ANALYTIC BERTINI THEOREM II — THE LOCAL CASE

MINGCHEN XIA

ABSTRACT. We prove the local analytic Bertini theorem, confirming a conjecture of Boucksom
in full generality.

1. INTRODUCTION

For a non-negative integer k, write A* for the unit polydisc of dimension k. The main result
of the paper is the following;:

Theorem 1.1 (Local analytic Bertini theorem). Let m,n be non-negative integers and
(1.1) X = AT x Ap, ® € PSH(X).

Forn € Ap, put Xy == A" x {n}. There is a pluripolar set P C A} such that, for everyn ¢ P,
the multiplier ideal sheaves satisfy

(1.2) Ix(®) - Ox, =Ix, (®|x,)
as ideal sheaves on X,.

Here and throughout, Zx (®) - Ox, denotes the image ideal in Oy, .

The inclusion D in (1.2) is a simple consequence of the Ohsawa—Takegoshi extension theorem.
From the previous works of Fujino-Matsumura and Meng—Zhou | ; |, we know that
the exceptional set of 7 is Lebesgue null, and Boucksom asked whether the exceptional set
can be taken as pluripolar or not. Previously, for a projective fibration, the author confirmed
this conjecture in | |. The proof relies on the technique of positivity of direct images of
Berndtsson | ; | and does not generalize immediately to the local setting.

In the local setting, the main difficulty is that, due to the non-compactness of the fibers,
the direct image of Z(®) on A} does not admit any natural geometric structure! We shall
replace the direct image argument used in the global setting by a jet bundle argument, and
Berndtsson’s positivity theorem by the local psh variation theorem of Bergman kernels, again
due to Berndtsson and generalized by Bao—Guan—Yuan | ; ]. The idea of the proof
is very close to the global setting, though the technical details are much more difficult.

As an intermediate step, we prove a general criterion, Theorem 2.3, that upgrades a Lebesgue
null set to a pluripolar set. The proof of this criterion relies crucially on the fine pluripo-
tential theory developed by many authors, including El Kadiri, Fuglede, Wiegerinck, and El
Marzguioui.

Theorem 1.1 also extends to a general fibration, as shown in Section 5.

Corollary 1.2. Let f: Y — Z be a morphism of (c-compact) complex manifolds and let ® €
PSH(Y). There is a pluripolar set P C Z such that, for every z € Z \ P, the fiber Y, = f~1(2)
is a (possibly empty) complex manifold and

(1.3) Iy (®) - Oy, = Iy, (®ly.).

Theorem 1.1 and Corollary 1.2 are the first step towards understanding the deformations of
psh singularities, a project which the author wishes to work on in the near future.

It is a quasi-coherent sheaf once the language is properly set up, but this does not seem very useful for the
present problem.
1
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2. PRELIMINARIES

2.1. Multiplier ideals and the almost-everywhere case. Given a psh function ¢ on a
complex manifold Y, the multiplier ideal sheaf Z(y) = Zy () consists of the holomorphic germs
f for which |f|?e~¥ is locally integrable. By Nadel’s coherence theorem, Zy (i) is coherent. We
use the convention Zy (—oo) = 0.

Given a function f(z,n) depending on two variables, we shall write f, for the function sending

z to f(z,m).
Fix m,n, X and ® as in (1.1). For each n € A}, write

(2.1) J =TIx(®), Jy=J-0Ox,, L, =Ix, (®,).
The Ohsawa—Takegoshi extension theorem gives
(2.2) I, C J,.

The reverse inclusion holds on almost every fiber by Fubini’s theorem. Indeed, on product
charts U = W' x G € U = W xG € X, choose finitely many generators of J|y. Their weighted
squares are integrable on U’. Fubini’s theorem therefore gives a null set in G’ outside which all
restricted generators belong to I,, on W’. Thus J,, C I,, there. A countable cover by relatively
compact product charts and (2.2) give

(2.3) Gae = {n € A} : Iy = Jp}, |AG\ Gae| =0,
where | - | denotes Lebesgue measure. This is also established in | .

2.2. Weighted Bergman kernels. For k € N and o = (a1, ..., a;) € NF, write

k k k 9% 1
la] == Zaj, al = H a;!, oy = H u Dy = —0y.
j=1 j=1 j=1 9Y; o

If U C CF is a domain and ¢ € PSH(U), define

A%(U,e %) == {f cOW): flt, = /U |f|2e % dV < oo}.

