
Uniform Green Functions and Sobolev Geometry in Families of
Singular Kähler Varieties

Abstract

We prove uniform estimates for Green’s functions, diameters, volumes of balls, and
Sobolev inequalities for Kähler metrics with bounded potentials on the fibres of a proper
family of normal irreducible compact Kähler spaces, assuming only a uniform Lp bound,
p > 1, on the normalized volume densities. The estimates hold on every fibre, singular fibres
included, and no uniform bound on the Kähler potentials is assumed. Green’s functions are
defined with poles in the regular locus of the metric, while the diameter and non-collapsing
estimates hold at every point of the metric completion; the Sobolev inequalities hold in the full
subcritical range allowed by the gradient estimate for the Green’s function. Two examples—a
reducible conic degeneration and a non-normal nodal cubic—show that irreducibility cannot
be dropped, and that a Green’s function with pole at a singular point is not canonically
defined.
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1 Introduction

Uniform estimates for Green’s functions connect pluripotential control of volume densities to
diameter bounds, non-collapsing, and Sobolev inequalities. For smooth fibres this programme
was carried out by Guo, Phong, Song and Sturm for a fixed manifold, and by Guedj and Tô
[GT25] for families with varying complex structure. The purpose of this paper is to extend it to
families whose fibres may all be singular, without assuming a Poincaré inequality, compactness
of the resolvent, or a uniform bound on the Kähler potentials.

1.1 Standing assumptions

Throughout the paper we work under the following hypotheses, referred to as (H).

The family. Let D = {t ∈ C : |t| < 1} and let π : X → D be a proper surjective holomorphic
map from an irreducible reduced Kähler complex space. Assume that every fibre Xt = π−1(t)
is reduced, irreducible, normal and of pure dimension n ≥ 1. Fix a Kähler form β on X and
constants

A > 0, B ≥ 1, 1 < p < ∞, 0 < b− ≤ b+ < ∞.

Write βt = β|Xt and assume that

b− ≤ Vβ,t :=
∫
Xt

βnt ≤ b+ for |t| < 3
4 , νt := βnt

Vβ,t
.

Measures on a fibre are always extended by zero from its regular locus.
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The metric. For |t| < 1
2 , let θt be a smooth closed real (1, 1)-form on Xt (locally the restriction

of a smooth ambient form) with θt ≤ Aβt, whose class is Kähler: θt + ddcat is a Kähler form for
some smooth real function at on Xt. Let Ut be a bounded θt-plurisubharmonic function and let
Zt ⊂ Xt be a proper closed analytic subset containing Xt,sing. Set

Tt = θt + ddcUt, Mt = Xt \ Zt, ωt = Tt|Mt ,

and assume that (Mt, ωt) is a smooth Kähler manifold. No bound on ∥Ut∥L∞ is assumed.

The density. For |t| < 1
2 put

Vt =
∫
Mt

ωnt , µt = ωnt
Vt

= ft νt, ∥ft∥Lp(νt) ≤ B.

The conventions for dc, the Laplacian ∆t, the Riemannian metric gt, the Dirichlet form
Et, its domain Wt, and the Friedrichs operator Lt = −∆t are fixed in Section 2; in particular
Et(u, u) = 1

2
∫
Mt

|∇u|2gt
dµt. All constants below depend only on the family data

(X , π, β), n, A, B, p, b−, b+,

and on the displayed exponents, and never on t, Ut or Zt.

Theorem A. Assume (H). The following assertions hold for every |t| < 1
2 , with constants

depending only on the family data and the displayed exponents.

(1) Energy domain and bounded inverse. The manifold Mt is connected, 0 < Vt < ∞,

Wt =
{
u ∈ W 1,2

loc (Mt,R) : ∥u∥2
L2(µt) + Et(u, u) < ∞

}
,

and kerLt = R. There is Cinv > 0 such that for every real F ∈ L∞(µt) with
∫
F dµt = 0

there is a unique u ∈ D(Lt) with Ltu = F and
∫
u dµt = 0; it satisfies ∥u∥L∞ ≤ Cinv∥F∥L∞ .

(2) Green’s functions. For every x ∈ Mt there is a unique function Gt(x, ·) ∈ L1(µt) such that∫
Mt

Gt(x, y) dµt(y) = 0,∫
Mt

Gt(x, y) ∆tη(y) dµt(y) = n
(
η(x) −

∫
Mt

η dµt
)

(η ∈ C∞
c (Mt)),

and Gt(x, ·)−Px ∈ Wt, where Px is a compactly supported cutoff of a local Dirichlet Green’s
function with pole x (Section 5); the last condition does not depend on the choice of Px.
The function (x, y) 7→ Gt(x, y) is symmetric and smooth off the diagonal of Mt ×Mt, and
Gt(x, y) → −∞ as y → x.

(3) Uniform kernel estimates. There is C0 ≥ 0 such that Gt(x, y) ≤ C0 for x ̸= y. Put
Ht(x, y) := C0 + 1 −Gt(x, y) ≥ 1. For every 0 < a < n

n−1 and every 0 < s < 2n
2n−1 there

are constants Ca, Ds with∫
Mt

|Gt(x, y)|a dµt(y) ≤ Ca,

∫
Mt

|∇yGt(x, y)|sgt
dµt(y) ≤ Ds,

where for n = 1 the first threshold is +∞ and the second is 2. For every b > 0,∫
Mt

|∇yGt(x, y)|2gt

Ht(x, y)1+b dµt(y) ≤ 2n
b
.
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(4) Compact completion and volumes of balls. Let dt be the Riemannian distance of gt, let
(M̂t, d̂t) be the metric completion of (Mt, dt), and let µ̂t be the push-forward of µt. Then
M̂t is compact, Mt is open in M̂t, µ̂t(M̂t \ Mt) = 0, and diam(M̂t, d̂t) ≤ Cd. For every
0 < δ < 1 there is Cδ ≥ 1 such that for every z ∈ M̂t and every R > 0,

µ̂t
(
B
d̂t

(z,R)
)

≥ C−1
δ min{1, R2n+δ}.

(5) Sobolev inequalities. For every 1 < r < n
n−1 (1 < r < ∞ when n = 1) there is Sr such that

every u ∈ Wt satisfies(∫
Mt

∣∣u−
∫
u dµt

∣∣2r dµt)1/r
≤ Sr

∫
Mt

|∇u|2gt
dµt.

If Ω ⊂ M̂t is open with µ̂t(M̂t \ Ω) > 0, and W0,t(Ω) denotes the closure of C∞
c (Ω ∩Mt,R)

in Wt, then every u ∈ W0,t(Ω) satisfies

(∫
Ω∩Mt

|u|2r dµt
)1/r

≤ 2Sr
(
1 + µ̂t(Ω)

µ̂t(M̂t \ Ω)

) ∫
Ω∩Mt

|∇u|2gt
dµt.

Functions in W 1,2
loc (Ω ∩Mt) with finite L2 norm and energy that vanish outside a compact

subset of Ω belong to W0,t(Ω) after extension by zero.

(6) The added boundary has zero capacity. For E ⊂ M̂t let Cap1,t(E) be the infimum of
∥v∥2

L2(µt) + Et(v, v) over all v ∈ Wt that extend continuously to M̂t and satisfy v ≥ 1 on a
neighbourhood of E in M̂t (inf ∅ = +∞). Then Cap1,t(M̂t \Mt) = 0.

Three comments on the statement are in order. First, Green’s functions are only defined for
poles in Mt; the metric statements in part (4) nevertheless hold at every point of the completion,
because they are obtained from Green’s functions with poles in a dense set. The nodal example
of Section 8 shows that this distinction is unavoidable: at a non-normal point no Green’s function
is singled out by mean normalization and integrability conditions. Second, no identification of
M̂t with Xt is claimed. Third, the theorem is stated for every fibre over the inner disc, singular
or not, and its constants do not depend on the fibre.

1.2 Strategy

The proof has four steps, corresponding to Sections 3 to 5 and 7.

Zero-energy cutoffs (Section 3). On a log resolution of Xt, the current T n−1
t has a closed positive

extension, and logarithmic truncations of a defining section of the exceptional divisor have energy
tending to zero. This identifies the Friedrichs domain Wt with the maximal finite-energy Sobolev
space and shows kerLt = R.

