Uniform Green Functions and Sobolev Geometry in Families of
Singular Kahler Varieties

Abstract

We prove uniform estimates for Green’s functions, diameters, volumes of balls, and
Sobolev inequalities for Kéhler metrics with bounded potentials on the fibres of a proper
family of normal irreducible compact Kéhler spaces, assuming only a uniform LP bound,
p > 1, on the normalized volume densities. The estimates hold on every fibre, singular fibres
included, and no uniform bound on the Kéhler potentials is assumed. Green’s functions are
defined with poles in the regular locus of the metric, while the diameter and non-collapsing
estimates hold at every point of the metric completion; the Sobolev inequalities hold in the full
subcritical range allowed by the gradient estimate for the Green’s function. Two examples—a
reducible conic degeneration and a non-normal nodal cubic—show that irreducibility cannot
be dropped, and that a Green’s function with pole at a singular point is not canonically
defined.
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1 Introduction

Uniform estimates for Green’s functions connect pluripotential control of volume densities to
diameter bounds, non-collapsing, and Sobolev inequalities. For smooth fibres this programme
was carried out by Guo, Phong, Song and Sturm for a fixed manifold, and by Guedj and Td
[GT25] for families with varying complex structure. The purpose of this paper is to extend it to
families whose fibres may all be singular, without assuming a Poincaré inequality, compactness
of the resolvent, or a uniform bound on the Kéhler potentials.

1.1 Standing assumptions

Throughout the paper we work under the following hypotheses, referred to as (H).

The family. Let D = {t € C: |t| < 1} and let 7: X — D be a proper surjective holomorphic
map from an irreducible reduced Kéhler complex space. Assume that every fibre X; = 771(¢)
is reduced, irreducible, normal and of pure dimension n > 1. Fix a Kéhler form 8 on X and
constants

A >0, B>1, 1<p<oo, 0<b_ <by <o0.

Write 8¢ = f|x, and assume that

_p

bo<V ::/ n < b, for |t < 3, = P
Ve [ o<y torll<d =gt

Measures on a fibre are always extended by zero from its regular locus.



The metric. For |t| < 3, let 6; be a smooth closed real (1,1)-form on X; (locally the restriction
of a smooth ambient form) with 6; < Af;, whose class is Kéhler: 6; + dda; is a Kéhler form for
some smooth real function a; on X;. Let U; be a bounded 6;-plurisubharmonic function and let
Z; C X; be a proper closed analytic subset containing X; ging. Set

Ezgt—{—ddCUt, M; :Xt\Zt, Wi :Tt|Mta

and assume that (M, w;) is a smooth Kéhler manifold. No bound on ||Uy|| e is assumed.
The density. For |t| < 3 put
n

n w
Vim [ el m= o il < B

The conventions for d°, the Laplacian A, the Riemannian metric ¢;, the Dirichlet form
&, its domain Wy, and the Friedrichs operator L; = —A; are fixed in Section 2; in particular
E(u,u) = 3 S, ]Vu|§t dpg. All constants below depend only on the family data

(Xvﬂ-a/@’)7 n, A7 B7 p, b—7 b+7
and on the displayed exponents, and never on t, Uy or Z;.

Theorem A. Assume (H). The following assertions hold for every |t| < %, with constants
depending only on the family data and the displayed exponents.

(1) Energy domain and bounded inverse. The manifold M, is connected, 0 < V; < oo,

W; = {u S Wﬁ)g(Mt,R) : ||,U’H%2(/Lt) + Et(u,u) < OO},

C

and ker Ly = R. There is Cipy > 0 such that for every real F € L*(uy) with [ Fdu, =0
there is a unique u € D(Ly) with Lyuw = F and [ wdp, = 0; it satisfies ||u||foe < Ciny||F|| Lo -

(2) Green’s functions. For every x € My there is a unique function Gy(z,-) € L'(u;) such that

| Gilw.) dunty) = o,

M

/Mt Gl y) Am(y) dus(y) = n(n(z) - /Mt ndus) (n € C2(My)),

and Gi(x,-) — P, € Wy, where P, is a compactly supported cutoff of a local Dirichlet Green’s
function with pole x (Section 5); the last condition does not depend on the choice of P,.
The function (z,y) — Gi(x,y) is symmetric and smooth off the diagonal of My x My, and
Gi(x,y) = —o0 asy — .

(3) Uniform kernel estimates. There is Cy > 0 such that Gi(xz,y) < Cy for x # y. Put
Hi(z,y) = Co+1—Gy(x,y) > 1. For every 0 < a < "7 and every 0 < s < 2n2ﬁ1 there
are constants Cy, Dy with

(G ity < Coe [ 19,Gula )l dinly) < D
Mt Mt
where for n =1 the first threshold is +oo and the second is 2. For every b > 0,

’vyGt(xay)‘?]t 2
— 7t < —.
/Mt Hi(z,y)1+0 ely) < b



(4) Compact completion and volumes of balls. Let d; be the Riemannian distance of g, let
(M\t,c@) be the metric completion of (My,d;), and let iy be the push-forward of ;. Then
]\/Jt 18 compact, M; is open in ]\/Zt, ﬁt(]\/i\t \ M) =0, and diam(]\/it,cit) < Cy4. For every
0 < d <1 there is Cs > 1 such that for every z € M\t and every R > 0,

fitr(Bz (2, R)) > C5 ' min{1, R*"*°}.

(5) Sobolev inequalities. For every 1 <r < Ig (1 <r < oo when n = 1) there is S, such that
every u € Wy satisfies

o 1/r
(= i di) < S, fy 190, di

If Q. C M, is open with fig(M; \ ) > 0, and Wo +(Q) denotes the closure of C2°(Q2N M, R)
in Ws, then every u € Wy +(Q) satisfies

1r (92
(/ |u| " dut) <25, (1 + M) / |Vu\3t dpg.
QﬁMt //_,L\t(Mt \ Q) QﬂMt

Functions in VVI})CQ(Q N M;) with finite L? norm and energy that vanish outside a compact
subset of Q belong to Wy () after extension by zero.

(6) The added boundary has zero capacity. For E C M, let Capy 4(E) be the infimum of
Hv||%2(m) + &(v,v) over all v € Wy that extend continuously to My and satisfy v > 1 on a

neighbourhood of E in M, (inf @ = 4+00). Then Capljt(]\//ft \ M;) =0.

Three comments on the statement are in order. First, Green’s functions are only defined for
poles in M;y; the metric statements in part (4) nevertheless hold at every point of the completion,
because they are obtained from Green’s functions with poles in a dense set. The nodal example
of Section 8 shows that this distinction is unavoidable: at a non-normal point no Green’s function
is singled out by mean normalization and integrability conditions. Second, no identification of
]\/Zt with X} is claimed. Third, the theorem is stated for every fibre over the inner disc, singular
or not, and its constants do not depend on the fibre.

1.2 Strategy

The proof has four steps, corresponding to Sections 3 to 5 and 7.

Zero-energy cutoffs (Section 3). On a log resolution of Xy, the current 7, ! has a closed positive
extension, and logarithmic truncations of a defining section of the exceptional divisor have energy
tending to zero. This identifies the Friedrichs domain W3 with the maximal finite-energy Sobolev
space and shows ker L; = R.

The bounded inverse (Section 4). A bounded mean-zero solution u of Lyu = F' is normalized
by ||u||r~ and compared with the solution of an auxiliary twisted Monge-Ampere equation.
The maximum principle, in the form of a positive-part test in W}, gives a one-sided bound; the
uniform Skoda integrability of [DGG23] (normalized with the supremum—mean comparison of
[Ou22]) and the envelope estimate of [DGG23] control the oscillation of the auxiliary potential
and yield ||u||pe < Ciny||F||zee. Coercive resolvents then give existence.

Green’s functions and their estimates (Sections 5 and 6). A local Dirichlet Green’s function is
glued to a bounded global correction. A weak mean-value inequality, again obtained from an
auxiliary Monge—Ampeére equation, bounds the positive part of the Green’s function; a nonlinear

bootstrap yields all moments of order < "5, and testing the equation against a negative power



of the shifted kernel gives weighted energy control and, by Holder’s inequality, gradient bounds

: s 2n
in L*® for s < 5775

Metric geometry and Sobolev inequalities (Section 7). Applying the Green representation to
truncated distance functions gives diameter and volume bounds for balls centred in My, which
pass to the completion by density. A weighted Cauchy—Schwarz inequality and Minkowski’s
integral inequality give the Sobolev inequality, and the cutoffs of Section 3, extended by zero,
show that the added boundary has zero capacity.

1.3 Relation to the literature

For smooth fibres (and a possibly singular central fibre that is not itself estimated), [GT25,
Theorems A and B]| contains the Green upper bound, the moment and gradient estimates,
and the diameter and non-collapsing bounds of Theorem A, under a cohomological version
of the bound 6, < Af; (see [GT25, Setting 1.5, Definition 1.6]). On a fixed compact normal
Kahler space, [GPSS23, Theorems 3.1-3.4] prove compactness of the metric completion, Sobolev
inequalities and non-collapsing under an entropy hypothesis with exponent larger than n, and
[Vu24, Corollary 1.5] proves diameter and non-collapsing bounds under an f|log f|P° hypothesis.
The zero-energy cutoff construction of Section 3 is close in spirit to [GPSS23, Lemma 8.2].
Theorem A differs from these results in that all fibres may be singular and the complex structure
varies, in that only an LP density bound is assumed, and in that the Green’s functions are
constructed and estimated on the singular fibres themselves.