Here and in the sequel, dV denotes standard Lebesgue measure.
Let ¢,s € N. Given finitely supported coefficients (¢ )qene in C, put

D= > caDj.
aeNd
Let V' C Ci be a bounded pseudoconvex domain, let G C C} be a domain, and let ¢ €
PSH(V x G). For n € G, consider the weighted Bergman kernels:

Df)(u)|?
Kgnv(u) = 07&]06:211567%) M, ueV.
If the space A%(V,e~¥n) is trivial, we understand that th’v = 0.
We use the following form of Berndtsson’s psh variation theorem [ ].
Theorem 2.1. With the notations above,
(u,n) — log Kg"v(u)

is plurisubharmonic or identically —oco on V x G.
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This is a special case of a much more general result of Bao-Guan—Yuan | , Theorem 1.1];
see also | ].

2.3. A pluripolar zero-set criterion. Let F denote the plurifine topology, the coarsest topol-
ogy making every psh function continuous. Topological notions relative to the plurifine topology
will be indicated by the prefix F-. In this section, we assume some familiarity with fine pluripo-
tential theory. The results that we need in this section are proved in several articles; see, for
example, | : : ]. A good reference is the book [ .

Recall that a function v: V' — [—00,00) on an F-open set V' C C" is (weakly) F-psh if
it is F-upper semicontinuous and, for every complex affine line A, its restriction to each fine
component of V' N A is finely subharmonic or identically —oco. The F-psh functions satisfy the
usual sheaf property, and if V' is a connected open set, they are the same as the usual notion of
psh functions. See [ , Theorem 5.4.2(i), Proposition 5.4.6].

Lemma 2.2. Every nonempty F-open set has positive Lebesque measure.
For completeness, we provide a proof.

Proof. By the Bedford—Taylor base theorem [ , Theorem 5.2.8], it suffices to show that a
nonempty set of the form

{z € B:h(x) >0}
has positive measure, where B C C™ is the unit ball and h € PSH(B). If this set were null,
then h < 0 almost everywhere and hence everywhere by [Xia, Proposition 1.2.6]. This is a
contradiction. O

For a polydisc B, let 2B denote the concentric polydisc with twice its polyradii. The following
pluripolarity criterion is the main new ingredient in this paper:

Theorem 2.3. Let B C C™ be a polydisc and let W C C™ be open with 2B € W. Let G C C"
be open and let V. C G be F-open. For everyn € G, let K, be a complex Hilbert space and
FE,: W — K, a holomorphic map. Assume that

U(w,n) = log || Fy(w)llk, € PSHW x G),
and, for some M > 0, that

(2.4) U>-M ondBxYV, sup U < oo.
2BxV

If a conull set Gy C G (i.e., the complement G \ Gy is Lebesgque null) satisfies
Fy(w) #0  (n€ Go, we2B),
then
Z={neV:F'0)NB+az}
is pluripolar.
For the elementary facts about Hilbert-space-valued holomorphic functions, we refer to
[ , Chapter 3|. The idea of the proof is to use the boundary condition (2.4) to extend U

in the w-variable to P™, and apply Berndtsson’s positivity of direct images there in the same
way as in | ].

Proof. We may assume that V' # @. Since, by | , Corollary 5.2.21], V' has at most
countably many F-connected components, all of which are F-open, we may replace V' by each
one of these components and reduce to the case where V' is F-connected.

Step 1. Put C := supsp,,, U. Embed 2B in the standard affine chart of P™, and let wrg be
the Fubini-Study form. Take h € C°°(P™) such that

h < —-M —3 near 0B, h>C+3 near 0(2B).

Choose an integer dy sufficiently large such that h is w-psh for w := dywpg and Kpm @ Opm (mdy)
is globally generated. Let L := Opm(dp) with its Fubini-Study metric hz, of curvature w, put

S = H(P™, Kpm ® L®™),
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and fix a basis s1,...,s, of S.
Forn eV, set
Uy, on B,
VU, = { max.(Uy, h), on 2B\ B,
h, on P™\ 2B.

Here max. denotes the usual regularized maximum.? For all sufficiently small ¢ > 0, indepen-
dently of 7, we have ¥, € PSH(P™,w). Fix such an ¢ for the rest of the proof.
Step 2. Fix iy € V. By Brelot’s Theorem | , Corollary 5.2.10], there is a compact set K
with

No € intr K, KCV.
Here int K denotes the plurifine interior of K.