The bounded inverse (Section 4). A bounded mean-zero solution u of Ltu = F is normalized
by ∥u∥L∞ and compared with the solution of an auxiliary twisted Monge–Ampère equation.
The maximum principle, in the form of a positive-part test in Wt, gives a one-sided bound; the
uniform Skoda integrability of [DGG23] (normalized with the supremum–mean comparison of
[Ou22]) and the envelope estimate of [DGG23] control the oscillation of the auxiliary potential
and yield ∥u∥L∞ ≤ Cinv∥F∥L∞ . Coercive resolvents then give existence.

Green’s functions and their estimates (Sections 5 and 6). A local Dirichlet Green’s function is
glued to a bounded global correction. A weak mean-value inequality, again obtained from an
auxiliary Monge–Ampère equation, bounds the positive part of the Green’s function; a nonlinear
bootstrap yields all moments of order < n

n−1 , and testing the equation against a negative power
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of the shifted kernel gives weighted energy control and, by Hölder’s inequality, gradient bounds
in Ls for s < 2n

2n−1 .

Metric geometry and Sobolev inequalities (Section 7). Applying the Green representation to
truncated distance functions gives diameter and volume bounds for balls centred in Mt, which
pass to the completion by density. A weighted Cauchy–Schwarz inequality and Minkowski’s
integral inequality give the Sobolev inequality, and the cutoffs of Section 3, extended by zero,
show that the added boundary has zero capacity.

1.3 Relation to the literature

For smooth fibres (and a possibly singular central fibre that is not itself estimated), [GT25,
Theorems A and B] contains the Green upper bound, the moment and gradient estimates,
and the diameter and non-collapsing bounds of Theorem A, under a cohomological version
of the bound θt ≤ Aβt (see [GT25, Setting 1.5, Definition 1.6]). On a fixed compact normal
Kähler space, [GPSS23, Theorems 3.1–3.4] prove compactness of the metric completion, Sobolev
inequalities and non-collapsing under an entropy hypothesis with exponent larger than n, and
[Vu24, Corollary 1.5] proves diameter and non-collapsing bounds under an f | log f |p0 hypothesis.
The zero-energy cutoff construction of Section 3 is close in spirit to [GPSS23, Lemma 8.2].
Theorem A differs from these results in that all fibres may be singular and the complex structure
varies, in that only an Lp density bound is assumed, and in that the Green’s functions are
constructed and estimated on the singular fibres themselves.
Remark 1.1. The Sobolev inequality [GT25, Theorem 2.6] is printed with the range 1 < r < 2n

n−1 ,
both in arXiv:2405.17232v2 and in the published version. Its proof chooses β > 0 with
(1 + β)r < n

n−1 , and the scaling of the embedding W 1,2 ⊂ L2n/(n−1) in real dimension 2n shows
that 2r ≤ 2n

n−1 is necessary for any such inequality when n ≥ 2. The range 1 < r < n
n−1 of

part (5) is therefore the one supported by the argument.

2 Preliminaries

2.1 Conventions

All complex spaces are reduced. A Kähler form on a complex space is locally the restriction of
ddc of a smooth strictly plurisubharmonic function on an ambient open subset of CN . We use

dc = i

2(∂̄ − ∂), ddc = i∂∂̄,

and Bedford–Taylor products for currents with bounded local potentials; these are closed,
positive, and put no mass on proper analytic subsets, see [EGZ09, §5.2 and Proposition 6.1] for
the behaviour under resolutions.

Let (M,ω) be a Kähler manifold of dimension n with finite volume V =
∫
M ωn, let µ = ωn/V ,

and let g(v, w) = ω(v, Jw) be the Riemannian metric. For real u, v ∈ W 1,2
loc (M) we write

Γ(u, v) dµ = n

V
du ∧ dcv ∧ ωn−1 = 1

2⟨∇u,∇v⟩g dµ, Γ(u) = Γ(u, u) = 1
2 |∇u|2g,

(the second equality is checked in coordinates in which ω is standard at a point, using du∧ dcv =
i
2(∂u ∧ ∂̄v + ∂v ∧ ∂̄u)), and

E(u, v) =
∫
M

Γ(u, v) dµ, ∆u = n
ddcu ∧ ωn−1

ωn
= 1

2∆gu.
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With these normalizations, ddcu ≥ −ω implies ∆u ≥ −n, and for u ∈ C2(M), η ∈ C∞
c (M)

Stokes’ formula reads E(u, η) = −
∫
M η∆u dµ. For u ∈ W 1,2

loc (M) and a locally integrable function
h we say that ∆u ≥ h weakly if

−E(u, η) ≥
∫
M
hη dµ for all 0 ≤ η ∈ C∞

c (M);

by mollification the inequality then holds for all nonnegative compactly supported η ∈ W 1,2(M)∩
L∞(M). Weak equalities are defined analogously.

Let W be the closure of C∞
c (M,R) for the norm ∥u∥2

W = ∥u∥2
L2(µ) + E(u, u) (the form is

closable, see Lemma 2.2), and let L be the Friedrichs operator of E :

u ∈ D(L), Lu = F ⇐⇒ u ∈ W, E(u, v) =
∫
M
Fv dµ (v ∈ W ).

Thus L = −∆ on smooth compactly supported functions, and L is a nonnegative self-adjoint
operator on L2(µ). On a fibre of the family we index everything by t: ∆t, Et,Wt, Lt.

2.2 Sobolev calculus

We use the following standard facts, see [GT01, Lemmas 7.6 and 7.7] and [EG15, §3.1.2 and
§4.2.2].

Lemma 2.1. Let (M, g) be a Riemannian manifold with distance d.

(1) If u : M → R is locally Lipschitz for d, then u ∈ W 1,∞
loc (M) and |∇u|g ≤ Lipd(u) almost

everywhere, where Lipd(u) is the Lipschitz constant of u for d.

(2) If u ∈ W 1,2
loc (M) and Φ: R → R is Lipschitz and piecewise C1, then Φ(u) ∈ W 1,2

loc (M) and
dΦ(u) = Φ′(u) du almost everywhere, with the convention that the right side vanishes on
level sets of u where Φ′ is undefined; indeed du = 0 almost everywhere on every level set of
u. In particular, for Ta(s) = max{−a,min{s, a}},

dTa(u) = 1{|u|<a} du, du+ = 1{u>0} du.

The next lemma isolates the consequences of the existence of cutoff functions with small
energy. In the situation of Theorem A these will be provided by Proposition 3.1.

Lemma 2.2 (Energy domain). Let (M,ω) be a connected Kähler manifold with 0 < V < ∞,
and suppose there are χj ∈ C∞

c (M), 0 ≤ χj ≤ 1, with

χj → 1 pointwise, E(χj , χj) → 0. (CUT)

Then the following hold.

(1) The form E on C∞
c (M) is closable, and W = W̃ := {u ∈ W 1,2

loc (M,R) : ∥u∥2
L2(µ) +E(u, u) <

∞}.

(2) Every nonnegative u ∈ W is a limit in W of nonnegative functions in C∞
c (M); every

u ∈ W ∩ L∞ is a limit in W of functions in C∞
c (M) bounded by ∥u∥L∞.

(3) Constants belong to D(L) with L1 = 0, and kerL = R. Consequently
∫
M Ludµ = 0 for all

u ∈ D(L).

(4) If w ∈ W , h ∈ L2(µ) and ∆w ≥ h weakly, then −E(w, η) ≥
∫
M hη dµ for every nonnegative

η ∈ W .
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(5) If ψ ∈ W 1,2
loc (M) ∩ L∞(M) satisfies ∆ψ ≥ −n weakly, then E(ψ,ψ) ≤ 2n oscM ψ; in

particular ψ ∈ W .

Proof. (1) If qk ∈ C∞
c (M), qk → 0 in L2(µ) and dqk is Cauchy for the energy, then the L2

loc-limit
of dqk is the distributional differential of 0, hence vanishes; this is closability. The space W̃ is
complete, since an E-Cauchy sequence converging in L2 converges in W 1,2

loc to a function with
the limiting differential. Hence W ⊂ W̃ . Conversely let u ∈ W̃ . By Lemma 2.1 and dominated
convergence, Ta(u) → u in W̃ as a → ∞, so we may assume u bounded. Then χju → u in L2

and
E(χju− u, χju− u) ≤ 2

∫
M

|χj − 1|2Γ(u) dµ+ 2∥u∥2
L∞E(χj , χj) → 0

by dominated convergence and (CUT). Each χju has compact support in M and is approximated
in W 1,2 by functions in C∞

c (M) via a finite atlas, a partition of unity and mollification; on the
relevant compact sets g and µ are uniformly equivalent to their Euclidean counterparts. Hence
u ∈ W .