Remark 1.1. The Sobolev inequality [GT25, Theorem 2.6] is printed with the range 1 < r < %,

both in arXiv:2405.17232v2 and in the published version. Its proof chooses 8 > 0 with

(14 B)r < "4, and the scaling of the embedding wh2 c L27/(=1) in real dimension 2n shows
that 2r < % is necessary for any such inequality when n > 2. The range 1 < r < %5 of

part (5) is therefore the one supported by the argument.

2 Preliminaries

2.1 Conventions

All complex spaces are reduced. A Kéahler form on a complex space is locally the restriction of
dd® of a smooth strictly plurisubharmonic function on an ambient open subset of CY. We use
d°=2-9), dd°=idd,
and Bedford—Taylor products for currents with bounded local potentials; these are closed,

positive, and put no mass on proper analytic subsets, see [EGZ09, §5.2 and Proposition 6.1] for
the behaviour under resolutions.

Let (M,w) be a Kéhler manifold of dimension n with finite volume V' = [, w", let p = w™/V,
and let g(v,w) = w(v, Jw) be the Riemannian metric. For real u,v € I/Vli)f(M) we write

1
D(u,v)dp = %du Ado AW = i(Vu, V)4 dp, D(u) =T(u,u) = %\Vu]ﬁ,

(the second equality is checked in coordinates in which w is standard at a point, using du A d°v =
5(0u A Ov + Ov A Qu)), and

[¢ n—1
E(u,v) = /MF(U,U) dp, Au=n ddiune® A u.

wTL



With these normalizations, dd°u > —w implies Au > —n, and for u € C?*(M), n € C*(M)
Stokes’ formula reads £(u,n) = — [}, n Audp. For u € Wi)f(M ) and a locally integrable function
h we say that Au > h weakly if

—S(u,n)Z/ hndp — forall 0 <ne CX(M);
M

by mollification the inequality then holds for all nonnegative compactly supported n € W2(M)N
L>°(M). Weak equalities are defined analogously.

Let W be the closure of C2°(M,R) for the norm ||ul|Z, = ||u||%2(u) + E(u,u) (the form is

closable, see Lemma 2.2), and let L be the Friedrichs operator of &:
u€eD(L), Lu=F <= wueW, &(u,v) :/ Fvdp (veW).
M

Thus L = —A on smooth compactly supported functions, and L is a nonnegative self-adjoint
operator on L?(). On a fibre of the family we index everything by t: Ay, &, Wy, Ly.

2.2 Sobolev calculus

We use the following standard facts, see [GT01, Lemmas 7.6 and 7.7] and [EG15, §3.1.2 and
§4.2.2).

Lemma 2.1. Let (M,g) be a Riemannian manifold with distance d.

(1) If u: M — R is locally Lipschitz for d, then u € I/Vlifo(M) and |Vu|g < Lipg(u) almost
everywhere, where Lip,(u) is the Lipschitz constant of u for d.

(2) If u e I/VI})’E(M) and ®: R — R is Lipschitz and piecewise C1, then ®(u) € VVli)’Cz(M) and
d®(u) = ®'(u) du almost everywhere, with the convention that the right side vanishes on
level sets of u where ®' is undefined; indeed du = 0 almost everywhere on every level set of
u. In particular, for T,(s) = max{—a, min{s,a}},

dTo(u) = 1jy)<ay du, du® = 1gys0y du.
The next lemma isolates the consequences of the existence of cutoff functions with small
energy. In the situation of Theorem A these will be provided by Proposition 3.1.

Lemma 2.2 (Energy domain). Let (M,w) be a connected Kihler manifold with 0 <V < oo,
and suppose there are xj € Ce°(M), 0 < x; < 1, with

X; — 1 pointwise, E(xj,x5) — 0. (CUT)
Then the following hold.

(1) The form & on C°(M) is closable, and W = W := {u € VVll’z(M, R): ||u||2L2(u)+5(u,u) <

ocC
oo}

(2) Every nonnegative w € W is a limit in W of nonnegative functions in C°(M); every
u€e WnNL>® s alimit in W of functions in C2°(M) bounded by ||u||re-.

(3) Constants belong to D(L) with L1 =0, and ker L = R. Consequently [,; Ludp =0 for all
u € D(L).

(4) If w € W, h € L*(n) and Aw > h weakly, then —&(w,n) > [, hndu for every nonnegative
new.



(5) If ¥ € VV&;S(M) N L>®(M) satisfies A > —n weakly, then E(,¢) < 2noscyv; in
particular ¥ € W.

Proof. (1) If g € C°(M), q — 0 in L?*(u) and dgy, is Cauchy for the energy, then the L2 -limit
of dqy, is the distributional differential of 0, hence vanishes; this is closability. The space W is

. . . 2 . 1,2 . .
complete, since an £-Cauchy sequence converging in L° converges in W) " to a function with
the limiting differential. Hence W C W. Conversely let u € W. By Lemma 2.1 and dominated
convergence, Ty (u) — u in W as a — 00, so we may assume u bounded. Then x;u — u in L?
and

Elgu—uxgu—u) £2 | = 1L () di+ 2ulF (1) = 0

by dominated convergence and (CUT). Each x;u has compact support in M and is approximated
in W2 by functions in C°(M) via a finite atlas, a partition of unity and mollification; on the
relevant compact sets g and p are uniformly equivalent to their Euclidean counterparts. Hence
ueW.

(2) Truncation, multiplication by x; and mollification preserve nonnegativity and L> bounds.

(3) Since (M) =1,1€ W =W, and £(1,v) =0 for all v € W, so 1 € D(L) and L1 = 0. If
Lu = 0 then &(u,u) = 0, so du = 0 almost everywhere; mollification in charts shows that w is
locally constant, hence constant since M is connected. Finally [,, Ludp = E(u,1) = 0.

(4) Both sides are continuous in 7 for the norm of W (the right side because h € L?), so the
inequality passes from nonnegative test functions in C2°(M) to their limits, which by (2) include
all nonnegative n € W.

(5) Let a = essinfip, @ = oscpr¢p and x € C(M ) 0 < x < 1. Testing Ay > —n with
X*(¢ —a) > 0 and using d(x*(¢ — a)) = x*dy + 2x(¢ — a)dx

/MX2F(¢)du§n/ (Y —a)dp — 2/ (¥, x) du

< nQ +2Q / XT du)mg(x, )2,

With 2ab < a?/2 4 2b% this gives [, X*T'(¢) du < 2nQ + 4Q*E(x, x). Taking x = x; and using
Fatou’s lemma yields £(v¢, 1) < 2n@Q, and ¥ € W =W by (1). O

Lemma 2.3 (Convex compositions). Let (M,w) be as in Lemma 2.2, let w € W N L>®(M), let
h € L®(M), and assume Au > h weakly. If ® € C*(R) is convex and nondecreasing with @'
bounded, then ®(u) € W and

A®(u) > @' (u)h  weakly.

If moreover h > —n almost everywhere on {u > 0} (for instance if Au > —n weakly), then
Aut > —n weakly.

Proof. By Lemma 2.1, ®(u) € W = W. For 0 < n € C(M), the function ®'(u)y is a
nonnegative, bounded, compactly supported element of W12(M) with d(®'(u)n) = ®'(u)dn +
n®” (u)du, hence an admissible test function, and

—&(@(u)n) =~ [ W@ dp= @ @)+ [ 9@ @@ du= [ he'wnd

For the positive part choose convex @, € C*(R) with ®; = 0 on (—00,0], 0 < &} < 1, and
@/ (s) — 1 for every s > 0 (e.g. ®x(s) =k~ 1®1(ks)). Since &) (u) =0on {u <0} and h > —n on
{u> 0}, we get —E(Pr(u),n) > [4; h®(w)ndp > —n [, P(w)ndp > —n [, ndu, and the left
side converges to —&(u't,n) because d®(u) = @ (u)du — 1g,~oydu = du™ in L? by dominated
convergence (recall du =0 a.e. on {u = 0}). O



3 Zero-energy cutoffs on singular Kahler spaces

The singular boundary of M; is invisible to the Dirichlet form because the (n — 1)-st power of
the metric current extends to a closed positive current on a resolution.

Proposition 3.1. Let X be an irreducible normal compact Kéhler space of pure dimension
n>1, let Z C X be a closed analytic subset containing Xsng, and let T be a closed positive
(1,1)-current on X with bounded plurisubharmonic local potentials such that w = T|ps is a Kdhler
form on M = X \ Z. Then M is connected, 0 <V = [;, w" < 00, and there are n; € C°(M,R)
with 0 < n; <1 satisfying (CUT), i.e.

n; — 1 pointwise on M, Enj,mj) = %/ dn; A d°n; Awm L 0.
M

In particular all conclusions of Lemma 2.2 hold for (M,w).

More generally, the same conclusions hold whenever M =Y \ D for a connected compact
complex manifold Y and a (possibly empty) simple normal crossing divisor D, provided w is
a Kihler form on M with 0 <V < oo and w" ™! is the restriction to M of a closed positive
(n—1,n—1)-current S on'Y.