Choose standard radial convolutions Uy | U, smooth and psh on a fixed neighborhood of
2B x K. Then U, > —M > h + 2 on B x K. Here we have omitted the obvious pull-back
notation. The compact sets

{Up>C+1}N(0(2B) x K)
are nested with empty intersection because U, | U < C'; hence one of them is empty. After
discarding finitely many terms, Uy < C' + 1 on 9(2B) x K. Therefore,

Uy, >h+2 ondBxK, Uy <h—2 ond?2B)x K.

These estimates still hold if we replace K by a sufficiently small open neighborhood Oy € G.
Let p1: P™ x Op — P™ be the projection. The function

U, on B x Oy,
Uy = < max.(Ug, h), on (2B\ B) x O,
h, on (P™\ 2B) x O

is smooth and pjw-psh on P™ x Oj. Moreover,
Ui(p,m) & Un(p)  ((p,n) € P™ x K).

For any w-psh function © on P, set
qo(s) = im’ /Pm ]s\izme_me € [0, o0, seSs.

Here i™” |s|}2l? is regarded as a positive Radon measure on P™.
When ¢g is finite on S, let det go denote the determinant of its Gram matrix in the fixed
basis. For n € Oy, put
Gk = qQui(- ) Xk(n) = —logdet gr .
The form gy, is finite and positive definite. By [ , Theorem 1.2], the function xj is psh on
Op..
For n € V, put ¢, = qv, and

—logdetq,, ¢, is finite on S,
x(n) = :
—00, otherwise.
For n € inty K, monotone convergence gives g ,(s) T g(s) for every s € S. If g, is finite, the
Gram matrices of gy, converge to that of g,. Otherwise one eigenvalue of the Gram matrix of
gk, tends to infinity, while g, > q1, > 0, so det qx ,, — oo. Thus in both cases
XE + X on intr K.

By | , Theorem 5.4.2(i) and (iv)], x is F-psh on intr K or identically —oo. Since ng is
arbitrary, x is F-psh or identically —oo.

20ne can also use the usual maximum here, since Berndtsson’s theorem has been extended to this setting as well,
see [ ] for example.
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By Lemma 2.2, V' has positive Lebesgue measure. In particular, V'\ Z, which contains V NGy,
is nonempty. If n € V'\ Z, the inequality U, > —M on 0B and the definition of Z show that
F}, is nowhere zero on B. Thus U, is bounded on B, V¥, is bounded on P™, and ¢, is finite and
positive definite. Therefore x is finite on V'\ Z and is not identically —oc. We conclude that y
is F-psh.

Step 3. By | , Theorem 5.4.3(d)], the set {z € V : x(z) = —oo} is pluripolar.

Take n € Z and w, € B with F,(ws) = 0. A local bound for VF,, followed by integration

along line segments, gives

(2.5) |Fy(w)lic, < Culw —w.l,  Uy(w) < 2log fw— w,| + O(1)

for any w € 2B. Since Kpm ® L®™ is globally generated, choose s € S with s(w.) # 0. As
U, = U, on B, there are r > 0 and ¢, > 0 such that (2.5) and a local trivialization give

qn(s) = i’ /m |S|}217Lne_m\1’” > c*/| - lw — w,| 2™ dV = oo.
W—Wx T

Thus Z C {z € V : x(z) = —oo} is pluripolar. O

3. FINITE-JET BERGMAN RANK DETECTORS

Fix m,n, X and ® as in (1.1). The notations J, J,, and I, defined in (2.1) will be used. Since
Theorem 1.1 is trivial when either m = 0 or n = 0, let us assume that m,n > 0.

3.1. Jet bundles and notation. All constructions in this section are local. Fix a base polydisc
G € A} and vertical polydiscs
Do@Dl@DQ@AT.

Let N € N. For x € Dy, put

R, =0Op, 2, my :={f € R, : f(z) =0}.
Let JetY — D; be the holomorphic vector bundle of jets of order at most N, characterized by
m 4+ N)

x )
m

Jet) = R, /ml+1 vy = rk Jet" = (

If f is holomorphic near x, then
N f = f, mod mM T € Jetd

denotes its order-N jet. For each multi-index o € N™, set
. ) 1
Caw = Jo (2= 2)%) €Jety', DRy f) = 0 f(x).