(2) Truncation, multiplication by χj and mollification preserve nonnegativity and L∞ bounds.
(3) Since µ(M) = 1, 1 ∈ W̃ = W , and E(1, v) = 0 for all v ∈ W , so 1 ∈ D(L) and L1 = 0. If

Lu = 0 then E(u, u) = 0, so du = 0 almost everywhere; mollification in charts shows that u is
locally constant, hence constant since M is connected. Finally

∫
M Ludµ = E(u, 1) = 0.

(4) Both sides are continuous in η for the norm of W (the right side because h ∈ L2), so the
inequality passes from nonnegative test functions in C∞

c (M) to their limits, which by (2) include
all nonnegative η ∈ W .

(5) Let a = ess inf ψ, Q = oscM ψ and χ ∈ C∞
c (M), 0 ≤ χ ≤ 1. Testing ∆ψ ≥ −n with

χ2(ψ − a) ≥ 0 and using d(χ2(ψ − a)) = χ2dψ + 2χ(ψ − a)dχ,∫
M
χ2Γ(ψ) dµ ≤ n

∫
M
χ2(ψ − a) dµ− 2

∫
M
χ(ψ − a)Γ(ψ, χ) dµ

≤ nQ+ 2Q
(∫

M
χ2Γ(ψ) dµ

)1/2
E(χ, χ)1/2.

With 2ab ≤ a2/2 + 2b2 this gives
∫
M χ2Γ(ψ) dµ ≤ 2nQ+ 4Q2E(χ, χ). Taking χ = χj and using

Fatou’s lemma yields E(ψ,ψ) ≤ 2nQ, and ψ ∈ W̃ = W by (1).

Lemma 2.3 (Convex compositions). Let (M,ω) be as in Lemma 2.2, let u ∈ W ∩ L∞(M), let
h ∈ L∞(M), and assume ∆u ≥ h weakly. If Φ ∈ C2(R) is convex and nondecreasing with Φ′

bounded, then Φ(u) ∈ W and
∆Φ(u) ≥ Φ′(u)h weakly.

If moreover h ≥ −n almost everywhere on {u > 0} (for instance if ∆u ≥ −n weakly), then
∆u+ ≥ −n weakly.

Proof. By Lemma 2.1, Φ(u) ∈ W̃ = W . For 0 ≤ η ∈ C∞
c (M), the function Φ′(u)η is a

nonnegative, bounded, compactly supported element of W 1,2(M) with d(Φ′(u)η) = Φ′(u)dη +
ηΦ′′(u)du, hence an admissible test function, and

−E(Φ(u), η) = −
∫
M

Φ′(u)Γ(u, η) dµ = −E(u,Φ′(u)η) +
∫
M
ηΦ′′(u)Γ(u) dµ ≥

∫
M
hΦ′(u)η dµ.

For the positive part choose convex Φk ∈ C2(R) with Φk = 0 on (−∞, 0], 0 ≤ Φ′
k ≤ 1, and

Φ′
k(s) → 1 for every s > 0 (e.g. Φk(s) = k−1Φ1(ks)). Since Φ′

k(u) = 0 on {u ≤ 0} and h ≥ −n on
{u > 0}, we get −E(Φk(u), η) ≥

∫
M hΦ′

k(u)η dµ ≥ −n
∫
M Φ′

k(u)η dµ ≥ −n
∫
M η dµ, and the left

side converges to −E(u+, η) because dΦk(u) = Φ′
k(u)du → 1{u>0}du = du+ in L2 by dominated

convergence (recall du = 0 a.e. on {u = 0}).
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3 Zero-energy cutoffs on singular Kähler spaces

The singular boundary of Mt is invisible to the Dirichlet form because the (n− 1)-st power of
the metric current extends to a closed positive current on a resolution.

Proposition 3.1. Let X be an irreducible normal compact Kähler space of pure dimension
n ≥ 1, let Z ⊊ X be a closed analytic subset containing Xsing, and let T be a closed positive
(1, 1)-current on X with bounded plurisubharmonic local potentials such that ω = T |M is a Kähler
form on M = X \Z. Then M is connected, 0 < V =

∫
M ωn < ∞, and there are ηj ∈ C∞

c (M,R)
with 0 ≤ ηj ≤ 1 satisfying (CUT), i.e.

ηj → 1 pointwise on M, E(ηj , ηj) = n

V

∫
M
dηj ∧ dcηj ∧ ωn−1 → 0.

In particular all conclusions of Lemma 2.2 hold for (M,ω).
More generally, the same conclusions hold whenever M = Y \ D for a connected compact

complex manifold Y and a (possibly empty) simple normal crossing divisor D, provided ω is
a Kähler form on M with 0 < V < ∞ and ωn−1 is the restriction to M of a closed positive
(n− 1, n− 1)-current S on Y .

Proof. The general statement. Since D is a proper analytic subset of the connected manifold Y ,
its complement M is connected. If D = ∅ take ηj = 1. Otherwise let s be a holomorphic section
of OY (D) with divisor D, and fix a smooth Hermitian metric ∥ · ∥ on OY (D), rescaled so that

ρ := log ∥s∥ ≤ −1 on M.

On M , ddcρ equals minus one half of the curvature form of the metric, so there is a smooth
positive (1, 1)-form ϖ on Y with ddcρ ≥ −ϖ on M .

Fix a smooth nondecreasing function γ : R → [0, 1] with γ = 0 on (−∞, 0] and γ = 1 on
[1,∞), and let F (τ) =

∫ τ
0 γ(σ) dσ. Then F is smooth, convex and nondecreasing, 0 ≤ F (τ) ≤ τ+,

and F (τ) = τ − cF for τ ≥ 1, where cF =
∫ 1

0 (1 − γ) ∈ [0, 1]. For j ≥ 2 set

uj = −j + F (ρ+ j), ηj = 1 + uj
j
.

Since ρ → −∞ along D, uj ≡ −j near D, so uj and ηj extend smoothly to Y , ηj vanishes near
D, and supp ηj is a compact subset of M . Moreover −j ≤ uj ≤ 0 (because ρ+ j ≤ j − 1), hence
0 ≤ ηj ≤ 1, and at every point of M one has uj = ρ− cF for j large, so ηj → 1. Finally,

ddcuj = γ(ρ+ j) ddcρ+ γ′(ρ+ j) dρ ∧ dcρ ≥ −ϖ on M,

and the same inequality holds on Y because uj is constant near D.
Since S is a positive current on the compact manifold Y ,

∫
Y ϖ ∧ S < ∞. As uj is smooth on

Y and S is closed, Stokes’ formula for currents gives
∫
Y ddcuj ∧ S = 0 and

∫
Y duj ∧ dcuj ∧ S =∫

Y (−uj) ddcuj ∧ S. Since (ddcuj +ϖ) ∧ S is a positive measure and 0 ≤ −uj ≤ j,∫
Y
duj∧dcuj∧S =

∫
Y

(−uj)(ddcuj+ϖ)∧S−
∫
Y

(−uj)ϖ∧S ≤ j

∫
Y

(ddcuj+ϖ)∧S = j

∫
Y
ϖ∧S.

Because dηj = j−1duj vanishes near D and S|M = ωn−1,

E(ηj , ηj) = n

V j2

∫
Y
duj ∧ dcuj ∧ S ≤ n

V j

∫
Y
ϖ ∧ S −→ 0.

Note that only smooth forms were wedged with the current S; no integration by parts involving
the singular metric was used. The last assertion follows from Lemma 2.2.
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The singular space. Let ϱ : Y → X be a log resolution of the ideal of Z as in [EGZ09, §6.1]:
Y is a compact Kähler manifold, D = (ϱ−1(Z))red is a simple normal crossing divisor, and
ϱ : Y \D → M is a biholomorphism. Since X is irreducible, Y is connected. Pulling back the
bounded local potentials of T gives a closed positive current ϱ∗T on Y with bounded local
potentials, and

S := (ϱ∗T )n−1 (S = 1 if n = 1)

is a closed positive current on Y whose restriction to Y \D ∼= M is ωn−1. The Bedford–Taylor
measure (ϱ∗T )n has finite mass on the compact manifold Y and puts no mass on D [EGZ09,
Proposition 6.1], so V =

∫
Y \D(ϱ∗T )n < ∞. Since ω is a Kähler form on the nonempty open set

M , V > 0. The general statement applies.

Combined with Lemma 2.2, Proposition 3.1 proves the first half of part (1) of Theorem A: for
every fibre, Mt is connected, 0 < Vt < ∞, Wt is the maximal finite-energy Sobolev space and
kerLt = R. No density bound and no uniformity in t is needed for this.