Proof. The general statement. Since D is a proper analytic subset of the connected manifold Y,
its complement M is connected. If D = & take ; = 1. Otherwise let s be a holomorphic section
of Oy (D) with divisor D, and fix a smooth Hermitian metric || - || on Oy (D), rescaled so that

p:=log|s|| < -1 on M.

On M, dd°p equals minus one half of the curvature form of the metric, so there is a smooth
positive (1,1)-form w on Y with ddp > —w on M.

Fix a smooth nondecreasing function v: R — [0, 1] with v = 0 on (—o00,0] and v = 1 on
[1,00), and let F(7) = [ v(0)do. Then F is smooth, convex and nondecreasing, 0 < F(7) < 77,
and F(1) =7 — cp for 7 > 1, where cp = fol(l —7v) €10,1]. For j > 2 set

uj =—j+ F(p+j), nj:1+7,].

Since p — —oo along D, uj = —j near D, so u; and n; extend smoothly to Y, 7; vanishes near
D, and supp; is a compact subset of M. Moreover —j < u; < 0 (because p+j < j — 1), hence
0 <n; <1, and at every point of M one has u; = p — cp for j large, so n; — 1. Finally,

dd®u; =~(p+j)dd°p++'(p+j)dp ANd°p > —w on M,

and the same inequality holds on Y because u; is constant near D.

Since S is a positive current on the compact manifold Y, [, @w A S < co. As u; is smooth on
Y and S is closed, Stokes’ formula for currents gives [, dd“uj A S =0 and [y duj Adu; A S =
Jy (—u;)dd®u; A'S. Since (dd°uj + @) A S is a positive measure and 0 < —u; < 7,

/de/\dCuj/\S:/(—uj)(ddCUj+w)/\S—/(—uj)w/\ng/(ddCUj+w)/\S:j/ wAS.
Y Y Y % %

Because dnj = j~ldu; vanishes near D and S|y = w1,

S(Uj,nj)zng/yduj/\dcuj/\Sg;j/yw/\S—>O.

Note that only smooth forms were wedged with the current S; no integration by parts involving
the singular metric was used. The last assertion follows from Lemma 2.2.



The singular space. Let p: Y — X be a log resolution of the ideal of Z as in [EGZ09, §6.1]:
Y is a compact Kéhler manifold, D = (07'(Z))req is a simple normal crossing divisor, and
0: Y\ D — M is a biholomorphism. Since X is irreducible, Y is connected. Pulling back the
bounded local potentials of T' gives a closed positive current ¢*7T on Y with bounded local

potentials, and
S = (o*T)" ! (S=1ifn=1)

is a closed positive current on Y whose restriction to Y\ D = M is w™~!. The Bedford-Taylor
measure (0*T)™ has finite mass on the compact manifold Y and puts no mass on D [EGZ09,
Proposition 6.1], so V = [y p(0"T")" < 0. Since w is a Kéhler form on the nonempty open set
M,V > 0. The general statement applies. ]

Combined with Lemma 2.2, Proposition 3.1 proves the first half of part (1) of Theorem A: for
every fibre, M; is connected, 0 < V; < oo, W; is the maximal finite-energy Sobolev space and
ker L; = R. No density bound and no uniformity in ¢ is needed for this.

4 The uniform bounded inverse

The L> estimate for L™! is obtained by comparison with an auxiliary Monge-Ampeére equation;
no Poincaré inequality is needed. We first isolate the analytic part of the argument.
4.1 A comparison principle

Proposition 4.1. Let (M,w) be a connected Kaihler manifold with 0 <V < oo satisfying (CUT),
and let K > 0. Assume:

(MAg) For every e € (0,1] and every real v € D(L) N L™ (u) with

€
/ vdp=0, o~ <1, Lol < =,
M 16

there is a bounded v € T/VliCQ(M) such that, with

Lo
e

h:= and R := e/ (1 4 ),

one has [y, Rdu =1, A > n(RY™ — 1) weakly on M, and

R<2" — oscyv < K.

Then every real F' € L*>(pu) with [, Fdp = 0 admits a unique u € D(L) with Lu = F and
Jyudp =0, and
[ullee < Ck|[F|| 1o, Ck := 16 max{1,2K}.

The same bound holds for every mean-zero w € D(L) with Lu € L.
Note that [|h][ < 13-, s0 1+ h > 12 and R is positive and bounded whenever 1 is.

Proof. Step 1: comparison. Let €,v,h,1, R be as in (MAg). Since R > 0, Ay > —n weakly, so
¥ € W by Lemma 2.2(5), and by Lemma 2.2(4) the inequality —& (1, n) > n [ (R*™—1)ndu holds
for all nonnegative n € W. Put w = eyp —v € W. Since —E(v,n) = — [(Lv)ndu = ne [ hndu
and RY™ = ew/(4n) (1 4 1),

—E(w,n) > ”E/ (1 +h)e/ ™ —1 = n)ndp = ”6/ (14 ) (/U —1)ndp
M M

8



for all nonnegative n € W. Testing with = w" € W and using £(w,w™) = E(w',wt) >0
(Lemma 2.1),

0> —E(wh,wh) > ne/ (14 h)(e®/U) — 1wt du > 0.
M

The integrand is strictly positive on {w > 0}, so w™ =0, i.e.
ey < v almost everywhere. (4.1)

Consequently R < (1+h)" < (14 16%)” < el/16 <27 and (MAf) gives oscpr i < K.

Step 2: the a priori bound. Let u € D(L) N L* have mean zero and ||Lu|[~ < 7, and put
N = |ju||pee. We claim N < max{1,2K}. If N < 1 there is nothing to prove. Otherwise let
e =N"1€(0,1] and v = eu, so that |[v||p~ = 1 and ||Lv|[z~ < €/16. Let 1, R be given by
(MAg), and let m = esssup,; erp. From [, Rdu=1, ep <m and (1+h)" < el/16,

1 < eml4 61/16/ e/t .
M

Since [v/4] < 1, [vdp =0 and [v2dp < 1, the inequality e® < 1+ z + 22 for |z| < 1 gives
Juetdu <1+ 1—16. Taking logarithms and using log(1 + s) < s,

< — i.e. > ——,

R T T A

By Step 1, oscprep < €K, hence ep > m — eK > —% — €K, and (4.1) gives v > —% —eK.
Applying the same argument to —u gives v < %—l—eK. Thus 1 = ||v||ze < %—i—K/N, ie. N <2K,
which proves the claim. Applying the claim to w/(16||Lul|/ =) yields

|lul|pee < 16 max{l,2K} | Lul e

for every mean-zero u € D(L) N L*> with bounded Lu (if Lu = 0 then u is a mean-zero constant,
hence 0, by Lemma 2.2(3)).

Step 3: existence. Let F' € L*(u) be real with [ F'dy = 0, and put Fy = || F||p~. For A >0
the bilinear form £(q, z) + A [ ¢z dp is an inner product on the Hilbert space W equivalent to
the one defining || - [, so by the Riesz representation theorem there is a unique uy € W with

E(U)\,Z)—i-)\/ qudu:/ Fzdu (zeW).
M M
Thus uy € D(L) and Luy = F — Auy; testing with z = 1 shows [uydu = 0. Testing with

z = (uy — Fo/\)t and with z = (—uy — Fo/\) T gives ||Juy||p~ < Fo/A, hence || Luy||p < 2Fp.
By Step 2 and the test z = uy,

HU)\HLoo < 2Ck Fy, S(U)\,UA) < / Fuy d,u < QCKF(?.
M
Hence (uq /j) ;j is bounded in the Hilbert space W and, after passing to a subsequence, converges

weakly in W to some u. Weak convergence in L? gives [udu = 0 and |Ju| =~ < 2Ck Fy, and for
every z € W,

E(u,z) = li;mé’(ul/j,z) = h;gn(/M Fzdy — %/MUU]'Zd,M) = /M Fzdp.

So u € D(L), Lu = F, and Step 2 gives ||u||~ < CxFy. Two mean-zero solutions differ by an
element of ker L = R with mean zero, hence coincide. O



4.2

Uniform Monge—-Ampere estimates on a fibre

The hypothesis (MAg) is supplied by pluripotential theory. We collect the required inputs in a
form that will also be used in Section 6. Throughout this subsection we fix || < % and drop the
index t, writing X, 8,v,0,U, Z, M,w,V, pu, f.

We use the following results.

(i)

(i)

(iii)

(iv)

(v)

Supremum versus mean [Ou22, Corollary 4.8]: there is Cyy, > 0, depending only on (X, 7, 3)
and A, such that for every [t| < % and every ¢ € PSH(X,, AB,),

1
sup ¢ — Cym < 7/ q B¢ <supg.
Xt Vit Jx, X

The statement in [Ou22] is for a proper family of reduced irreducible fibres over the disc
and a fixed smooth closed (1,1)-form on X', which is our situation with the form ApS.