The vectors (eaz)jaj<ny and covectors (Dg)q<ny are dual holomorphic frames of Jet" and
(Jet™)*, respectively, and
]i:vf: Z Dgoglfeoc,m
lo|<N

where we abbreviate DS (5N f) to D f.

Over Dy x G, the symbols Jet™ and (Jet™)* mean the pullbacks of Jet” |p, and (Jet™)*|p,
by the vertical projection pr,: Dy x G — Dy.

We identify X, with AZ" by the vertical coordinate and hence R, with Ox, (,,. In particular,
for the stalk ideals I, » = (I) (4 and Jyo = (Jy) (2 in Rz, put

Lo +my ! Tpz + mp
I . ) L] . )
EN(37777) = 2 N+f ’ EN($777) = 2 N+1m
mz mx

By (2.2),
By (x,m) C Ef(,m).
We do not need to endow E]IV and E}{, with any additional structures.
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For n € G, set
Hy = AXDy,e ™) = {f € O(D): Iflh, <00} /I, = [ 1P av.
1

We understand that H, = {0} when &, = —ooc.
If &, # —oo, for any x € D1, choose a polydisc B, € D; containing z. Then

(3.1) Hf||%2(Bz) < 5P, q)anH%In,

so Cauchy inequalities make every order-N jet functional continuous on H,,. If ®, = —oo, then
H,, = {0}. Thus, in every case, for any x € D, the coordinate functionals

ea,n(x> €H7>'7<7 gaﬂ](w)(f) = D%f? ’Ct’ §N7
are well defined. R
For a Hilbert space H and d > 1, let H®¢ be its completed d-fold tensor product and let

~d
A H be the closed alternating subspace. Let &, denote the permutation group of {1,...,d}.
For ¢1,...,44 € H, our normalized wedge convention is

OGN Al = sgn(0)lg(1) @ -+ @ Lo(q)-

7
\/a €S,
Thus

10 A~ A al® = det (€, €))7y
3.2. Jet images of the fiber and restricted ambient ideals.
Lemma 3.1. For every n € G and x € Dy,
(3.2) tm (71 Hy = Jet) ) = Ef(z,n).
Proof. Only surjectivity in (3.2) needs proof. Let M, y+1 € Op, be the order-N fat-point
ideal. The quotient morphism
I py + Mg Nt1
Mg N+1

In|D2

has coherent kernel and a finite-length target supported at x. Since Do is Stein, Cartan’s
Theorem B implies that the induced map on global sections is surjective; its target identifies
with EL (z,n). Thus every prescribed jet lifts to a section of I|p,. The lift restricts to H,
because sections of I;, are locally square integrable with weight e~ % and D; is compact in Ds.
This proves (3.2). O

By Cartan’s Theorem A, choose an integer r > 1 and sections gy, ..., g, of J on a product
neighborhood of D; x G that generate J on a neighborhood of Dy x G. For 1 < i < r and
|a] < N, define the moving-center columns

Si,a(xvn) = ]a{:v((z - x)agl(zvn)) € ‘]et:]cv .
They give a linear bundle morphism
An: OZTDZI;ZG — Jet™, (Cia) Zci,asi,aa
(e
whose pointwise image is

N+1

(3.3) Im Ay (z,n) = E{(z,n) = v

Indeed, if f = 3, b;g;, then modulo mY ™! each holomorphic coefficient b; may be replaced by
its degree-IN Taylor polynomial. In normalized jet coordinates, the matrix entries are

DY (sia(z,m)) = {(Df_agi)(fﬂ,n)’ B Zcomp @,

0, otherwise.
where 3 >comp @ means componentwise inequality. Thus Ay is holomorphic.
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3.3. The rank detector and its Bergman realization. For 1 < p < vy, put
On, = {(z,n) € Do x G : dim¢ EX(z,n) > p}.
In view of (3.3), its complement is the common zero set of the p x p minors of Ay, so Qn , is

open.
Order multi-indices lexicographically. For 1 < p < vy, let

Tnp ={(a1,...,0p) e (N")P 1|y S N (1<i<p), a1 < - <ap}.
For a = (a1,...,)) € Ty, and x € Dy, put

—~p
Foan(x) ="Lo, p(x) A+ A ﬁ%m(x) € /\ H;;
Using the finite Hilbert direct sum, set
—~p
/HN,PJ? = @ /\ H;]k’ FN7P777(:E) = (Fazn(:p))ae‘IN,p € Hvazn'

acfy ,

Set
(3.4) Unp(z,1) = 1og [| o (@) 1y .-

Proposition 3.2. For every 1 < p < vy, the function Uy, is psh or identically —oo on Dy x G,
and

