assume that all X; are
affine.

(2) = (1), irreducible case: reduction to the normal affine case. Assume that all X;
are affine and that all X; x are irreducible. Put

Ak =T'(K,Os).

By Theorem 4.4.2, Ak is excellent. Hence each reduced scheme (X; k )req is excellent,
and its normalization _
vik: ik — Xik

is finite. Since X; g is irreducible, the scheme (F\;, k is normal and irreducible. By
the limit theorem for finite morphisms, after shrinking S around K, there exist finite
morphisms

Vi /?l — Xi
whose base changes to K are the morphisms v; g; see [ , Tag 01ZM], [ ,
Tag 01Z0], and [ , Tag 07RR]. By Theorem 5.4.2, after shrinking S around K,

the analytified morphisms
i Xan o xan

are finite and su~rjective. Thus, if the desired irreducibility assertion is known for the
finite family {X;};, then )F('lar;] is irreducible for every sufficiently small U, and its
image X7, is irreducible. Hence we may assume that all X; are affine and that all
Xi k are normal and irreducible.

(2) = (1), irreducible case: reduction to the projective normal case. Assume that
all X; are affine and that all X; x are normal and irreducible. We reduce to the case
where the X; are projective over Spec A and the X; x are normal and irreducible. Fix
i. Since X; k is affine and of finite presentation over Ag, choose a quasi-compact
immersion

Xi, K — PXK .
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By the factorization theorem for quasi-compact immersions, [ , Tag 01QV],
this factors as an open immersion followed by a closed immersion

7 N
Xik = Pik =Py .

Replacing 55, k by the reduced scheme-theoretic closure of X; x, we may assume
that P; k is reduced and irreducible and that X; k is a dense open subscheme. Since
Ak is excellent, the normalization

pik:Pik — Pik

is finite. Since X; g is normal, p; k is an isomorphism over X; x. Hence P; g is
projective, normal and irreducible over A, and X; k is identified with an open sub-
scheme of $; g . By the limit theorem for schemes, morphisms, and open immersions
of finite presentation, after shrinking S around K, the open immersion

Xik — Pik
spreads out to an open immersion
Jit Xi = P

where P; is projective over Spec A, and the base change of P; to K is P; k; see
[ , Tag 01ZM], [ , Tag 01ZP], and [ , Tag OEUU]. If the desired
assertion is known for the finite family {#;};, then, for every sufficiently small U,
the spaces P, are irreducible. By Theorem 5.4.2, the morphisms
i Xy — P

are open immersions after shrinking S around K. Their images are non-empty by
Lemma 5.3.3. Hence X'}, is a non-empty open analytic subspace of an irreducible
complex space, and is therefore irreducible. Thus it remains to prove the irreducible
assertion in the projective case.

(2) = (1), irreducible case: projective normal case. Assume now that each X is
projective over Spec A and that each X; g is normal and irreducible. Let

fi: Xi — Spec A
be the structure morphism, and put
Gi = (fi"):Oxan.

After shrinking S around K, the morphisms f" are proper by Theorem 5.4.2, and
hence the sheaves G; are coherent by Grauert’s direct image theorem. Applying
Theorem 5.4.5 to the coherent sheaf
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G = égi
i=1

gives a fundamental system of Stein open neighborhoods U, of K such that, for every
i and every A, the restriction map

I'(Ua, Gi) — I'(K, Gi)
is injective. Equivalently,
F(Xft?j/l’ OX;mU/l) — F(Ka gl)

is injective. By Corollary 5.4.3, applied to Oy, and p = 0, we have a canonical
identification
F(K9 gl) = F(Xi,Ks OXi.K)'

Since X; k is normal and irreducible, the ring
['(Xix,O0x; x)
is an integral domain. Hence
an
D(Xi 'y, Oxen, )

is an integral domain for every i and A. In particular, X7}, is connected. On the other
hand, by Corollary 5.4.1, applied to the property of belng normal, after shrinking S
around K we may assume that all X aU are normal. A normal complex space has
open and closed irreducible components. Therefore a connected normal complex
space is irreducible. Thus all Xf"‘;h are irreducible. This proves the irreducible case.