Uniform Skoda integrability [DGG23, Setting 2.1, Corollary 2.4 and Theorem 2.9]: there
are ag > 0 and C1,C > 0, depending only on (X, 7, 3) and A, such that for all |[¢t| < % and
all ¢ € PSH(Xy, Aj;) with supy, ¢ =0,

|y < cren(-a [ qpr).
Xt Xt

The envelope estimate [DGG23, Theorem 1.9]: let Y be a compact Kéhler manifold, 6 a
smooth closed real (1,1)-form whose class is big, Vpr = sup{u € PSH(Y, ') : u < 0}*, and
V' a probability measure on Y such that [, e~%@=5uy @) g/ < Hy for all ¢ € PSH(Y,#').
For every ¢o > 1 and J > 0 there is a constant M(n,qo,ao, Hp,JJ) such that every
w € PSH(Y, ') with minimal singularities solving (0’ 4+ dd°w)™ = vol(#') F v/, where F' > 0,
JFdV =1and ||[F| gy < J, satisfies

_M(nv qo, ao, Ho, J) <w-—supw — Vypr <0.
Y

Ezistence [LWZ24, Theorems 1.1 and 1.2]: let (Y, o) be a compact Hermitian manifold and
¢ a smooth real (1,1)-form admitting a bounded #'-psh function and with [, (6")" > 0.
If 0 <G e L"), qo > 1, is not identically zero, then for every ¢ > 0 the equation
(¢ +dd°w)™ = e“”Go™ has a bounded #'-psh solution, and if [,, Go™ = [, (6)" the equation
(0" + dd°w)™ = Go™ has a bounded #’-psh solution.

The mized Monge—Ampére inequality [Din09, Theorem 1.2]: if a, b are bounded psh functions
on an open subset of C" with (dda)” > FdA and (dd°b)™ > G dA (A the Lebesgue
measure), then (dd°a)* A (dd°b)*—* > Fk/nG=Fk)/n A for 0 < k < n.

Proposition 4.2 (Monge-Ampere toolbox). Assume (H) and fix |t| < 5. There are constants
ag > 0 and Hy > 1, depending only on the family data, with the following properties.

(1) For every q € PSH(X, AB), [y e~ %@=sux ) dy < H,.

(2) Let 0: Y — X be a log resolution as in Proposition 3.1, isomorphic over M, with Dy =

(07 H2))reds and put 0 = 0*0, U' =U o o, V' = 0*3"/Vjs. Then V' is a probability measure
with V' (Dy) = 0, the class of 0 is nef and big, [, (0')" =V, the envelope Vy is bounded,
every bounded §'-psh function has minimal singularities, and [, e~aola=supy 9) q) < Hy for
every g € PSH(Y,0').
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(3) Let R be a bounded measurable function on M with R > 0, [,; Rdu = 1; or, more generally,
let R = e Ry be prescribed implicitly with ¢ > 0 and Ry bounded, positive and bounded
away from zero. Then there is a bounded §'-psh function w on'Y such that ) == wop ' —U
on M is bounded, belongs to Wl})(?(M), and satisfies

(w+ddY)" = Rw"™ on M, / Rdp =1, Aty > n(RY™ — 1) weakly on M.
M

In particular ¢ € W, and —E(,n) > nfM(Rl/" — U)ndp for all nonnegative n € W.
(4) In the situation of (3), if ||[Rf L) < J for some qo € (1,p], then

OSCMw <mi+ M(TL,QO, aop, HO? J): my = M(n7p7 a07H07 B)
(5) In the situation of (3), if supy; 1 = 0 then [y, e=%% dv < Hope®™:,

Proof. (1) Let ¢ € PSH(X, AB) with supg = 0. By (i), — [x ¢ " < CsmVp < Camby, so (ii) and
Vg > b_ give

C2Cemby
/ e 9 dy < Grezrm =: Hy,
X b

after increasing Hy to make it > 1.

(2) The form p*3™ is smooth and semipositive on Y, so v/ is a probability measure not
charging Dy. By hypothesis kK = 6 4+ dd®¢, is a Kéhler form on X for some smooth function
¢x; its pull-back £’ is smooth, semipositive, positive off Dy, and [y (k)" = [y k™ > 0. Hence
{0'} = {K'} is nef with positive volume, thus big by [DP04, Theorem 2.12]. The bounded #'-psh
function U’ —sup U’ is a competitor for Vi, so U’ —sup U’ < Vi < 0; in particular Vi is bounded
and every bounded #’-psh function has minimal singularities. The identity

n—1
(6 + ddU')" = (6')" = dd*[U" 32 (6" + dd Uy A (0')" ]

J=0

integrates to zero over the compact manifold Y (Stokes’ formula for currents with bounded
potentials), and (¢’ + dd°U’)" puts no mass on Dy, so [y (8')" = [,,w" =V.

For the integrability statement, let b € PSH(Y,6’) be bounded. Its restriction to Y \ Dy = M
is a bounded #-psh function on X \ Z; since X is normal and 6 has smooth local potentials,
it extends to a bounded #-psh function bx on X [EGZ09, §5.2], and bx o o = b because both
sides are ¢'-psh and agree off the proper analytic subset Dy. As 8 < AS, bx € PSH(X, AB),
and (1) together with v/ = ¢*v, V/(Dy) = 0 gives [, e~ @0E=5Wyb) g/ < Hy. For arbitrary
b € PSH(Y,#'), the functions b; = max{b, U’ — j} are bounded, #'-psh, decrease to b, and satisfy
supy b; = supy b for j large; monotone convergence concludes.

(3) Write v/ = g o™ for a Kéhler form ¢ on Y and a smooth function g > 0, and put f' = foop.
Then

| o an <l [y av < gl B,

so Vf'g € LP(c™), and (0’ + dd°U’)" = V f'go™ on Y (both sides put no mass on Dy). In
the first case, G := V (R o p)f'g € LP(c™) is nonnegative with [, Go" =V [, Rdu =V =
Jy (@)™, and (iv) gives a bounded ¢'-psh w with (¢’ + dd°w)” = Go". In the second case
G :=eU'V(Ryop)f'g € LP(¢™) and (iv) gives a bounded #'-psh w with (¢’ +dd°w)” = e““Go™.
In both cases, on M =Y \ Dy we have w + dd°y = 6 + dd°w, hence (w + ddy)" = Rw"™ with
R = ¢V Ry in the second case, and

1 1
Rd :7/ 0 + dd° ":f/ oy = 1,
/M = w' =3 | @)
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by the same Stokes argument as in (2).

Local regularity: on a coordinate ball 2 € M let ¢ be a smooth strictly psh potential of w.
Then p+1) is bounded and psh. If « is a smooth psh function on a larger ball and ( € C2°, testing
Aggea > 0 against (?(a — inf @) gives [ (?|Val? < 4(osca)? [|V(|?; applied to mollifications of
@+ 1) this shows ¢ € I/VI})(?(M) Writing w™ = Gy dA on Q and applying (v) to a = ¢+ 1, b = ¢,
k=1, F = RGy, G = Gy, we get

(w +dd°p) Aw™™ ' > RV W™  on Q.
Subtracting w™, multiplying by n/V, and integrating against 0 < n € C2°(Q) (with an integration
by parts justified by mollifying ) gives —£(v,n) > n [(RY™ — 1)ndp, i.e. Ay > n(RY" —1)
weakly. The remaining assertions follow from Lemma 2.2(5) and (4).

(4) The bounded #-psh functions U’ and w = ¢*(U + ¢) have Monge-Ampére measures
VW and V(Rf)'v' with densities of LP(v')- and L% (v')-norm at most B and J respectively,
and vol(#') = V. By (2) and (iii),

—mp < U/ —SUPU, — Vg/ < 0, —./\/l(TL,qO,ao,Ho,J) <w —supw — Vg/ <0.
Y Y

Subtracting, w — U’ differs from the constant supw — supU’ by a function with values in
[—M(n, qo,ao, Ho, J), m1], so oscys ¢ = oscy (w — U’) < my + M(n, qo, ao, Ho, J ).

(5) Normalize supy U’ = 0 (this does not change ¢) and put w = U’ 4 ¢*1, a bounded #'-psh
function. Since w — supy w < 0 is §'-psh, w — supy w < Vi, while U’ — Vpr > —my by (iii)
applied to U’. Hence, on M,

w:w—U’:(w—sgpw—%/)—(U’—Ve/)—i-sgpw§m1+s;1/pw,

and supty = 0 gives supyw > —my. As U' < 0, ¢ > w = (w — supy w) + supy w >
(w — supy w) — my, so by (2)

/ e~V dy < et / e~ ao(w=supy w) g,/ < [y caom, a
M Y

4.3 The uniform inverse

Theorem 4.3. Assume (H). With m; = M(n,p, ao, Hy, B) and mg = M(n,p,ag, Hy,2"B),
every fibre (Mg, wy), |t| < %, satisfies (MAk) with K = mq + mo. Consequently part (1) of
Theorem A holds with

Ciny = 16 max{1,2(mq + ma)},

a constant depending only on the family data.