4 The uniform bounded inverse

The L∞ estimate for L−1 is obtained by comparison with an auxiliary Monge–Ampère equation;
no Poincaré inequality is needed. We first isolate the analytic part of the argument.

4.1 A comparison principle

Proposition 4.1. Let (M,ω) be a connected Kähler manifold with 0 < V < ∞ satisfying (CUT),
and let K ≥ 0. Assume:

(MAK) For every ϵ ∈ (0, 1] and every real v ∈ D(L) ∩ L∞(µ) with∫
M
v dµ = 0, ∥v∥L∞ ≤ 1, ∥Lv∥L∞ ≤ ϵ

16 ,

there is a bounded ψ ∈ W 1,2
loc (M) such that, with

h := −Lv

nϵ
and R := e(ϵψ−v)/4 (1 + h)n,

one has
∫
M Rdµ = 1, ∆ψ ≥ n(R1/n − 1) weakly on M , and

R ≤ 2n =⇒ oscM ψ ≤ K.

Then every real F ∈ L∞(µ) with
∫
M F dµ = 0 admits a unique u ∈ D(L) with Lu = F and∫

M u dµ = 0, and
∥u∥L∞ ≤ CK∥F∥L∞ , CK := 16 max{1, 2K}.

The same bound holds for every mean-zero u ∈ D(L) with Lu ∈ L∞.

Note that ∥h∥L∞ ≤ 1
16n , so 1 + h ≥ 15

16 and R is positive and bounded whenever ψ is.

Proof. Step 1: comparison. Let ϵ, v, h, ψ,R be as in (MAK). Since R > 0, ∆ψ ≥ −n weakly, so
ψ ∈ W by Lemma 2.2(5), and by Lemma 2.2(4) the inequality −E(ψ, η) ≥ n

∫
(R1/n−1)η dµ holds

for all nonnegative η ∈ W . Put w = ϵψ − v ∈ W . Since −E(v, η) = −
∫

(Lv)η dµ = nϵ
∫
hη dµ

and R1/n = ew/(4n)(1 + h),

−E(w, η) ≥ nϵ

∫
M

(
(1 + h)ew/(4n) − 1 − h

)
η dµ = nϵ

∫
M

(1 + h)
(
ew/(4n) − 1

)
η dµ
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for all nonnegative η ∈ W . Testing with η = w+ ∈ W and using E(w,w+) = E(w+, w+) ≥ 0
(Lemma 2.1),

0 ≥ −E(w+, w+) ≥ nϵ

∫
M

(1 + h)
(
ew/(4n) − 1

)
w+ dµ ≥ 0.

The integrand is strictly positive on {w > 0}, so w+ = 0, i.e.

ϵψ ≤ v almost everywhere. (4.1)

Consequently R ≤ (1 + h)n ≤ (1 + 1
16n)n ≤ e1/16 ≤ 2n, and (MAK) gives oscM ψ ≤ K.

Step 2: the a priori bound. Let u ∈ D(L) ∩ L∞ have mean zero and ∥Lu∥L∞ ≤ 1
16 , and put

N = ∥u∥L∞ . We claim N ≤ max{1, 2K}. If N < 1 there is nothing to prove. Otherwise let
ϵ = N−1 ∈ (0, 1] and v = ϵu, so that ∥v∥L∞ = 1 and ∥Lv∥L∞ ≤ ϵ/16. Let ψ,R be given by
(MAK), and let m = ess supM ϵψ. From

∫
M Rdµ = 1, ϵψ ≤ m and (1 + h)n ≤ e1/16,

1 ≤ em/4 e1/16
∫
M
e−v/4 dµ.

Since |v/4| ≤ 1
4 ,

∫
v dµ = 0 and

∫
v2 dµ ≤ 1, the inequality ex ≤ 1 + x + x2 for |x| ≤ 1 gives∫

M e−v/4 dµ ≤ 1 + 1
16 . Taking logarithms and using log(1 + s) ≤ s,

0 ≤ m

4 + 1
16 + 1

16 , i.e. m ≥ −1
2 .

By Step 1, oscM ϵψ ≤ ϵK, hence ϵψ ≥ m − ϵK ≥ −1
2 − ϵK, and (4.1) gives v ≥ −1

2 − ϵK.
Applying the same argument to −u gives v ≤ 1

2 +ϵK. Thus 1 = ∥v∥L∞ ≤ 1
2 +K/N , i.e. N ≤ 2K,

which proves the claim. Applying the claim to u/(16∥Lu∥L∞) yields

∥u∥L∞ ≤ 16 max{1, 2K} ∥Lu∥L∞

for every mean-zero u ∈ D(L) ∩L∞ with bounded Lu (if Lu = 0 then u is a mean-zero constant,
hence 0, by Lemma 2.2(3)).

Step 3: existence. Let F ∈ L∞(µ) be real with
∫
F dµ = 0, and put F0 = ∥F∥L∞ . For λ > 0

the bilinear form E(q, z) + λ
∫
qz dµ is an inner product on the Hilbert space W equivalent to

the one defining ∥ · ∥W , so by the Riesz representation theorem there is a unique uλ ∈ W with

E(uλ, z) + λ

∫
M
uλz dµ =

∫
M
Fz dµ (z ∈ W ).

Thus uλ ∈ D(L) and Luλ = F − λuλ; testing with z = 1 shows
∫
uλ dµ = 0. Testing with

z = (uλ − F0/λ)+ and with z = (−uλ − F0/λ)+ gives ∥uλ∥L∞ ≤ F0/λ, hence ∥Luλ∥L∞ ≤ 2F0.
By Step 2 and the test z = uλ,

∥uλ∥L∞ ≤ 2CKF0, E(uλ, uλ) ≤
∫
M
Fuλ dµ ≤ 2CKF 2

0 .

Hence (u1/j)j is bounded in the Hilbert space W and, after passing to a subsequence, converges
weakly in W to some u. Weak convergence in L2 gives

∫
u dµ = 0 and ∥u∥L∞ ≤ 2CKF0, and for

every z ∈ W ,

E(u, z) = lim
j

E(u1/j , z) = lim
j

(∫
M
Fz dµ− 1

j

∫
M
u1/jz dµ

)
=

∫
M
Fz dµ.

So u ∈ D(L), Lu = F , and Step 2 gives ∥u∥L∞ ≤ CKF0. Two mean-zero solutions differ by an
element of kerL = R with mean zero, hence coincide.
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4.2 Uniform Monge–Ampère estimates on a fibre

The hypothesis (MAK) is supplied by pluripotential theory. We collect the required inputs in a
form that will also be used in Section 6. Throughout this subsection we fix |t| < 1

2 and drop the
index t, writing X,β, ν, θ, U, Z,M, ω, V, µ, f .

We use the following results.

(i) Supremum versus mean [Ou22, Corollary 4.8]: there is Csm ≥ 0, depending only on (X , π, β)
and A, such that for every |t| < 1

2 and every q ∈ PSH(Xt, Aβt),

sup
Xt

q − Csm ≤ 1
Vβ,t

∫
Xt

q βnt ≤ sup
Xt

q.

The statement in [Ou22] is for a proper family of reduced irreducible fibres over the disc
and a fixed smooth closed (1, 1)-form on X , which is our situation with the form Aβ.

(ii) Uniform Skoda integrability [DGG23, Setting 2.1, Corollary 2.4 and Theorem 2.9]: there
are a0 > 0 and C1, C2 > 0, depending only on (X , π, β) and A, such that for all |t| < 1

2 and
all q ∈ PSH(Xt, Aβt) with supXt

q = 0,∫
Xt

e−a0q βnt ≤ C1 exp
(
−C2

∫
Xt

q βnt

)
.

(iii) The envelope estimate [DGG23, Theorem 1.9]: let Y be a compact Kähler manifold, θ′ a
smooth closed real (1, 1)-form whose class is big, Vθ′ = sup{u ∈ PSH(Y, θ′) : u ≤ 0}∗, and
ν ′ a probability measure on Y such that

∫
Y e

−a0(q−supY q) dν ′ ≤ H0 for all q ∈ PSH(Y, θ′).
For every q0 > 1 and J > 0 there is a constant M(n, q0, a0, H0, J) such that every
w ∈ PSH(Y, θ′) with minimal singularities solving (θ′ + ddcw)n = vol(θ′)F ν′, where F ≥ 0,∫
F dν ′ = 1 and ∥F∥Lq0 (ν′) ≤ J , satisfies

−M(n, q0, a0, H0, J) ≤ w − sup
Y
w − Vθ′ ≤ 0.