(2) = (1), connected case. Assume that every X; g is connected. Since the schemes
X k are noetherian, each has finitely many irreducible components. After shrinking
S around K, choose closed subschemes

%J_ lstm,-,

of finite presentation such that the closed subsets |Y;; x| are precisely the irre-
ducible components of |X; k|, with their reduced induced structures. This is possi-
ble by [ , Tag 01ZM] and [ , Tag 01ZP]. By the irreducible case already
proved, after shrinking S around K and choosing a fundamental system of Stein open
neighborhoods {U,}, of K, every y an U, is irreducible, hence connected. Since the
irreducible components of X; g cover Xl k> Lemma 5.3.3 implies that

mi

an  _ an
Xi,UA - U ij,Ua
J=1
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after shrinking S around K. It remains to check that this finite union is connected.
Since X; g is connected, the incidence graph of its irreducible components is con-
nected. Thus, for any two indices j, j’, there is a chain

. 1Y

J=Josdtsendr=1J
such that
Y,k NYij ok #2 0<v<r.

By Lemma 5.3.3, after shrinking S around K, the analytic intersections

yan N yan

ijv,Ua ijy+1,Un

are non-empty for all v and all sufficiently small U,. Hence the union above is
connected. Therefore every Xl.a‘bl is connected. This proves the connected case, and
hence the lemma. O

Corollary 5.4.9 Let {X;}1<i<n be a finite family of A-schemes interiorly of finite
type, and let K C S be an excellent Stein compact subset. Then, after replacing S by
a Stein open neighborhood of K, the following assertions hold.

(1) There exist closed subschemes of finite presentation
Yij € Xi, I <j<ki

and a fundamental system {U,}, of Stein open neighborhoods of K such that,
for every/i, the closed subschemes Y;; k are the reduced irreducible components
of Xi .k, and, for every A, the underlying closed analytic subsets

\Yilu) 1<) <k,

are precisely the irreducible components of Xim;J,{
(2) There exist open and closed subschemes

Zij € X, l<j<d,

of finite presentation and a fundamental system {V,}, of Stein open neighbor-
hoods of K such that, for every i, the subschemes Z;; x are the connected
components of X; i, and, for every A, the analytic subspaces

an .
v  1sist
are precisely the connected components of le“{,/l.

Proof After shrinking S around K, we may assume by Corollary 5.2.1 that all X;
are of finite presentation over A. Put

Ax =T(K, Os).

By Theorem 4.4.2, Ak is noetherian. Hence each X; k is noetherian.
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We first prove the assertion on irreducible components. For fixed i, let
Zi, .. Zik

be the irreducible components of X; g, endowed with their reduced induced closed
subscheme structures. By the limit theorem for finitely presented closed subschemes,
[ , Tag 01ZM], [ , Tag 01ZP], after shrinking S around K we may choose
closed subschemes of finite presentation

Yij € Xi, 1 <j<ki,

such that
Yiik =Zij

forall i, j.

We claim that, after shrinking S around K, the underlying analytic subsets ny}“Ul
are the irreducible components of X/}, for all sufficiently small Stein open neighbor-
hoods U in a fundamental system. First, since the Z;; cover X; k, the constructible

subset

ki
X\ 191

j=1
has empty inverse image in X; x. By Lemma 5.3.3, after shrinking S around K, its
inverse image in X" is empty. Thus

ki
Xe = 1|
j=1
for every sufficiently small Stein open neighborhood U of K.
Next, for j # j’, the constructible subset

Vi \ L 11

J#]

has non-empty inverse image in X; g, because Z;; is an irreducible component of
X; k. Hence, again by Lemma 5.3.3, its inverse image in X" is non-empty on every
Stein open neighborhood of K. In particular, no |%*}?U| is contained in the union of
the others.

Finally, each Y;; x is irreducible. Applying Lemma 5.4.3 to the finite family
{Y:;}i,j, we obtain a fundamental system {U,}. of Stein open neighborhoods of K
such that every le;“UA is irreducible. For such U,, the space Xl?t'bl is a finite union
of the irreducible closed analytic subsets |%‘}‘?UA |, none of which is contained in the
union of the others. Therefore these subsets are exactly the irreducible components
of Xl?tr(lj,l. This proves (1).

We now prove the assertion on connected components. For fixed 7, let
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Cit,...,Ci,

i

be the connected components of X; k. Since X; x is noetherian, these are finitely
many open and closed subschemes of X; k. By the limit theorem for open and
closed subschemes, [ , Tag 01ZM], [ , Tag O1ZP], [ , Tag OEUU],
after shrinking S around K we may choose open and closed subschemes

Zij € X, l<j<d,
of finite presentation such that
Zij.xk =Cij

for all 7, j, and such that, for each i,

4
Xi = UZij~
=1

After analytification, this gives

an _ an
X =z

for every Stein open neighborhood U of K.