Proof. Fix a fibre and drop the index t. Let € € (0,1] and v be as in (MAg), and put
h = —Lv/(ne), ¢ = €/4 and Ry = e */4(1 + h)™; Ry is bounded and bounded away from
zero since |[v||fee < 1 and 1+ h > i—g. Proposition 4.2(3) (second case) provides a bounded
W € W2 (M) with

(w4dd°y)™ = Rw™, R =/ 14n)", / Rdp=1, Ay >n(RY"—1) weakly.
M

If R < 2" then || Rf||1r() < 2"B, and Proposition 4.2(4) with go = p gives oscys ¢ < mq+mg =
K. Thisis (MAg). Proposition 3.1 supplies (CUT), and Proposition 4.1 gives the conclusion. [J

We write L;! for the resulting mean-zero inverse: for F' € L>®(u;) with [ Fdu; =0, L;'F
is the unique mean-zero u € D(L;) with Lyu = F; it satisfies |L; ' F||po < Ciny||F||Lo, and by
elliptic regularity L; lpe Wlig(Mt) for all r < 00, so it has a continuous representative, which
we always use.
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5 Green’s functions

Proposition 5.1. Let (M,w) be a connected Kaihler manifold with 0 <V < oo satisfying (CUT),
and suppose that the mean-zero inverse L™' exists on L () := {F € L>®(u) : [ Fdp = 0} with
|L7YF||p < C||F||p. For x € M let P, be a compactly supported cutoff of a local Dirichlet
Green’s function with pole x as in Step 1 below. Then there is a unique G, € L'(u) such that

/ Gy du =0, / G, Andp = nn(x / nduy (ne CX(M)), G,— P, eW, (5.1)
M
and the last condition does not depend on the choice of P,. Moreover:

(1) Gy = Py + by with by € WNL*®(M); Gy is smooth on M\ {z}, G4(y) = —o0 asy — =z,
AG, = —n on M\ {z}, and G} € W N L>® with AG} > —n weakly on M.

(2) For every F € LP(u), [y GoF dp = —n(L7'F)(z); equivalently, if u € D(L) and Lu €
L>, then u(zx) — [, udp = —% Sy Gz Ludp for the continuous representative of w.

(3) [1/ 1G] dp < 2nC' for every x € M.

(4) The function (z,y) — Gz (y) is jointly continuous on {x # y}, Gz(y) = Gy(x) for x #y,
and (z,y) — Gz(y) is smooth on {z # y}.

(5) If q is bounded and Lipschitz for the Riemannian distance of g, then ¢ € W, the integral
E(Gz,q) = [y T(Gy, q) du converges absolutely, and

q(z) — /quu = —%5(%,61) = <VG:::,VQ> dp.

" 2n
Proof. Step 1: the local parametriz. Let € M be a smooth coordinate ball containing z, and
let m = 2n be the real dimension. The Dirichlet Green’s function of A on 2 (with respect to )
exists, is symmetric and smooth off the diagonal [Aub98, Theorems 4.17 and 3.54]; we normalize
it as @, with

AQy =nb, nD'(Q), Q.<0,  Qu(y) = —o0 (y— ),

where §, is the Dirac mass relative to p. Near z, |Q.| is bounded by a multiple of d(z,-)?~™
(of |logd(z,-)| if m = 2) and |VQ,| by a multiple of d(z,-)'™™; in particular @, € L and
VQ. € Li.. Let ¢ € C(Q2) equal 1 near x, and let P, = (Q., extended by zero to M. Then

AP, =nb, + Fy in D'(M),  Fy=QuAC + (V(,VQy)g € C2(M\ {z}).

Testing this identity against a function in C$°(M) equal to 1 near supp P, gives [, [y du = —n,
son+ F, € LF(p).

Step 2: construction. Put by, = L™ (n+F) — [y Pedpand Gy = Py +b,. Then b, € WNL™,
b, is smooth (elliptic regularity, Lb, being smooth), Ab, = —n — F,, hence AG, = nd, —n in
D'(M) and [,; G5 dp = 0; this is (5.1).

Step 3: uniqueness and the positive part. If P) is another admissible parametrix, then P, — P,
is compactly supported with A(P, — P.) = F, — F, smooth, hence smooth by elliptic regularity,
hence in W; so the energy condition in (5.1) is independent of P,. If G’ also satisfies (5.1), then
Gz — G € W is weakly harmonic with mean zero, hence zero by Lemma 2.2(3).

Let B, = ||bz||z> and let N be a small ball around x on which P, < —f, —1, so that G, < —1
on N. Choose ¥ € C°(N) with 0 <9 < 1,9 = 1 near x, and put P, = (1 —9)P, — (B, + 1);
this is smooth, compactly supported, agrees with P, outside a compact subset of N, and
Gy :=P,4b,<—1onN. Then G, € WNL>®, GF =G}, so GF € WnNL® by Lemma 2.1;
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and CN;'Q; is smooth with Aéw = —n outside N, so Aéx >h:= Aéw weakly with h € L* and

h=—non{Gy >0} C M\ N. Lemma 2.3 gives AGH > —n weakly. This proves (1).
Step 4: representation and the L' bound. Let F € L¥(u) and u = L™'F € VVli’g, r > m.
Approximating u near supp P, by smooth functions converging in W?" and uniformly, the

identity AP, = nd, + F, tested against u yields (recall Au = —F)

—/ Pdeu:/ PxAudu:nu(x)—i—/ Foudpy.
M M M

Since u, L= (n + F,) € D(L), the symmetry of £ gives

/ (L_l(n + F))Fdp = E(u, L_l(n + F)) = /
M

(n-f—Fx)udu:/ Foudp,
M M

the last step because u has mean zero. Adding, and using [ F'du = 0 to discard the constant in b,
we get [, GoF dp = —nu(x). For v € D(L) with bounded Lu, Lemma 2.2(3) gives [ Ludy = 0,
and uniqueness of the mean-zero solution identifies u — [udu = L~!(Lu); this is (2). Choosing
F =sgn G, — [y, 50 Gy dp, which has |Fl|p~ < 2, gives [, |Gz|dp = —n (L71F)(z) < 2nC,
which is (3).

Step &5: joint continuity and symmetry. For x in a ball B € (2, use the same (. The Dirichlet
Green’s function @(y) depends smoothly on (z,y) off the diagonal, and its singularity is
uniformly integrable on small balls, so z + P, is continuous into L!(x) and x + F is continuous
into L>*(u). By the inverse bound, z — b, is continuous into L*°(u), i.e. the continuous
functions b, depend uniformly continuously on x; thus (z,y) — G (y) = Px(y) + b.(y) is jointly
continuous off the diagonal.

For bounded real ¢, x with mean-zero parts ¢, xo, (3) justifies Fubini in

J[ 6@)Gawx(w) duntw) duta) = | o@)(=n L x0(a)) du(a)
=-n /M do L xodp = —n&(L ¢o, L x0),

where we used [,, Gy dp = 0 and (2). The last expression is symmetric in (¢, x). Taking
indicator functions shows G (y) = Gy(z) for almost every (z,y), and joint continuity upgrades
this to all x # y.

For joint smoothness, let ¢ € C°(M x M). Applying (5.1) to n = ¢(x,-) for each z,
integrating in x, and using Fubini (justified by (3)) gives

// Gz (y) Ayp(z,y) du(y) du(z) = n/M oz, ) dp(z) —n//sodﬂdu,

and by symmetry the same identity holds with A, in place of A,. Thus G € L' (M x M) satisfies
(Az 4+ Ay)G = 2n(ddiag — 1) in D'(M x M), where dgiag is the measure ¢ — [ (z,x) du(x). The
right side is smooth on {z # y} and A, + A, is an elliptic operator with smooth coefficients on
M x M, so G is smooth on {z # y} by elliptic regularity. This proves (4).

Step 6: Lipschitz functions. Let ¢ be bounded and d-Lipschitz. By Lemma 2.1, |V¢|, < Lipy(q)
almost everywhere, so ¢ € W = W. The pairing I'(G4,q) is integrable: I'(b,,q) by Cauchy—
Schwarz and T'(P,,q) because VP, € L' and Vq € L*. Mollifying ¢ near supp P, with
uniformly bounded gradients and using AP, = nd, + F,, we get £(Py, q) = —ng(z) — [, Frqdp,
while €(by,q) = [1;(n + Fy)gdp because b, — const = L™ (n + F,). Adding gives (G4, q) =
—ng(z) +n [y gdp, and E(Gy,q) = 3 [(VGa, Vq)g du by definition. This is (5). O

By Theorem 4.3, Proposition 5.1 applies to every fibre with C' = Ciy,,. We write Gy(z,y) =
G(y) on the fibre M;. This proves part (2) of Theorem A.
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6 Uniform estimates for Green’s functions

Throughout this section we assume (H), fix a fibre and drop the index ¢; all constants depend
only on the family data and on the displayed exponents. We write pu(u) = [, udpu, and we use
Proposition 4.2 freely.

6.1 A weak mean-value inequality

Lemma 6.1. There is a constant Cyy such that every v € W N L°(M) with Av > —n weakly
satisfies

esssup v < Ciy (1 + p(v™)).
M

Proof. By Lemma 2.3, v+ € W N L>® and Avt > —n weakly, so we may assume v > 0. Put

n

m = p(v), o= ntl’

Cn = (l—i-g)n, Kk = cp(1+m).

Apply Proposition 4.2(3) with R = (1 + v)/(1 + m), and normalize the solution so that
supy; ¢ = —1. Then p € W is bounded, —¢ > 1, and At) > n(RY™ —1) weakly. Let ® € C?(R)
be convex, nondecreasing, with bounded derivative, and equal to s — —r(—s)® on the range of
1 (this function is convex and increasing on (—oo, —1]). By Lemma 2.3,

w=14+v+0() W, Aw > n{—l + k(=) H(RY™ — 1)} weakly.