(3.5) Unp(z,n) = —00 <= dimc Ex(z,1) < p.
Consequently,
(3.6) Qn, N {Un, = —o0} = {(z,n) : dimc EY (2,7) < p < dimc E(z,7)}.
For fized n € G, the pole set of Uy ,(-,n) is analytic in Dy, and Fy py is holomorphic on Dy.
Proof. Fix p>1and a = (v,...,,) € Ty, On DY, consider the operator

Da — Z Sgn( )Dza(l) . ’D,(pra(p)'

o€6,

Put

p
Y(21,. .5 2p,M) Z@ (z5,m
7j=1

Theorem 2.1 applies with ¢ = mp, s = n, V. = DY, the fixed base polydisc G, and D = D,.
Multiplication of elementary tensors gives canonical unitary identifications

2 — P zZj * 2 ) *
H;?p:AQ(D’f,e 2, "(J)), (Hp)®P ~ (HP)*,

see | , proof of Theorem 15.2(a)] for example. Let T}, denote the first unitary identification,
and for x € Dy let

Lan(9) = (Dag)(z,...,x).

The analogue of (3.1) on a product polydisc, followed by the Cauchy inequalities, shows that
L, , is a continuous functional. Under T}, an elementary tensor corresponds to

o
Tn(fl K- ® fp)(zl, .. -vzp) = H fj(zj)-
j=1

Consequently, for f1,..., f, € Hy,
(La, OT)(f1®---®fp)

Z sgn(o HD "(])f

oc6,

= det({q,, n(x)(f]))z =1
= VP! Fay(@)(fi®-- @ fp).
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There are no additional factorials in the second line, since each normalized derivatiAve acts in
a different variable block. In the last line, Fy »(z) is viewed as a functional on HSZ”) via the
second unitary identification, and the factor \/p! comes from the normalized wedge convention.
Since the algebraic tensor product is dense and both functionals are continuous, the equality
extends to the completed tensor product:

LyyoTy=/p! Fou(z).
Since T, is unitary and the defining supremum of the generalized Bergman kernel is the squared
dual norm of L, ,, it follows that

)
KDZ,Df(x’ ceyT) = HLx,nHQ = ||L:Jc,n o Tn”2 =p! ||Fa,n(x)||2-

This also covers the case of a trivial Bergman space, when both sides vanish. Thus, by The-
orem 2.1, restriction to the holomorphic diagonal, and subtraction of the constant log p!, the
function

Ua(w,n) = 10g || Foy (@)
is psh or identically —oo on Dy x G. Therefore so is

Un, = log ( Z e“"‘) .

OLGTN’p
Lemma 3.1 gives
dimc span{lq ,(z) : |of < N} = rk(jiV]Hn) = dim¢ EX (2, 7).

Now Fy ,n(x) = 0 exactly when span{l,,(x) : |o| < N} has dimension less than p. This
proves (3.5); the definition of Qy , gives (3.6).

Fix n € G. Each z — /{y,(x) is holomorphic because for each f € H,, the function
loy(x)(f) = Dg f is holomorphic in x. So Fy,, is also holomorphic.

It remains to show that {Upn ,(-,7) = —oo} is analytic. Fix x9 € Dy. By coherence, on a
neighborhood O, > zg choose generators fi,..., f. of I,. The moving-center vectors
jév((z—x)'yfi(z)), 1 <i<eg¢ |’Y‘ SN?

form the columns of a finite matrix holomorphic in x € O,,. By the same Taylor-polynomial
argument as in (3.3), the image of this matrix is EL (z,n). Hence (3.5) identifies {Un ,(-,n) =
—00} N Oy, with the locus where this matrix has rank < p. It is analytic. Such neighborhoods
Oy, cover Dy. O

4. THE ANALYTIC BERTINI THEOREM

We continue to use the notations in Section 3.
Krull’s intersection theorem gives

N Lpe +my) = I,

r>1
and hence
(4.1) Iye# Jye <= EX(z,n) # Ef(2,n) for some N € N.
For each N € N and 1 < p < vy, choose a countable family Qy , of product polydiscs
Q=WgoxGg EQn,

that cover Q.
Let pr: Dy x G — G be the base projection and let

(4.2) B(Do,G) ={neG:1,, # Jy for some x € Dy}.
By (4.1) and the inclusion EL (z,n) C E{(z,n), a stalk difference is equivalent to
dime Ey(z,7m) < p < dime EX(x, 1)
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for some N and p. Hence (3.6) gives

(4.3) B(Do,G) = U U pr(@n{Un,=—o0}).