Each Z;; k is connected. Applying Lemma 5.4.3 to the finite family {Z;;}; ;,
we obtain a fundamental system {V,}, of Stein open neighborhoods of K such that
every Z f]‘{v/{ is connected. Since, for each i, the analytic spaces Z la]“ Vi form a finite
open and closed disjoint decomposition of X7} - they are precisely the connected
components of X7y, . This proves (2). O

Definition 5.4.1 Let X be a scheme and let X be a complex space. We denote by
FEt(X) the full subcategory of Sch,x consisting of finite étale morphisms

Y — X,

and by FEt(X) the full subcategory of CompSpace,x consisting of finite étale
morphisms
Yy — X.

Theorem 5.4.6 Let X be an A-scheme interiorly of finite type, and let K C S be
an excellent Stein compact subset. Then analytification induces an equivalence of
categories

FEt(Xg) — lim FE(X). (5.19)
U 2K

where U C S runs through the Stein open neighborhoods of K.

Proof By Corollary 5.2.1, after shrinking S around K, we may assume that X is of
finite presentation over A.
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We first construct the functor. Let
PK J/ K — X K

be a finite étale morphism. By the limit theorem for schemes and morphisms of finite
presentation, together with the spreading-out of the property of being finite étale,
after shrinking S around K there exists a finite étale morphism

p:Y —oX

whose base change to K is px. Then p" is finite €tale after shrinking S around K,
by Theorem 5.4.2. This defines the functor (5.19). The construction is independent
of the chosen model, after passing to the filtered colimit over Stein neighborhoods
of K, again by the limit theorem.

We prove full faithfulness. Let

P X — Xk, pr: X¢ — Xk
be two finite étale covers. After shrinking S around K, choose finite étale models
p X — X, p’ X" — X.
Put
Z=X"xxX",

with projections
m:Z— X/, m:Z — X”.

The morphism 7 is finite étale.
A morphism
Ug . X I,< e I,(/

over Xk is the same thing as a section of

mk: Lk — Xk

’
K = UCG’K
a

be the decomposition of X into connected components. Since 711k is finite €tale,
the inverse image 7T|_,1K (Ca.x) is a finite disjoint union of connected components of
Zk . For a fixed a, a section over C, x is equivalent to the choice of a connected
component

Let

Dy x € Zk

contained in n'l‘lK (Ca.x) such that

m.klDpx : Dok — Cak
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is an isomorphism. The corresponding morphism on C, g is

(m1.x Dy )" K
» > 7
Cox ——— Dpx = Zx — Xk

Thus a morphism X;, — X} over Xk is equivalent to a compatible choice of such
components Dy, g for all connected components C, g of X I'<

By Corollary 5.4.9, after shrinking S around K, the connected components of
X and Zk are represented by open and closed subschemes of finite presentation
whose analytifications are exactly the connected components of X’*" and Z" on a
fundamental system of Stein neighborhoods of K. Moreover, by Theorem 5.4.2, the
condition that

71lp,: Dy — Cq

be an isomorphism is equivalent to the corresponding analytic condition after shrink-
ing around K. Hence the preceding component description gives a bijection
HOm.sat . (Ko X72) > Tim Homomppacer (X( X5).
U2K

This proves full faithfulness.
It remains to prove essential surjectivity. Let

q:Y — X'

be a finite étale morphism for some Stein open neighborhood U of K. Replacing S by
U, we may assume that U = S. Since finite étale covers form a stack for the analytic
topology, and since full faithfulness has already been proved, essential surjectivity
is local on X. After shrinking around K, we may therefore assume that X is affine
and of finite presentation over A.

We first reduce to the case where X is reduced. Let

Xo,x — Xk

be the reduction. By the limit theorem for closed subschemes of finite presentation,
after shrinking S around K, this closed immersion spreads out to a closed immersion

X() — X.
After shrinking further, the induced closed immersion
X(Z)in (SN X‘cl[l

is a nilpotent thickening as a germ along K. Finite étale covers are invariant under
nilpotent thickenings, both algebraically and analytically; algebraically this is [ ,
Tag OBQB]. Hence the assertion for X is equivalent to the assertion for Xy. We may
therefore assume that X is reduced.
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We next reduce to the case where Xk is normal. Since K is excellent, the scheme
Xk is excellent. Let _
VK - X K — X K
be the normalization. It is finite and surjective. By the limit theorem for finite
morphisms, after shrinking S around K, there exists a finite morphism

viX — X

whose base change to K is vk . _
Assume essential surjectivity has been proved for X. Pulling ¢ back along

Van . Xal’l Xan,

we obtain a finite étale cover of X*". By the normal case, after shrinking S around
K, this cover is the analytification of a finite étale cover

y K — X K-
The analytic cover carries its canonical descent datum relative to
X;an X xan X;an = X’an

because it is pulled back from g. By full faithfulness, this analytic descent datum is
induced by a unique algebraic descent datum on Yk relative to

/’\71( X Xk /’\71( = (F\;K.