On {w > 0} we have 14+v > k(—1)*, hence R/" > g1/"(14m)~1/"(—y)*/". Using a—1+a/n =
0 and (—v)*~! < 1, the bracket is bounded below on {w > 0} by

a1+ m)TV —ak —1=ac,(1+m)(c/" —1) =1 =2¢,(1+m) —1> 1.
Testing with n = wt € W (Lemma 2.2(4)) gives 0 > —&(w™, w™) > nu(w™), so wt =0, i.e.
14+v <cp(l4+m)(—y)?. (6.1)

It remains to bound —1 from above. Let go = (p+1)/2 € (1,p). By (6.1), Rf < cp(—9)*f, so
Holder’s inequality with exponents p/qo and p/(p — qo) gives

/M(l'%f)q0 dv < clo (/M J du>qo/p (/M(_w)aqop/(pfqo) d,j> (p_qo)/p'

Since 1+ 1 has supremum 0 and solves the same equation, Proposition 4.2(5) gives [,, e~ ¥ dy <
Hye®@(m1+1) " which bounds every polynomial moment of —i) with respect to v. Hence
|Rfll Loy < J for a constant J depending only on the family data, and Proposition 4.2(4)
gives oscpyrp < M’ = my + M(n,qo, a0, Hp, J). Thus —¢p < 1+ M’, and (6.1) yields
14+v <ecp(l4 M)*1+m). Take Cpy = cn(1+ M2 O

Corollary 6.2. With Cy := Cyy(1 + nCiny), one has Gi(y) < Cy for all x #y in M.

Proof. By Proposition 5.1(1), Gi € W N L*® and AG; > —n weakly, and by (3) and u(G,) = 0,
1(GF) = $u(|Gz]) < nCiny. Lemma 6.1 gives esssup G < Cp, and continuity of G, on M \ {z}
gives the pointwise bound. O

From now on we write
%x::CO+1_Gx217 N(Hm):CO+17
and note that H,(y) = Hy(x) for x # y.
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6.2 Moments

Lemma 6.3 (Bootstrap). Let a > 1 and suppose sup,epr p(HE) < Jo. Then for every 0 < ffy <
a/n there is Jy, depending only on a, By, Jo and the family data, such that sup,c s ,u(?—[i*ﬁo) < Ji.

Proof. Fix x and, for k > 1, put
Q= min{He, kY%, Ap=u(@Q), D= pn(@QHY"
Then 1 < A < pu(HP) < JOW“ and 1 < Dy, < p(HPPo)U/n < J(?O/“. Let

up = —nL™! (i: - 1), so that Auy, = n(i: — 1), up(y) = /M Gy(z)QZ(:) du(z)

by Proposition 5.1(2) and p(Gy) = 0. Symmetry, Fubini and (3) give pu(|ug|) < 2nCiny.

Next let Ry = (Qr/Dx)™, a bounded probability density for u. Choose g € (1,p) so close to
1 that d := nfog(p — 1)/(p — q) < a. Since du = fdv, Dy, > 1, and Holder’s inequality with
exponents (p —1)/(g — 1) and (p —1)/(p — q),

qg—1

= = (a-1)
/ (ka)qdug/ HPoa pa—1 gy < (/ fpdy)p 1(/ ’Hgdu)p < BT e =,
M M M M

where we used [y, fP" du = [,, fPdv and p(H2) < p(H2)%?; the bound J is independent of &
and x. By Proposition 4.2(3) and (4) there is ¢ € W with sup ¢ = 0,

_MO < wk < 07 AW: > n(g’z - 1) WeakIY7 MO =my+ M(na Q7a01H07 J)

Put zp = ¥ —uk/Dk e WNL>®. Since A, > 1,

Q 1 1
Az > n[D—k (1 — /Tk) -1+ D—IJ > —n  weakly, u(z,j) < My + 2nCiyy .
Lemma 6.1 gives 2 < Cuyy(1 + My + 2nCiy,y) almost everywhere, hence uy > —Dy (Mo +
Civ (1 + My + 2nCiyy)) > —J; almost everywhere, with J] independent of &, x; by continuity
of u the bound holds everywhere. Evaluating the representation of u; at y = x and writing
G:E = CO +1- 7'[:107

—J < ug(z) = Cot1-=0 so u(HaQp) < (Co+1+J))Ap < (Co+14.07) T
k

Letting & — oo, monotone convergence gives pu(HLT50) < (Co+ 1+ J{)Joﬁo/a =:Ji. O
<

Corollary 6.4. For every0 < a < -7 (0 < a < oo if n = 1) there is Cy with sup,¢ s u(|Gz|*)
supgen M(Hg) < Ca.

Proof. The first inequality holds because |G| < H, (as G < Cp and H, > 1). Fix v € (0,1)
and put ag = 1, a;j41 = 1 +~va;/n. The hypothesis of Lemma 6.3 holds for ag with Jo = Cy +1,
and the lemma with 8y = yoj/n < o /n passes from «; to a;1. The sequence o increases to
n/(n—=) (to 1/(1 —~) if n = 1), which exceeds any prescribed a < n/(n — 1) for ~y close to 1.
Finitely many steps therefore reach any such a; intermediate exponents are handled by Holder’s
inequality. O
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6.3 Weighted energy and gradient estimates

Lemma 6.5. For every b > 0 and every x € M,

/ VG, ‘gd 2n
1+b 3
M Hi b

Proof. Let ¢j > 0 be smooth probability densities (for 1) supported in coordinate balls shrinking
to x, and put

vj=-nL7H(g=1),  sothat  Av;=n(G-1), vy = /M Gy(2)si(2) du(z),  p(v;) =0,
and v; < Cp by Corollary 6.2. Let H; = Cy + 1 —v; > 1. The function Hj_b is a bounded

Lipschitz function of v; € W N L, so it belongs to W with d(Hj_b) = b’}-[j_b_ldvj. Since
vj € D(L),

b/ 1+b = E(v H;") = /M(L”ﬂ Hy " dyu = "/M(l — )M dp <,

that is, [}, |ij|27-[j_1_b dp < 2n/b. By joint continuity of the kernel and symmetry, v;(y) —
G:(y) = [y (G:(y) — G2(y))s;(2) du(z) — 0 locally uniformly on M \ {}. On any Q € M \ {z}
the functions v; — G are harmonic for j large, so the Caccioppoli inequality gives Vv; — VG,
in L?(2). Along a subsequence the convergence is almost everywhere, and Fatou’s lemma gives
the claim. O

Lemma 6.6. For every 0 < s < 2n 7 (0 <s<2ifn=1) there is a constant Ds such that

S IVGzlydp < Dy for every x € M.

1

Proof. Since 5°- < "5 is equivalent to s < 2 ", we may choose b > 0 with r := =— P

(any b > 0 if n = 1). Holder’s inequality with exponents 2/s and 2/(2 — s) gives

2 s/2 23)2
/]VG °d _/ \VG,|* H1+b)s/2d <(/ |VG\ /7—[’" /,
M

1+b)s/2 2 L+D

and both factors are bounded by Lemma 6.5 and Corollary 6.4. O

Theorem 6.7. Assume (H). Then part (3) of Theorem A holds: Gy(z,y) < Cy for x 7& y, the
moments of Gi(x,-) of every order a < L5, the L* norms of V,Gy(x,-) for every s < 2n 7, and

the weighted energies [ |V,GY| >H,; 1= bdut < 2n/b are bounded uniformly in t and x.

Proof. Combine Corollaries 6.2 and 6.4 and Lemmas 6.5 and 6.6; all constants depend only on
the family data and the exponents. O

7 Metric completion and Sobolev inequalities

7.1 From Green’s functions to the metric completion

Proposition 7.1. Let (N,h) be a connected Riemannian manifold with distance d, let o be a
probability measure on N with smooth positive density, and let S C N be dense. Suppose that
for someqg>1, A >0,

‘v(:c) - /Nvda’ < A(/N |Vv\%da)1/q (7.1)
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for every bounded d-Lipschitz function v and every x € S. Then the metric completion (N,d) is
compact, diam(N) < 2A, and for every z € N and R > 0,

7(By(= 1) > min{ 1, (25)"},

where & is the push-forward of o.

In particular, if (M,w) is as in Proposition 5.1 and ||V Gy s < Kv for some s > 1 and
q

_ _s — Ky
=2y and A = Y.

all x in a dense subset of M, the conclusions hold for (M, g, 1) with

Proof. Diameter. Let z,y € S with D = d(z,y) > 0, and let v, = min{d(z,-), D}, v, =
min{d(y, -), D}. These are bounded and 1-Lipschitz, so |Vu|p, |Vvy|p, < 1 almost everywhere
(Lemma 2.1) and (7.1) at the centres gives [v,do < A, [v,do < A. The triangle inequality

gives v, + vy > D, hence D < 2A. By density, diam(/V) < 2A.