(iv) Existence [LWZ24, Theorems 1.1 and 1.2]: let (Y, σ) be a compact Hermitian manifold and
θ′ a smooth real (1, 1)-form admitting a bounded θ′-psh function and with

∫
Y (θ′)n > 0.

If 0 ≤ G ∈ Lq0(σn), q0 > 1, is not identically zero, then for every c > 0 the equation
(θ′ +ddcw)n = ecwGσn has a bounded θ′-psh solution, and if

∫
Y Gσ

n =
∫
Y (θ′)n the equation

(θ′ + ddcw)n = Gσn has a bounded θ′-psh solution.

(v) The mixed Monge–Ampère inequality [Din09, Theorem 1.2]: if a, b are bounded psh functions
on an open subset of Cn with (ddca)n ≥ F dΛ and (ddcb)n ≥ GdΛ (Λ the Lebesgue
measure), then (ddca)k ∧ (ddcb)n−k ≥ F k/nG(n−k)/n dΛ for 0 ≤ k ≤ n.

Proposition 4.2 (Monge–Ampère toolbox). Assume (H) and fix |t| < 1
2 . There are constants

a0 > 0 and H0 ≥ 1, depending only on the family data, with the following properties.

(1) For every q ∈ PSH(X,Aβ),
∫
X e

−a0(q−supX q) dν ≤ H0.

(2) Let ϱ : Y → X be a log resolution as in Proposition 3.1, isomorphic over M , with DY =
(ϱ−1(Z))red, and put θ′ = ϱ∗θ, U ′ = U ◦ ϱ, ν ′ = ϱ∗βn/Vβ. Then ν ′ is a probability measure
with ν ′(DY ) = 0, the class of θ′ is nef and big,

∫
Y (θ′)n = V , the envelope Vθ′ is bounded,

every bounded θ′-psh function has minimal singularities, and
∫
Y e

−a0(q−supY q) dν ′ ≤ H0 for
every q ∈ PSH(Y, θ′).
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(3) Let R be a bounded measurable function on M with R ≥ 0,
∫
M Rdµ = 1; or, more generally,

let R = ecψR0 be prescribed implicitly with c > 0 and R0 bounded, positive and bounded
away from zero. Then there is a bounded θ′-psh function w on Y such that ψ := w ◦ϱ−1 −U
on M is bounded, belongs to W 1,2

loc (M), and satisfies

(ω + ddcψ)n = Rωn on M,

∫
M
Rdµ = 1, ∆ψ ≥ n

(
R1/n − 1

)
weakly on M.

In particular ψ ∈ W , and −E(ψ, η) ≥ n
∫
M (R1/n − 1)η dµ for all nonnegative η ∈ W .

(4) In the situation of (3), if ∥Rf∥Lq0 (ν) ≤ J for some q0 ∈ (1, p], then

oscM ψ ≤ m1 + M(n, q0, a0, H0, J), m1 := M(n, p, a0, H0, B).

(5) In the situation of (3), if supM ψ = 0 then
∫
M e−a0ψ dν ≤ H0e

a0m1.

Proof. (1) Let q ∈ PSH(X,Aβ) with sup q = 0. By (i), −
∫
X q β

n ≤ CsmVβ ≤ Csmb+, so (ii) and
Vβ ≥ b− give ∫

X
e−a0q dν ≤ C1e

C2Csmb+

b−
=: H0,

after increasing H0 to make it ≥ 1.
(2) The form ϱ∗βn is smooth and semipositive on Y , so ν ′ is a probability measure not

charging DY . By hypothesis κ = θ + ddcϕκ is a Kähler form on X for some smooth function
ϕκ; its pull-back κ′ is smooth, semipositive, positive off DY , and

∫
Y (κ′)n =

∫
X κ

n > 0. Hence
{θ′} = {κ′} is nef with positive volume, thus big by [DP04, Theorem 2.12]. The bounded θ′-psh
function U ′ −supU ′ is a competitor for Vθ′ , so U ′ −supU ′ ≤ Vθ′ ≤ 0; in particular Vθ′ is bounded
and every bounded θ′-psh function has minimal singularities. The identity

(θ′ + ddcU ′)n − (θ′)n = ddc
[
U ′

n−1∑
j=0

(θ′ + ddcU ′)j ∧ (θ′)n−1−j
]

integrates to zero over the compact manifold Y (Stokes’ formula for currents with bounded
potentials), and (θ′ + ddcU ′)n puts no mass on DY , so

∫
Y (θ′)n =

∫
M ωn = V .

For the integrability statement, let b ∈ PSH(Y, θ′) be bounded. Its restriction to Y \DY
∼= M

is a bounded θ-psh function on X \ Z; since X is normal and θ has smooth local potentials,
it extends to a bounded θ-psh function bX on X [EGZ09, §5.2], and bX ◦ ϱ = b because both
sides are θ′-psh and agree off the proper analytic subset DY . As θ ≤ Aβ, bX ∈ PSH(X,Aβ),
and (1) together with ν ′ = ϱ∗ν, ν ′(DY ) = 0 gives

∫
Y e

−a0(b−supY b) dν ′ ≤ H0. For arbitrary
b ∈ PSH(Y, θ′), the functions bj = max{b, U ′ − j} are bounded, θ′-psh, decrease to b, and satisfy
supY bj = supY b for j large; monotone convergence concludes.

(3) Write ν ′ = g σn for a Kähler form σ on Y and a smooth function g ≥ 0, and put f ′ = f ◦ϱ.
Then ∫

Y
(f ′g)p σn ≤ ∥g∥p−1

L∞

∫
Y

(f ′)p dν ′ ≤ ∥g∥p−1
L∞ Bp,

so V f ′g ∈ Lp(σn), and (θ′ + ddcU ′)n = V f ′g σn on Y (both sides put no mass on DY ). In
the first case, G := V (R ◦ ϱ)f ′g ∈ Lp(σn) is nonnegative with

∫
Y Gσ

n = V
∫
M Rdµ = V =∫

Y (θ′)n, and (iv) gives a bounded θ′-psh w with (θ′ + ddcw)n = Gσn. In the second case
G := e−cU ′

V (R0 ◦ϱ)f ′g ∈ Lp(σn) and (iv) gives a bounded θ′-psh w with (θ′ +ddcw)n = ecwGσn.
In both cases, on M ∼= Y \DY we have ω + ddcψ = θ + ddcw, hence (ω + ddcψ)n = Rωn with
R = ecψR0 in the second case, and∫

M
Rdµ = 1

V

∫
Y \DY

(θ′ + ddcw)n = 1
V

∫
Y

(θ′)n = 1,
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by the same Stokes argument as in (2).
Local regularity: on a coordinate ball Ω ⋐M let φ be a smooth strictly psh potential of ω.

Then φ+ψ is bounded and psh. If α is a smooth psh function on a larger ball and ζ ∈ C∞
c , testing

∆Eucα ≥ 0 against ζ2(α− inf α) gives
∫
ζ2|∇α|2 ≤ 4(oscα)2 ∫

|∇ζ|2; applied to mollifications of
φ+ψ this shows ψ ∈ W 1,2

loc (M). Writing ωn = G0 dΛ on Ω and applying (v) to a = φ+ψ, b = φ,
k = 1, F = RG0, G = G0, we get

(ω + ddcψ) ∧ ωn−1 ≥ R1/n ωn on Ω.

Subtracting ωn, multiplying by n/V , and integrating against 0 ≤ η ∈ C∞
c (Ω) (with an integration

by parts justified by mollifying ψ) gives −E(ψ, η) ≥ n
∫

(R1/n − 1)η dµ, i.e. ∆ψ ≥ n(R1/n − 1)
weakly. The remaining assertions follow from Lemma 2.2(5) and (4).

(4) The bounded θ′-psh functions U ′ and w = ϱ∗(U + ψ) have Monge–Ampère measures
V f ′ν ′ and V (Rf)′ν ′ with densities of Lp(ν ′)- and Lq0(ν ′)-norm at most B and J respectively,
and vol(θ′) = V . By (2) and (iii),

−m1 ≤ U ′ − sup
Y
U ′ − Vθ′ ≤ 0, −M(n, q0, a0, H0, J) ≤ w − sup

Y
w − Vθ′ ≤ 0.

Subtracting, w − U ′ differs from the constant supw − supU ′ by a function with values in
[−M(n, q0, a0, H0, J),m1], so oscM ψ = oscY (w − U ′) ≤ m1 + M(n, q0, a0, H0, J).