The cocycle condition holds algebraically because it holds after analytification and
full faithfulness detects equality of morphisms. Since vk is finite surjective, hence
integral and surjective, effective descent for étale morphisms applies, [ , Tag
OBTH]. Thus the descent datum is effective and gives an étale morphism

«yK—>XK

whose analytification is g as a germ along K. Finally, since ¢ is finite, Theorem 5.4.2
applied to the property of being finite shows that, after shrinking around K, the
morphism Yx — Xk is finite. Hence it is finite étale. This proves the reduction to
the normal case.

We now assume that X is affine and that Xk is normal. Choose, after shrinking S
around K, a projective compactification

Ji X =P

such that P is projective over Spec A, and such that Pk is normal and Xx C Pk
is a dense open subscheme. This compactification is constructed as in the proof of
Lemma 5.4.3: take a projective closure of Xk, normalize it, and spread it out. By
Theorem 5.4.2 and Corollary 5.4.1, after shrinking around K, the analytification
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J-an . Xan s Pan

is a dense open immersion and £*" is normal. Put
H — ?)al’l \ Xal’l

Then H is a nowhere dense closed analytic subset of 2",
By the Grauert—Remmert extension theorem, Theorem 2.3.3, the finite étale cover

q:Y — X*
extends uniquely to a finite morphism
7:Y — P™

with ¥ normal, and whose restriction to X" is ¢.
Since P is interiorly proper and interiorly locally of finite type, Corollary 5.4.6
applies to . The coherent analytic algebra

7.0y

therefore has an algebraic lift, as a germ along K, to a coherent Op, -module Bk .
By the full faithfulness part of Corollary 5.4.4 with n = 0, the multiplication and
unit maps

6*0? ®0738n 6*0? — q*OY’ 07)3" — 6*0?

come from unique algebraic maps
Bk ®0¢K Bk — Bk, Oy)K — Bg.

The associativity, commutativity, and unit identities hold analytically; by full faith-
fulness, they hold algebraically. Hence Bk is a coherent Op, -algebra.
Define -
Yk =Spec _ (Bk).
—Px

Then -
y K — 7)1(

is finite, and its analytification is identified, as a germ along K, with
7:Y — P,
Now set -
yK =Y K XPg XK.

Then the analytification of
Yk — Xk

is identified with
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q: Y — X"

as a germ along K. Since ¢ is finite étale, Theorem 5.4.2 applied to the properties
of being finite and étale implies that Yx — Xk is finite étale. Thus ¢ lies in the
essential image of (5.19).

This proves essential surjectivity, and hence the theorem. O






Comments

A brief history

Chapter 1.

The results about universally finite derivations are mostly due to Scheja—Storch
[ ]. Proposition 1.2.7 seems new, even though it has already been used by
Bingener [ ].

The construction in Section 1.5.3 is due to Forster [ ]. Ireformulated Forster’s
constructions in modern language.
Chapter 2.

The basic reference to the local analytic algebras is Grauert—-Remmert’s book

[ I

Theorem 2.3.3 is due to [ ]. Our proof follows [ , Exposé XI1.5.4].
Chapter 3.
Theorem 3.3.1 is usually attributed to H. Cartan [ ], even though Cartan’s

proof only works in the reduced setting. As far as I know, our proof is the first one
in the literature.

Theorem 3.3.3 is due to Benoist [ ] and Forster [ ].

I learned the various flatness theorems Lemmas 3.3.7 and 3.3.8, Theorem 3.3.4,
and Proposition 4.3.4 from O. Benoist, who attributed the idea of these arguments

to Kucharz [ , Lemma 2.2]. These results are necessary for Bingener’s results
[ ]. I do not know any place where the proofs are written explicitly.

Section 3.4 is essentially due to [ ].

Results in Section 3.5 are due to Henriksen [ 1.
Chapter 4.

Theorem 4.2.1 is due to H. Cartan | 1.

Theorem 4.3.2 is due to Zame [ , s ]. Proposition 4.4.3
is due to Zame [ ]. Theorem 4.4.1 is due to Siu [ ]; our proof follows
[ ] closely. In the cited papers of Zame, there are certain details which I do not

fully understand, so the proofs are essentially rewritten.
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202 Comments

Theorem 4.4.2 is due to [Bin76a]. However, I was unable to follow Bingener’s
argument. Corollary 4.4.7 is due to [Ben25b]. Corollary 4.4.6 seems new, but it was
already used by Bingener in [Bin76b].

Chapter 5.

Most non-trivial results in this chapter are due to Bingener [Bin76b].  made some

marginal improvements and corrections at various places.
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