Balls centred in S. Fix x € S, R > 0, and put m = o(By(z, R)), v = min{d(z, ), R}.
By Lemma 2.1, |Vv|, < 1 almost everywhere, Vv = 0 almost everywhere on the level set
{d(z,-) = R} and outside the closed ball, so [ |Vv|?do < m. Since v(x) = 0 and v = R outside
Bd(l‘) R)7

R(1—m) < / vdo < Amt/e,
N
1 . .
If m < 5 this gives m > (R/2A)1.

Completion and compactness. Let z € N and R > 0; choose z; € S with E(xj, z) =¢€; — 0.
Then By(x;, R —¢j) C B5(2, R)N N, and the bound at z; with radius R — ¢; passes to the limit.
An e-separated subset of N has pairwise disjoint balls of radius €/3, each of measure at least
min{3, (¢/6A)7}, hence has bounded cardinality; so N is totally bounded, and being complete,
compact.

The Kdihler case. For a bounded d-Lipschitz v and z in the dense set, Proposition 5.1(5) and
Holder’s inequality give

S

‘v(w) - /Mvdu’ = 2171‘/M<VG$7V”>9 du’ < IQ{Z(/M Vot du>1/q7 -1, -

7.2 Sobolev inequalities

Proposition 7.2. Assume (H) and fiz a fibre. For every 1 <r < 15 (1 <r <ooifn=1)
there is Sy, depending only on v and the family data, such that

lu— 1(u)[Zar ) < S /M Vuldy  (wew). (7.2)

IfQ C M is open with by := (M \Q) > 0, a := [i(Q), and u € Wo(Q) (the closure of C(QNM)
in W), then

a

2 2
o @rneg <28 (1+ ) [ [Vuldp (7.3

FEvery u € VVéf(Q N M) with [oqp (u? + |Vul?) dp < oo that vanishes outside a compact subset
of Q belongs to Wy(Q) after extension by zero.

Proof. The global inequality on C°(M). Choose b > 0 with (14 b)r < -5 (any b > 0if n =1).
Let u € C2°(M,R); it is bounded and d-Lipschitz, so Proposition 5.1(5) and the Cauchy—Schwarz
inequality with weight H.t®, together with Lemma 6.5, give for every x € M

ot~ ) < o ([ S ) (et 1900 i)
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< o L Hal) V) ).

Taking the L (du(z)) norm and applying Minkowski’s integral inequality (first with H, truncated
at a finite level, then letting the level tend to infinity by monotone convergence),

= i@l < 5y [ (] Halo? 0 ()" 1) dit).

By symmetry H,(y) = Hy(z), so the inner integral is M(H;(Hb)), which is bounded uniformly in y
by Corollary 6.4 and the choice of b. This gives (7.2) on C°(M) with S, = - sup,, u(HZ(Hb))l/’”.

Extension to W. If u € W and u; € C2°(M) converge to u in W, then (7.2) applied to uj —uy,
shows that u; — u(u;) is Cauchy in L% (p); its limit is u — p(u) by L2-convergence, and (7.2)
passes to the limit.

The local inequality. Let u € Wy(R2). Its approximants vanish on M \ 2, so v = 0 and Vu =0
almost everywhere on M\ €; in particular [, [Vul?du = [ |Vul? du. Put m = p(u). ffa=0
then u = 0. Otherwise, by the Cauchy-Schwarz inequality and [, u*du = [;,(u —m)? dp +m?,

<o ol o)

so, using 1 —a = by and pu(M) =1,

2 a 2 a 2
< — - dp < —l|lu — N
m* < bo/ (u—m) < bOHu mle (1)

The triangle inequality in L2 (Q N M, 1), (A + B)? < 242 + 2B?, and a'/" < 1 give
2 2 1/r, 2 ANy 9 a 2
Il Eeranry < 2lu=rmllga gy +207m® < 21 ) lu=milZar ) < 25-(1+5-) /Q IV du

Zero extension. Let u be as in the last assertion, with « = 0 outside the compact set K C ).
Its extension by zero is in V[/li)c2 (M) (it vanishes on the open set M \ K') with finite norm, hence
in W by Lemma 2.2. The approximation procedure of Lemma 2.2 (truncation, multiplication
by 7;, and mollification in charts) produces functions in C2°(£2 N M), because n; has compact
support in M, the supports stay in K N suppn;, and mollification enlarges supports by an
arbitrarily small amount. Hence the extension lies in Wy(2). O

7.3 Completion estimates and the capacity of the boundary
Proposition 7.3. Assume (H) and fiz a fibre. Then:

(1) M is compact, diam(M,d) < Cy, and for every 0 < & < 1 there is Cy with [(By(z, R)) >
Cs ' min{1, R?"*°} for all z € M, R > 0.

(2) M is open in M, and fi(M \ M) = 0.

() Cap, (M \ M) = 0.
Proof. (1) Given 6 € (0,1), let ¢ = 2n+ 6 and s = ¢/(¢ — 1) < 32;. Lemma 6.6 provides
Ky = i/s, and Proposition 7.1 gives compactness, diam < 2As with Ay = Ky/2n, and
fi(B(z,R)) > min{, (R/2A5)*"*%} > C; ' min{1, R¥"+9}. Take Cy = 2A;».

(2) Each point of M has a relatively compact coordinate ball on which d is comparable to the

Euclidean distance; a smaller closed ball is complete for d, hence closed in M , and its interior is
a d-neighbourhood of the point contained in M. The measure statement holds by definition of fi.
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(3) Let n; be the cutoffs of Proposition 3.1 and v; =1 —n; € W. Since suppn; is compact in
M, hence closed in M, the function v; extends continuously by 1 to M \ M and equals 1 on the
open set M \ supp7; DO M \ M. Dominated convergence and (CUT) give HUJHQLQ(;L) +E(vj,v5) =
1L =il 72 + E55m5) = 0. O

Proof of Theorem A

Proposition 3.1 and Lemma 2.2 give the first half of part (1), and Theorem 4.3 the bounded
inverse. Proposition 5.1 gives part (2), Theorem 6.7 gives part (3), Proposition 7.3(1)—(2) give
part (4), Proposition 7.2 gives part (5), and Proposition 7.3(3) gives part (6). All constants
depend only on the family data and the displayed exponents. O

8 Two examples

The hypotheses of Theorem A address two distinct phenomena: a reducible fibre changes
the kernel of the Friedrichs operator, and at a non-normal point the Green’s function is not
determined by the natural normalizations. In this section n = 1; to keep the formulas classical
we use the Riemannian Laplacian A, (so Ay = a*1(8§2 + 8?) for g = a(d¢? + d¢?)), unnormalized
area measures, and the corresponding Dirichlet form [(Vu, Vv), dA,. The phenomena exhibited
are insensitive to these normalizations.

8.1 A reducible conic degeneration

Proposition 8.1. Let [Zo : Z1 : Zs] be homogeneous coordinates on P2, x = Zo/Zo, y = Z1/Za,
and let Q@ = £001og(1 + |z* + |y|?) be the Fubini-Study form. Consider the family

C={(Z,t) e P xD: ZyZ, =tZ3} — D,

with fibres Cy, and give C;°® the metric g; induced by Q and the area measure p;. Then C is
smooth, the projection is proper with connected fibres, Cy is a smooth conic for t # 0, and Cy is
the union of two lines meeting at o = [0: 0 : 1]. All fibres have area pu(C;°®) = 2x; taking the
metric itself as reference form, the normalized volume density is identically 1 and the potential
is 0. Nevertheless:

(1) On M = Ci®® = My U My, let Dy be the closure of C°(M) for [y, (u? 4 |Vul2,) duo, and
let Ay be the Friedrichs operator of E(u,v) = [1;(Vu, Vv)g, dug on Dy. Then ker Ay =
span{1s,,1as}. The bounded mean-zero function fo = 1y, — 1ag, is not in the range of
Ao, and for y € M there is no Gy € L (o) with [y; GyAo¢p duo = ¢(y) — % Sy @ dpo for
all bounded ¢ € Dom(Ag) N C®(M) with bounded Aye.

(2) For 0 <t<e ™ putl=1og(1/t) and A; = —Ay,. There are fi, Uy € C®(Cy) with |fi] <1,
[ frduy = [Updpy = 0, AUy = fp and Uy(p) > /48 at p = [1 : 0 : 0]. Consequently
every I'y), € L' (1) with J T pAvpdps = o(p) — % [ ddug for all ¢ € C(Cy) satisfies
[Tt pllL1(u,) > £/48, and the Poincaré constant

V|2 d
M: 0#veC™®C,R), / vdutzo}

Ap(t) = inf
P() { f(thQdNt c,

tends to 0 ast | 0.

Thus connected reducible fibres admit no uniform inverse, Green, Poincaré, or Sobolev estimate,
even with fized area, fized reference form, density 1 and zero potential.
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Proof. Geometry. For t # 0 the gradient (Z1, Zy, —2tZs) of the defining polynomial does not
vanish on P2, so C; is smooth; near (0,0) the total space is smooth because 0;(zy —t) = —1.
Properness follows from compactness of P2, and for ¢ # 0 the map [u : v] — [u? : tv? : wv] is an
isomorphism P! — Cj, so the fibres are connected. In the chart  — (z,t/z) write w = log |z,
¥ = argz and hi(w) = log(1 + €*¥ + [t[2e72¥); then

gt = by(w) (dw? +d¥?),  dp = b(w)dwdd, b = 1h}.