(5) Normalize supY U ′ = 0 (this does not change ψ) and put w = U ′ + ϱ∗ψ, a bounded θ′-psh
function. Since w − supY w ≤ 0 is θ′-psh, w − supY w ≤ Vθ′ , while U ′ − Vθ′ ≥ −m1 by (iii)
applied to U ′. Hence, on M ,

ψ = w − U ′ = (w − sup
Y
w − Vθ′) − (U ′ − Vθ′) + sup

Y
w ≤ m1 + sup

Y
w,

and supψ = 0 gives supY w ≥ −m1. As U ′ ≤ 0, ψ ≥ w = (w − supY w) + supY w ≥
(w − supY w) −m1, so by (2)∫

M
e−a0ψ dν ≤ ea0m1

∫
Y
e−a0(w−supY w) dν ′ ≤ H0e

a0m1 .

4.3 The uniform inverse

Theorem 4.3. Assume (H). With m1 = M(n, p, a0, H0, B) and m2 = M(n, p, a0, H0, 2nB),
every fibre (Mt, ωt), |t| < 1

2 , satisfies (MAK) with K = m1 + m2. Consequently part (1) of
Theorem A holds with

Cinv = 16 max{1, 2(m1 +m2)},
a constant depending only on the family data.

Proof. Fix a fibre and drop the index t. Let ϵ ∈ (0, 1] and v be as in (MAK), and put
h = −Lv/(nϵ), c = ϵ/4 and R0 = e−v/4(1 + h)n; R0 is bounded and bounded away from
zero since ∥v∥L∞ ≤ 1 and 1 + h ≥ 15

16 . Proposition 4.2(3) (second case) provides a bounded
ψ ∈ W 1,2

loc (M) with

(ω+ddcψ)n = Rωn, R = e(ϵψ−v)/4(1+h)n,
∫
M
Rdµ = 1, ∆ψ ≥ n(R1/n−1) weakly.

If R ≤ 2n, then ∥Rf∥Lp(ν) ≤ 2nB, and Proposition 4.2(4) with q0 = p gives oscM ψ ≤ m1 +m2 =
K. This is (MAK). Proposition 3.1 supplies (CUT), and Proposition 4.1 gives the conclusion.

We write L−1
t for the resulting mean-zero inverse: for F ∈ L∞(µt) with

∫
F dµt = 0, L−1

t F
is the unique mean-zero u ∈ D(Lt) with Ltu = F ; it satisfies ∥L−1

t F∥L∞ ≤ Cinv∥F∥L∞ , and by
elliptic regularity L−1

t F ∈ W 2,r
loc (Mt) for all r < ∞, so it has a continuous representative, which

we always use.

12



5 Green’s functions

Proposition 5.1. Let (M,ω) be a connected Kähler manifold with 0 < V < ∞ satisfying (CUT),
and suppose that the mean-zero inverse L−1 exists on L∞

0 (µ) := {F ∈ L∞(µ) :
∫
F dµ = 0} with

∥L−1F∥L∞ ≤ C∥F∥L∞. For x ∈ M let Px be a compactly supported cutoff of a local Dirichlet
Green’s function with pole x as in Step 1 below. Then there is a unique Gx ∈ L1(µ) such that∫

M
Gx dµ = 0,

∫
M
Gx ∆η dµ = nη(x) −n

∫
M
η dµ (η ∈ C∞

c (M)), Gx −Px ∈ W, (5.1)

and the last condition does not depend on the choice of Px. Moreover:

(1) Gx = Px + bx with bx ∈ W ∩ L∞(M); Gx is smooth on M \ {x}, Gx(y) → −∞ as y → x,
∆Gx = −n on M \ {x}, and G+

x ∈ W ∩ L∞ with ∆G+
x ≥ −n weakly on M .

(2) For every F ∈ L∞
0 (µ),

∫
M GxF dµ = −n (L−1F )(x); equivalently, if u ∈ D(L) and Lu ∈

L∞, then u(x) −
∫
M u dµ = − 1

n

∫
M Gx Ludµ for the continuous representative of u.

(3)
∫
M |Gx| dµ ≤ 2nC for every x ∈ M .

(4) The function (x, y) 7→ Gx(y) is jointly continuous on {x ≠ y}, Gx(y) = Gy(x) for x ̸= y,
and (x, y) 7→ Gx(y) is smooth on {x ̸= y}.

(5) If q is bounded and Lipschitz for the Riemannian distance of g, then q ∈ W , the integral
E(Gx, q) =

∫
M Γ(Gx, q) dµ converges absolutely, and

q(x) −
∫
M
q dµ = − 1

n
E(Gx, q) = − 1

2n

∫
M

⟨∇Gx,∇q⟩g dµ.

Proof. Step 1: the local parametrix. Let Ω ⋐M be a smooth coordinate ball containing x, and
let m = 2n be the real dimension. The Dirichlet Green’s function of ∆ on Ω (with respect to µ)
exists, is symmetric and smooth off the diagonal [Aub98, Theorems 4.17 and 3.54]; we normalize
it as Qx with

∆Qx = nδx in D′(Ω), Qx < 0, Qx(y) → −∞ (y → x),

where δx is the Dirac mass relative to µ. Near x, |Qx| is bounded by a multiple of d(x, ·)2−m

(of | log d(x, ·)| if m = 2) and |∇Qx| by a multiple of d(x, ·)1−m; in particular Qx ∈ L1
loc and

∇Qx ∈ L1
loc. Let ζ ∈ C∞

c (Ω) equal 1 near x, and let Px = ζQx, extended by zero to M . Then

∆Px = nδx + Fx in D′(M), Fx = Qx∆ζ + ⟨∇ζ,∇Qx⟩g ∈ C∞
c (M \ {x}).

Testing this identity against a function in C∞
c (M) equal to 1 near suppPx gives

∫
M Fx dµ = −n,

so n+ Fx ∈ L∞
0 (µ).

Step 2: construction. Put bx = L−1(n+Fx)−
∫
M Px dµ and Gx = Px+bx. Then bx ∈ W ∩L∞,

bx is smooth (elliptic regularity, Lbx being smooth), ∆bx = −n− Fx, hence ∆Gx = nδx − n in
D′(M) and

∫
M Gx dµ = 0; this is (5.1).

Step 3: uniqueness and the positive part. If P ′
x is another admissible parametrix, then Px−P ′

x

is compactly supported with ∆(Px − P ′
x) = Fx − F ′

x smooth, hence smooth by elliptic regularity,
hence in W ; so the energy condition in (5.1) is independent of Px. If G′

x also satisfies (5.1), then
Gx −G′

x ∈ W is weakly harmonic with mean zero, hence zero by Lemma 2.2(3).
Let βx = ∥bx∥L∞ and let N be a small ball around x on which Px < −βx−1, so that Gx < −1

on N . Choose ϑ ∈ C∞
c (N) with 0 ≤ ϑ ≤ 1, ϑ = 1 near x, and put P̃x = (1 − ϑ)Px − ϑ(βx + 1);

this is smooth, compactly supported, agrees with Px outside a compact subset of N , and
G̃x := P̃x + bx ≤ −1 on N . Then G̃x ∈ W ∩ L∞, G+

x = G̃+
x , so G+

x ∈ W ∩ L∞ by Lemma 2.1;
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and G̃x is smooth with ∆G̃x = −n outside N , so ∆G̃x ≥ h := ∆G̃x weakly with h ∈ L∞ and
h = −n on {G̃x > 0} ⊂ M \N . Lemma 2.3 gives ∆G+

x ≥ −n weakly. This proves (1).
Step 4: representation and the L1 bound. Let F ∈ L∞

0 (µ) and u = L−1F ∈ W 2,r
loc , r > m.

Approximating u near suppPx by smooth functions converging in W 2,r and uniformly, the
identity ∆Px = nδx + Fx tested against u yields (recall ∆u = −F )

−
∫
M
PxF dµ =

∫
M
Px∆u dµ = nu(x) +

∫
M
Fxu dµ.