NeN p=1 Q€Qn,,
Fix N, p, and Q = Wg x Gg € Qn,p. On Q, define
My =HnN,pn, Fy(w) = Fn py(w), U(w,n) = Un,p(w,n).
Then
U e PSH(Wg x Gg) U {—o0}, F,: Wg — H,, is holomorphic,
U(w,n) = log || Fy(w)|%,-

Because Q € Dy x G, these definitions remain valid on a neighborhood of Wy x Gg. By Propo-
sition 3.2, the following set is analytic in We:

Zy = Fn_l(()) ={we Wq:U(w,n) = —o0}.
Define the corresponding parameter locus by
Py ={neGq:Z, # 2}
Put Ggood = G N Gae. Recall that G is defined in (2.3). The set Ggooq is conull in Gg

by (2.3), and the inclusion W x Gg C Qn, together with EL (w,n) = E{(w,n) for w € Wg
and 7 € Ggood gives

(4.4)

Z77 =J (77 S Ggood)'
In particular U # —o0.
It remains to prove that Py is pluripolar.
We wish to apply Theorem 2.3 to F;. However, the lower bound assumption (2.4) is not
automatically met. We therefore perturb U first.
Write
Q@) ={r+is:r,s € Q}.
A rational polydisc in C™ is a polydisc with center in Q(i)™ and positive rational polyradii.
For 0 < g < 'm, a rational affine map with ¢ components is a map

a: C" — CY, a(w) = Aw+b, A€ Matg,,(Q(i)), be Qi)
Let Ag be the countable family
A= (¢,a,B,M), 0<qg<m, @@WQ, M € Z>q,

where a has ¢ components and B C C™ is a rational polydisc.
For A = (¢q,a,B,M) € Ag and n € Gg, put

Ky =M, & C,
F(w) = (Fy(w), a(w)),
U (w,m) = log | Fy)(w)[[y = log (e + [a(w)[?)
and define
o o A —M/2 ,_ (Nt
Vy = {UGGQ .&g}g”Fn(w)HK% > e M/ }, Zy = {776 Vi (Fn) (O)HB#Q}.
Proposition 4.1. For every A = (q,a,B, M) € Ag,
(4.5) U* e PSH(Wg x Gg), sup U* < cc.
ﬁXGQ
The set Vy is F-open, and
U»>—-M ondB x Vi.

Moreover, Fﬁ‘ is nowhere zero on Wq for n € Ggooa, and

(4.6) Pu= | 2.

)\EAQ
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Proof. The psh assertion is immediate since both U and loig]a\ﬁ"e psh. By the neighborhood
extension noted after (4.4), U is psh on a neighborhood of W x G, hence bounded above there;
the affine map a is bounded on 2B. This gives the upper bound (4.5). The first component of
F7;‘ = (F}), a) also shows that F7;‘ is nowhere zero for 1 € Ggood-
We next prove that V) is F-open. Put
— : A
Bn) = min [[F7(w)llicy-
Fix ¢ > 0 and 19 € Gg with By == B(n9) > ¢. We shall construct an F-neighborhood of 7y
where 8 > ¢. Put 7 := (g — ¢)/3. Local upper bounds for U* and Cauchy estimates imply
that the maps Fg‘ are equicontinuous in w € 9B, uniformly for n in some neighborhood O of 7.
Choose a finite net {w;} C JB fine enough that, for every n € O and w € 0B, some j satisfies

1F (w) — B (w))lly <.

Then
on( {n: UMuws,m) > 210g(B — )}

J

is an F-open neighborhood of 7y, because U)‘(wj, -) is psh or —oo for each j. On this neighbor-
hood the triangle inequality gives § > By — 27 > ¢. Thus Vi = {3 > e M/} is F-open. Its
definition gives U > —M on dB x Vj.

It remains to prove (4.6). A zero of F,]A has F;, = 0 in its first component, so the right side is
contained in Py .

Conversely, fix n € Py. Give Z, = F,; 1(0) its reduced structure, choose p € (Zy)reg, and put
q = dim,, Z,.