Hence py(Cy) = & (h}(+00) — hj(—00)) = % -4 = 2, and C; consists of two lines of area 7 each.

(1). Let x: R — [0, 1] be smooth, 0 on (—o00,0] and 1 on [1,00), and in a coordinate z centred
at o on the line M; put x.(z) = x((log |2| — 2loge)/log(1/¢)), which vanishes for |z| < €2 and
equals 1 for |z| > e. The function equal to x. on M; and 0 on the other component lies in
C(M), converges to 1y, in L?(pg), and by conformal invariance of the Dirichlet energy in
dimension two,

€ X/(') 2 27 /1 2
XA g = T .
Fog(1/a "= gz Jy W0

Thus 1y, € Dy with zero energy, so 1), € Dom(Ap) and Aply, = 0. Conversely a kernel element
has zero energy, hence is constant on each component. If u € Dy solved &Ey(u,v) = [ fovduo
for all v € Dy, testing with v = 1, would give 0 = 7. If y € M; and G, were as in (1),
testing with ¢ = 1,7, (which is bounded, smooth on M, in Dom(Ay), with Ag¢ = 0) would give
0=1,(y) — % = —%; for y € My use 1y,.

gO(XeuXe) = 277/

€2

(2): the Poincaré constant. Let n: R — [—1, 1] be smooth, odd, nondecreasing, equal to
+1 on £[1,00), let J = fil 17'|?, and set f;(w,9) = n(4w/f + 2). The involution Zy <> Z;
acts as w — —{ — w, preserves b, and reverses f, so [ f;du; = 0. Conformal invariance gives
J IV fi fh dpy = 27 [(4/0)%n' (4w/l + 2)|> dw = 87J/f. On the annulus 1 < |z| < 2 we have
w>0>—{/4,s0 f; =1 there; the area density of the immersion Fy(z) = (z,t/z) for Q is

L+ FBP)F? - [(F, F))? |F|?

1
o (11| Fi[?)2 = (L +FP)? = 36

on the annulus (as |F/|> = 1+ [t|*|z|~® > 1 and 1 + |F}|*> < 6 there), so [ fZdp, > 3% = & and

8 J/L
Ap(t) < S =98 0,

(2): the solution Uy. Let wg = —£/2, ki = befr, Qe(w) = [° k¢, and Up(w) = fwwo Q:. Then
U/ = =bfy, i.e. —Ag, Uy = fr. The function k; is odd about wy, so @Q; is even and Uy is odd
about wo; hence [Updus = 0. For w > —¢/4, fy =1 gives Q; = %(2 — hj) and

B w  h(w)
Ut(”u)) = Ct + 9 4

1
== log(1 4 €72 + |t]2e ™),

which is smooth at p in the coordinate 1/x; by oddness U; is smooth at the other pole too. Since
ft > 0 for w > wyp, Tonelli’s theorem gives
> ¢ los? Cop({1<lz[<2}) ¢
= — b dw > = b dw = = - = = > —.
Up) = [ (= o) b(w) fulwy o 2 5 [ bufw) o = 3 =y

Testing the defining identity of I'y , with ¢ = U; gives [Ty, fi due = Ui(p), and | fi| < 1 yields
the L! lower bound. Replacing u; by pu:/27 multiplies 'y, by 27 and leaves its L' norm
with respect to the normalized measure unchanged, so the conclusion does not depend on this
normalization. O
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8.2 A non-normal nodal cubic

Proposition 8.2. Let X,q = {Y2Z = X*(X + Z)} C P2, with node pyq = [0: 0 : 1], and
let vnq: PY — Xpg, [u:v] = [(u? — 0o u(u? — v?) : 03], be its normalization. Then Xpq is
irreducible, pnq is its only singular point, and vnq identifies Myg = Xng \ {pna} with P\ {1, -1}
(coordinate z = u/v). Equip Myq with the Fubini-Study metric g = |dz|?/(1 4 |2|?)?, area form
Wnd = %85 log(l + |z|2) and area measure png. Then wnq has smooth strictly plurisubharmonic
ambient local potentials on Xpnq, pnd(Mng) = 7, the metric completion of Myq is the round
sphere of radius %, and the two completion points over the node are antipodal, at distance /2.
The Friedrichs kernel is R, every smooth function on the sphere restricts to an element of the
operator domain, and the operator is Ana = —(1 + |2|*)?(03,, + 02,.)-

Call G € L?(jtnq) N C*(Mypq) an ambient-test Green’s function at the node if [ G djng = 0
and

1
/ G Ana(Y|ary,) ditng = Y (pna) — —/ U dping for all real ¥ € C*(P?).
Mnd ™ Xnd

For ce {1,—1} let

1 |z —c|?

) = =3 T

1
I'n=H.— — /Hcd,und.
m

The ambient-test Green’s functions at the node are exactly Gy = sI't + (1 — s)I'_1, s € R.
Each G5 lies in LY(uynq) for every ¢ < oo and has gradient in L" (unq) for every r < 2; Gy is
bounded below if and only if 0 < s < 1. Thus mean normalization, lower bounds, and subcritical
integrability do not single out a Green’s function with pole at the node.

Proof. The curve. In the chart Z = 1 the equation is y? = x?(x + 1); it is irreducible because
2?(x+1) is not a square, and Z does not divide the homogeneous equation. The only affine singular
point is (0,0), and the point at infinity [0 : 1 : 0] is smooth. The map z — (z,y) = (221, 2(2% 1))
has inverse z = y/x off the node, sends z = +1 to the node, and extends to an isomorphism
P! — X,q over the point at infinity. Near the node the two branches are smooth and transverse, so
there are ambient coordinates (g, 7) in which they are {r = 0} (with ¢ = z—1) and {g = 0} (with
r = z+1); the strictly psh function P(g,7) = log(1 + |1 + ¢q|?) +log(1 + |r — 1|?) —log 2 restricts
to log(1 + |z|?) on both branches. At smooth points a local potential is obtained by extending
log (1 + \z|2) constantly in a transverse direction and adding the squared modulus of the transverse
coordinate. The area is 27 [;°7(1 +1%)"2dr = 7, and z — (Rez,Imz, (|z|> — 1)) /(1 + |2[%)
is an isometry onto the round sphere of radius % minus two antipodal points. Detouring a
minimizing arc around a puncture disc of radius € costs O(e), so the intrinsic distance of Mg is

the round distance; the completion is the sphere and the punctures are at distance /2.

The Friedrichs domain. Logarithmic cutoffs k. as in the proof of Proposition 8.1 at the two
punctures have energy 27 fol |12/ 1og(1/€) — 0, so for smooth ¢ on the sphere x.¢ — ¢ in the
form norm and ¢|ys , lies in the form domain; integration by parts against compactly supported
tests and density put it in the operator domain with A,q¢ the negative round Laplacian. Kernel
elements have zero energy and Mg is connected, so the kernel is R. Note that the smooth
sphere function Re z/(1 + |2|?) takes different values at the two punctures, so elements of the
operator domain need not have a common limit over the node.

The functions T'.. In the coordinate ¢ = 1/z the argument of the logarithm in H, is
1 —cC2/((1+[¢*)(1 +|c]?)), so H. is smooth at infinity. From Agyclog|z — ¢|> = 476, and
Aguclog(1 + |2[%) = 4(1 + |2]?)~2 we get, for every smooth ¢ on the sphere,

/Fc And¢ dping = _/Fc Apucp dA = ¢(c) — 71T/¢dund-

22



The isometry z — —z exchanges H; and H_j, so their means agree and I'j — I'_; =
—Llog(|z —12/|z +1/?) # 0. For ¥ € C>(P?), the pull-back ¢ = ¥ o vyq is smooth on
the sphere with ¢(1) = ¢(—1) = U(pyq); hence every G, is an ambient-test Green’s function at
the node.

Classification. Let G be an ambient-test Green’s function and h = G —I'_;. Every function in
C2°(Myq) is the restriction of an ambient smooth function (extend normally in submanifold charts
and use a partition of unity), so h is harmonic on the twice-punctured sphere. On a punctured
disc around ¢ = *+1 expand h in Fourier modes: ¢y = By + Dglogr and ¢ = Bkr‘k| + Dkr*““'
for k # 0. Since h € L?, D}, = 0 for k # 0, and the remaining series extends smoothly across
the puncture (its coefficients decay rapidly, being those of smooth boundary data). Hence
Apgh = t101 +t_10_1 on the sphere, and testing with 1 gives t; +¢t_1 = 0. Subtracting
t1(I'y — T'_1) removes both logarithmic singularities, leaving a smooth harmonic function on the
sphere with mean zero, which vanishes. So G = 1Ty + (1 — ¢1)';.

Integrability and lower bounds. Each T'. is continuous except at ¢, where it tends to +oc.
Hence G is bounded below for 0 < s < 1, while for s < 0 it tends to —oo at 1 and for s > 1 at
—1. Near a puncture |G| = O(1 + |logr|) and VG| = O(1 4+ r71), so G € L9 for all ¢ < oo
and VG4 € L" for all r < 2. O

The conic example leaves open a theory with componentwise mean subtraction. The nodal
example shows that a Green’s function with pole at a non-normal point requires a choice

of branch; it does not show that normality is necessary for the regular-centre estimates of
Theorem A.
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