Since u, L−1(n+ Fx) ∈ D(L), the symmetry of E gives∫
M

(
L−1(n+ Fx)

)
F dµ = E

(
u, L−1(n+ Fx)

)
=

∫
M

(n+ Fx)u dµ =
∫
M
Fxu dµ,

the last step because u has mean zero. Adding, and using
∫
F dµ = 0 to discard the constant in bx,

we get
∫
M GxF dµ = −nu(x). For u ∈ D(L) with bounded Lu, Lemma 2.2(3) gives

∫
Ludµ = 0,

and uniqueness of the mean-zero solution identifies u−
∫
u dµ = L−1(Lu); this is (2). Choosing

F = sgnGx −
∫
M sgnGx dµ, which has ∥F∥L∞ ≤ 2, gives

∫
M |Gx| dµ = −n (L−1F )(x) ≤ 2nC,

which is (3).
Step 5: joint continuity and symmetry. For x in a ball B ⋐ Ω, use the same ζ. The Dirichlet

Green’s function Qx(y) depends smoothly on (x, y) off the diagonal, and its singularity is
uniformly integrable on small balls, so x 7→ Px is continuous into L1(µ) and x 7→ Fx is continuous
into L∞(µ). By the inverse bound, x 7→ bx is continuous into L∞(µ), i.e. the continuous
functions bx depend uniformly continuously on x; thus (x, y) 7→ Gx(y) = Px(y) + bx(y) is jointly
continuous off the diagonal.

For bounded real ϕ, χ with mean-zero parts ϕ0, χ0, (3) justifies Fubini in∫∫
ϕ(x)Gx(y)χ(y) dµ(y) dµ(x) =

∫
M
ϕ(x)

(
−nL−1χ0(x)

)
dµ(x)

= −n
∫
M
ϕ0 L

−1χ0 dµ = −n E
(
L−1ϕ0, L

−1χ0
)
,

where we used
∫
M Gx dµ = 0 and (2). The last expression is symmetric in (ϕ, χ). Taking

indicator functions shows Gx(y) = Gy(x) for almost every (x, y), and joint continuity upgrades
this to all x ̸= y.

For joint smoothness, let φ ∈ C∞
c (M × M). Applying (5.1) to η = φ(x, ·) for each x,

integrating in x, and using Fubini (justified by (3)) gives∫∫
Gx(y) ∆yφ(x, y) dµ(y) dµ(x) = n

∫
M
φ(x, x) dµ(x) − n

∫∫
φdµdµ,

and by symmetry the same identity holds with ∆x in place of ∆y. Thus G ∈ L1(M ×M) satisfies
(∆x + ∆y)G = 2n(δdiag − 1) in D′(M ×M), where δdiag is the measure φ 7→

∫
φ(x, x) dµ(x). The

right side is smooth on {x ̸= y} and ∆x + ∆y is an elliptic operator with smooth coefficients on
M ×M , so G is smooth on {x ̸= y} by elliptic regularity. This proves (4).

Step 6: Lipschitz functions. Let q be bounded and d-Lipschitz. By Lemma 2.1, |∇q|g ≤ Lipd(q)
almost everywhere, so q ∈ W̃ = W . The pairing Γ(Gx, q) is integrable: Γ(bx, q) by Cauchy–
Schwarz and Γ(Px, q) because ∇Px ∈ L1 and ∇q ∈ L∞. Mollifying q near suppPx with
uniformly bounded gradients and using ∆Px = nδx +Fx, we get E(Px, q) = −nq(x) −

∫
M Fxq dµ,

while E(bx, q) =
∫
M (n + Fx)q dµ because bx − const = L−1(n + Fx). Adding gives E(Gx, q) =

−nq(x) + n
∫
M q dµ, and E(Gx, q) = 1

2
∫

⟨∇Gx,∇q⟩g dµ by definition. This is (5).

By Theorem 4.3, Proposition 5.1 applies to every fibre with C = Cinv. We write Gt(x, y) =
Gx(y) on the fibre Mt. This proves part (2) of Theorem A.
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6 Uniform estimates for Green’s functions

Throughout this section we assume (H), fix a fibre and drop the index t; all constants depend
only on the family data and on the displayed exponents. We write µ(u) =

∫
M u dµ, and we use

Proposition 4.2 freely.

6.1 A weak mean-value inequality

Lemma 6.1. There is a constant Cmv such that every v ∈ W ∩ L∞(M) with ∆v ≥ −n weakly
satisfies

ess sup
M

v ≤ Cmv
(
1 + µ(v+)

)
.

Proof. By Lemma 2.3, v+ ∈ W ∩ L∞ and ∆v+ ≥ −n weakly, so we may assume v ≥ 0. Put

m = µ(v), α = n

n+ 1 , cn =
(
1 + 2

α

)n
, κ = cn(1 +m).

Apply Proposition 4.2(3) with R = (1 + v)/(1 + m), and normalize the solution so that
supM ψ = −1. Then ψ ∈ W is bounded, −ψ ≥ 1, and ∆ψ ≥ n(R1/n − 1) weakly. Let Φ ∈ C2(R)
be convex, nondecreasing, with bounded derivative, and equal to s 7→ −κ(−s)α on the range of
ψ (this function is convex and increasing on (−∞,−1]). By Lemma 2.3,

w := 1 + v + Φ(ψ) ∈ W, ∆w ≥ n
[
−1 + κα(−ψ)α−1(

R1/n − 1
)]

weakly.

On {w > 0} we have 1+v > κ(−ψ)α, hence R1/n > κ1/n(1+m)−1/n(−ψ)α/n. Using α−1+α/n =
0 and (−ψ)α−1 ≤ 1, the bracket is bounded below on {w > 0} by

ακ1+1/n(1 +m)−1/n − ακ− 1 = αcn(1 +m)
(
c1/n
n − 1

)
− 1 = 2cn(1 +m) − 1 ≥ 1.

Testing with η = w+ ∈ W (Lemma 2.2(4)) gives 0 ≥ −E(w+, w+) ≥ nµ(w+), so w+ = 0, i.e.

1 + v ≤ cn(1 +m)(−ψ)α. (6.1)

It remains to bound −ψ from above. Let q0 = (p+ 1)/2 ∈ (1, p). By (6.1), Rf ≤ cn(−ψ)αf , so
Hölder’s inequality with exponents p/q0 and p/(p− q0) gives∫

M
(Rf)q0 dν ≤ cq0

n

(∫
M
fp dν

)q0/p(∫
M

(−ψ)αq0p/(p−q0) dν
)(p−q0)/p

.

Since ψ+1 has supremum 0 and solves the same equation, Proposition 4.2(5) gives
∫
M e−a0ψ dν ≤

H0e
a0(m1+1), which bounds every polynomial moment of −ψ with respect to ν. Hence

∥Rf∥Lq0 (ν) ≤ J for a constant J depending only on the family data, and Proposition 4.2(4)
gives oscM ψ ≤ M ′ := m1 + M(n, q0, a0, H0, J). Thus −ψ ≤ 1 + M ′, and (6.1) yields
1 + v ≤ cn(1 +M ′)α(1 +m). Take Cmv = cn(1 +M ′)α.

Corollary 6.2. With C0 := Cmv(1 + nCinv), one has Gx(y) ≤ C0 for all x ̸= y in M .

Proof. By Proposition 5.1(1), G+
x ∈ W ∩L∞ and ∆G+

x ≥ −n weakly, and by (3) and µ(Gx) = 0,
µ(G+

x ) = 1
2µ(|Gx|) ≤ nCinv. Lemma 6.1 gives ess supG+

x ≤ C0, and continuity of Gx on M \ {x}
gives the pointwise bound.

From now on we write

Hx := C0 + 1 −Gx ≥ 1, µ(Hx) = C0 + 1,

and note that Hx(y) = Hy(x) for x ̸= y.
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6.2 Moments

Lemma 6.3 (Bootstrap). Let a ≥ 1 and suppose supx∈M µ(Ha
x) ≤ J0. Then for every 0 < β0 <

a/n there is J1, depending only on a, β0, J0 and the family data, such that supx∈M µ(H1+β0
x ) ≤ J1.

Proof. Fix x and, for k ≥ 1, put

Qk = min{Hx, k}β0 , Ak = µ(Qk), Dk = µ(Qnk)1/n.

Then 1 ≤ Ak ≤ µ(Hβ0
x ) ≤ J

β0/a
0 and 1 ≤ Dk ≤ µ(Hnβ0

x )1/n ≤ J
β0/a
0 . Let

uk = −nL−1
(Qk
Ak

− 1
)
, so that ∆uk = n

(Qk
Ak

− 1
)
, uk(y) =

∫
M
Gy(z)

Qk(z)
Ak

dµ(z)

by Proposition 5.1(2) and µ(Gy) = 0. Symmetry, Fubini and (3) give µ(|uk|) ≤ 2nCinv.
Next let Rk = (Qk/Dk)n, a bounded probability density for µ. Choose q ∈ (1, p) so close to

1 that d := nβ0q(p − 1)/(p − q) < a. Since dµ = f dν, Dk ≥ 1, and Hölder’s inequality with
exponents (p− 1)/(q − 1) and (p− 1)/(p− q),∫

M
(Rkf)q dν ≤

∫
M

Hnβ0q
x f q−1 dµ ≤

(∫
M
fp dν

) q−1
p−1

(∫
M

Hd
x dµ

) p−q
p−1 ≤ B

p(q−1)
p−1 J

d
a

· p−q
p−1

0 =: Jq,

where we used
∫
M fp−1 dµ =

∫
M fp dν and µ(Hd

x) ≤ µ(Ha
x)d/a; the bound J is independent of k

and x. By Proposition 4.2(3) and (4) there is ψk ∈ W with supψk = 0,

−M0 ≤ ψk ≤ 0, ∆ψk ≥ n
(Qk
Dk

− 1
)

weakly, M0 := m1 + M(n, q, a0, H0, J).