By dimension counting, we can find a full-rank ¢ x m matrix A and a g¢-vector b so that
Zy N {Aw + b = 0} consists of a single point in a fixed neighborhood of p. After a small
perturbation, we may assume that all entries of A and b are in Q(i). Set

a(w) = Aw+b e CI.
If p, is the resulting intersection point, choose a rational polydisc B 3 p, so small that
Z,Na Y0)N2B = {p,}, 2B e Wy.

The number miny,eop ||(F,(w), a(w))||3,eca is positive, so choose M € Z>1 with e~M/2 smaller
than it. Then A\ = (q,a, B, M) € Ag and n € Z,. This proves the reverse inclusion. O

We can finally prove the main theorem.

Proof of Theorem 1.1. For each A = (¢,a, B, M) € Ag, apply Theorem 2.3 with
W=Wq, G=Gq, (Ky,FUV,Go)= (K F,U" Vi, Ggooa)-

All its hypotheses are supplied by Proposition 4.1. Thus every Z) is pluripolar. Then (4.6)
shows that Py is pluripolar. Repeating this for the countably many boxes in (4.3) shows that
B(Dg, G) defined in (4.2) is pluripolar.

Finally, choose polydiscs, indexed by ¢ € N, such that

Do,g S Dlyg S D27[ & AZL, Gy € AZ,

and the sets Doy x Gy cover X. The set P := J, B(Do, G¢) is pluripolar. If n ¢ P and z € A",
choose ¢ with (x,n) € Doy x Gg. Then n ¢ B(Doy,Ge), s0 Iy = Jpa. Thus the two ideal
sheaves agree on X,,. O
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5. ANALYTIC BERTINI THEOREM FOR HOLOMORPHIC MAPS

Complex manifolds are assumed o-compact. Recall that a subset P of a complex manifold Y
is pluripolar if, for every y € Y, there is an open neighborhood U of y and a psh function ¢ on
U such that ¢|pny = —oo. Some authors prefer to call these sets locally pluripolar sets. Recall
that a subset A of a complex manifold Y is negligible if A is contained in a countable union of
locally closed submanifolds of Y with empty interiors.

We first recall a well-known generic smoothness theorem:

Theorem 5.1. Let f: Y — Z be a holomorphic map between complex manifolds, and let Cy CY
be the non-smooth locus of f. Then f(Cy) is negligible.

In particular, f(Cy) is pluripolar.

Proof. We may assume that Z is connected. Put n = dim Z. Then
Cr={yeY :rkcdfy, <n}.

In particular, it is a closed analytic subset.
No local holomorphic section of f over a nonempty open subset of Z has image contained in
Cy. In fact, if o were such a section, then

dfa(z) odo, = id,

contrary to the definition of Cy. Applying [ , Lemma V.4.4] to f|c, shows that f(Cy) is
negligible. (]

Proof of Corollary 1.2. Let Cy be the locus in Theorem 5.1.

By definition of smoothness, any point in Y\ C; admits an open neighborhood on which f
is isomorphic to the projection of a product chart. Choose a countable family of such product
charts covering Y\ C't. Applying Theorem 1.1 to each chart, we find that the exceptional locus
of each product chart is pluripolar. Taking their union together with f(Cy), we obtain the
desired pluripolar exceptional locus. O



12

[Ber06]

[Ber09)

[BG23]

[BGY22]

[BS76]

[Dem12]

[EKF25]

[EKFW11]

[EMO09]

[EMWO06]

[FM21]

[HPS18]

[MZ23]

[Rud91]

[Xia]

[Xia22]

MINGCHEN XIA

REFERENCES

B. Berndtsson. Subharmonicity properties of the Bergman kernel and some other
functions associated to pseudoconvex domains. Ann. Inst. Fourier (Grenoble) 56.6
(2006), pp. 1633-1662. URL: https://doi.org/10.5802/aif .2223.

B. Berndtsson. Curvature of vector bundles associated to holomorphic fibrations.
Ann. of Math. (2) 169.2 (2009), pp. 531-560. URL: https://doi.org/10.4007/
annals.2009.169.531.

S. J. Bao and Q. A. Guan. L? extension and effectiveness of L” strong openness
property. Acta Math. Sin. (Engl. Ser.) 39.5 (2023), pp. 814-826. URL: https :
//doi.org/10.1007/s10114-023-1368-7.

S. Bao, Q. Guan, and Z. Yuan. A Note on ¢-Bergman Kernels. arXiv preprint. 2022.
arXiv: 2212.01561 [math.CV].

C. Béanica and O. Stanasila. Algebraic methods in the global theory of complex
spaces. Translated from the Romanian. Editura Academiei, Bucharest; John Wiley
& Sons, London-New York-Sydney, 1976, p. 296.

J.-P. Demailly. Analytic methods in algebraic geometry. Vol. 1. Surveys of Mod-
ern Mathematics. International Press, Somerville, MA; Higher Education Press,
Beijing, 2012, pp. viii+231.

M. El Kadiri and B. Fuglede. Classical fine potential theory. Springer Monographs
in Mathematics. With a paper by Christian Berg. Springer, Singapore, 2025,
pp. xviii+420. URL: https://doi.org/10.1007/978-981-96-0430-2.

M. El Kadiri, B. Fuglede, and J. Wiegerinck. Plurisubharmonic and holomorphic
functions relative to the plurifine topology. J. Math. Anal. Appl. 381.2 (2011),
pp. 706-723. URL: https://doi.org/10.1016/j.jmaa.2011.03.041.

S. El Marzguioui. “Fine Aspects of Pluripotential Theory”. PhD thesis. Amsterdam:
Universiteit van Amsterdam, 2009. URL: https://hdl .handle.net/11245/1.
293812.

S. El Marzguioui and J. Wiegerinck. The pluri-fine topology is locally connected.
Potential Anal. 25.3 (2006), pp. 283-288. URL: https://doi.org/10.1007/
s11118-006-9017-1.

0. Fujino and S.-i. Matsumura. Injectivity theorem for pseudo-effective line bundles
and its applications. Trans. Amer. Math. Soc. Ser. B 8 (2021), pp. 849-884. URL:
https://doi.org/10.1090/btran/86.

C. Hacon, M. Popa, and C. Schnell. Algebraic fiber spaces over abelian varieties:
around a recent theorem by Cao and Paun. Local and global methods in algebraic
geometry. Vol. 712. Contemp. Math. Amer. Math. Soc., [Providence], RI, 2018,
pp. 143-195.

X. Meng and X. Zhou. On the restriction formula. J. Geom. Anal. 33.12 (2023),
Paper No. 369, 30. URL: https://doi.org/10.1007/s12220-023-01425-4.

W. Rudin. Functional analysis. Second. International Series in Pure and Applied
Mathematics. McGraw-Hill, Inc., New York, 1991, pp. xviii+424.

M. Xia. Singularities in global pluripotential theory. URL: https://mingchenxia.
github.io/Lectures/SGPT_final.pdf.

M. Xia. Analytic Bertini theorem. Math. Z. 302.2 (2022), pp. 1171-1176. URL:
https://doi.org/10.1007/s00209-022-03103-7.

Mingchen Xia, INSTITUTE OF GEOMETRY AND PHYSics, USTC
Email address, xiamingchen20080gmail. com
Homepage, https://mingchenxia.github.io/.


https://doi.org/10.5802/aif.2223
https://doi.org/10.4007/annals.2009.169.531
https://doi.org/10.4007/annals.2009.169.531
https://doi.org/10.1007/s10114-023-1368-7
https://doi.org/10.1007/s10114-023-1368-7
https://arxiv.org/abs/2212.01561
https://doi.org/10.1007/978-981-96-0430-2
https://doi.org/10.1016/j.jmaa.2011.03.041
https://hdl.handle.net/11245/1.293812
https://hdl.handle.net/11245/1.293812
https://doi.org/10.1007/s11118-006-9017-1
https://doi.org/10.1007/s11118-006-9017-1
https://doi.org/10.1090/btran/86
https://doi.org/10.1007/s12220-023-01425-4
https://mingchenxia.github.io/Lectures/SGPT_final.pdf
https://mingchenxia.github.io/Lectures/SGPT_final.pdf
https://doi.org/10.1007/s00209-022-03103-7
https://mingchenxia.github.io/

	1. Introduction
	Acknowledgments

	2. Preliminaries
	2.1. Multiplier ideals and the almost-everywhere case
	2.2. Weighted Bergman kernels
	2.3. A pluripolar zero-set criterion

	3. Finite-jet Bergman rank detectors
	3.1. Jet bundles and notation
	3.2. Jet images of the fiber and restricted ambient ideals
	3.3. The rank detector and its Bergman realization

	4. The analytic Bertini theorem
	5. Analytic Bertini theorem for holomorphic maps
	References