Put zk = ψk − uk/Dk ∈ W ∩ L∞. Since Ak ≥ 1,

∆zk ≥ n
[Qk
Dk

(
1 − 1

Ak

)
− 1 + 1

Dk

]
≥ −n weakly, µ(z+

k ) ≤ M0 + 2nCinv.

Lemma 6.1 gives zk ≤ Cmv(1 + M0 + 2nCinv) almost everywhere, hence uk ≥ −Dk

(
M0 +

Cmv(1 +M0 + 2nCinv)
)

≥ −J ′
1 almost everywhere, with J ′

1 independent of k, x; by continuity
of uk the bound holds everywhere. Evaluating the representation of uk at y = x and writing
Gx = C0 + 1 − Hx,

−J ′
1 ≤ uk(x) = C0 +1− µ(HxQk)

Ak
, so µ(HxQk) ≤ (C0 +1+J ′

1)Ak ≤ (C0 +1+J ′
1)Jβ0/a

0 .

Letting k → ∞, monotone convergence gives µ(H1+β0
x ) ≤ (C0 + 1 + J ′

1)Jβ0/a
0 =: J1.

Corollary 6.4. For every 0 < a < n
n−1 (0 < a < ∞ if n = 1) there is Ca with supx∈M µ(|Gx|a) ≤

supx∈M µ(Ha
x) ≤ Ca.

Proof. The first inequality holds because |Gx| ≤ Hx (as Gx ≤ C0 and Hx ≥ 1). Fix γ ∈ (0, 1)
and put α0 = 1, αj+1 = 1 + γαj/n. The hypothesis of Lemma 6.3 holds for α0 with J0 = C0 + 1,
and the lemma with β0 = γαj/n < αj/n passes from αj to αj+1. The sequence αj increases to
n/(n− γ) (to 1/(1 − γ) if n = 1), which exceeds any prescribed a < n/(n− 1) for γ close to 1.
Finitely many steps therefore reach any such a; intermediate exponents are handled by Hölder’s
inequality.
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6.3 Weighted energy and gradient estimates

Lemma 6.5. For every b > 0 and every x ∈ M ,∫
M

|∇Gx|2g
H1+b
x

dµ ≤ 2n
b
.

Proof. Let ςj ≥ 0 be smooth probability densities (for µ) supported in coordinate balls shrinking
to x, and put

vj = −nL−1(ςj−1), so that ∆vj = n(ςj−1), vj(y) =
∫
M
Gy(z)ςj(z) dµ(z), µ(vj) = 0,

and vj ≤ C0 by Corollary 6.2. Let Hj = C0 + 1 − vj ≥ 1. The function H−b
j is a bounded

Lipschitz function of vj ∈ W ∩ L∞, so it belongs to W with d(H−b
j ) = bH−b−1

j dvj . Since
vj ∈ D(L),

b

∫
M

Γ(vj)
H1+b
j

dµ = E
(
vj ,H−b

j

)
=

∫
M

(Lvj) H−b
j dµ = n

∫
M

(1 − ςj)H−b
j dµ ≤ n,

that is,
∫
M |∇vj |2H−1−b

j dµ ≤ 2n/b. By joint continuity of the kernel and symmetry, vj(y) −
Gx(y) =

∫
M (Gz(y) −Gx(y))ςj(z) dµ(z) → 0 locally uniformly on M \ {x}. On any Ω ⋐M \ {x}

the functions vj −Gx are harmonic for j large, so the Caccioppoli inequality gives ∇vj → ∇Gx
in L2(Ω). Along a subsequence the convergence is almost everywhere, and Fatou’s lemma gives
the claim.

Lemma 6.6. For every 0 < s < 2n
2n−1 (0 < s < 2 if n = 1) there is a constant Ds such that∫

M |∇Gx|sg dµ ≤ Ds for every x ∈ M .

Proof. Since s
2−s <

n
n−1 is equivalent to s < 2n

2n−1 , we may choose b > 0 with r := s(1+b)
2−s < n

n−1
(any b > 0 if n = 1). Hölder’s inequality with exponents 2/s and 2/(2 − s) gives∫

M
|∇Gx|s dµ =

∫
M

|∇Gx|s

H(1+b)s/2
x

H(1+b)s/2
x dµ ≤

(∫
M

|∇Gx|2

H1+b
x

dµ
)s/2(∫

M
Hr
x dµ

)(2−s)/2
,

and both factors are bounded by Lemma 6.5 and Corollary 6.4.

Theorem 6.7. Assume (H). Then part (3) of Theorem A holds: Gt(x, y) ≤ C0 for x ≠ y, the
moments of Gt(x, ·) of every order a < n

n−1 , the Ls norms of ∇yGt(x, ·) for every s < 2n
2n−1 , and

the weighted energies
∫

|∇yGt|2H−1−b
t dµt ≤ 2n/b are bounded uniformly in t and x.

Proof. Combine Corollaries 6.2 and 6.4 and Lemmas 6.5 and 6.6; all constants depend only on
the family data and the exponents.

7 Metric completion and Sobolev inequalities

7.1 From Green’s functions to the metric completion

Proposition 7.1. Let (N,h) be a connected Riemannian manifold with distance d, let σ be a
probability measure on N with smooth positive density, and let S ⊂ N be dense. Suppose that
for some q > 1, Λ > 0, ∣∣∣v(x) −

∫
N
v dσ

∣∣∣ ≤ Λ
(∫

N
|∇v|qh dσ

)1/q
(7.1)
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for every bounded d-Lipschitz function v and every x ∈ S. Then the metric completion (N, d) is
compact, diam(N) ≤ 2Λ, and for every z ∈ N and R > 0,

σ
(
Bd(z,R)

)
≥ min

{1
2 ,

( R
2Λ

)q}
,

where σ is the push-forward of σ.
In particular, if (M,ω) is as in Proposition 5.1 and ∥∇Gx∥Ls(µ) ≤ K∇ for some s > 1 and

all x in a dense subset of M , the conclusions hold for (M, g, µ) with q = s
s−1 and Λ = K∇

2n .

Proof. Diameter. Let x, y ∈ S with D = d(x, y) > 0, and let vx = min{d(x, ·), D}, vy =
min{d(y, ·), D}. These are bounded and 1-Lipschitz, so |∇vx|h, |∇vy|h ≤ 1 almost everywhere
(Lemma 2.1) and (7.1) at the centres gives

∫
vx dσ ≤ Λ,

∫
vy dσ ≤ Λ. The triangle inequality

gives vx + vy ≥ D, hence D ≤ 2Λ. By density, diam(N) ≤ 2Λ.
Balls centred in S. Fix x ∈ S, R > 0, and put m = σ(Bd(x,R)), v = min{d(x, ·), R}.

By Lemma 2.1, |∇v|h ≤ 1 almost everywhere, ∇v = 0 almost everywhere on the level set
{d(x, ·) = R} and outside the closed ball, so

∫
|∇v|q dσ ≤ m. Since v(x) = 0 and v = R outside

Bd(x,R),
R(1 −m) ≤

∫
N
v dσ ≤ Λm1/q.

If m < 1
2 this gives m ≥ (R/2Λ)q.

Completion and compactness. Let z ∈ N and R > 0; choose xj ∈ S with d(xj , z) = ϵj → 0.
Then Bd(xj , R− ϵj) ⊂ Bd(z,R) ∩N , and the bound at xj with radius R− ϵj passes to the limit.
An ϵ-separated subset of N has pairwise disjoint balls of radius ϵ/3, each of measure at least
min{1

2 , (ϵ/6Λ)q}, hence has bounded cardinality; so N is totally bounded, and being complete,
compact.

The Kähler case. For a bounded d-Lipschitz v and x in the dense set, Proposition 5.1(5) and
Hölder’s inequality give∣∣∣v(x) −

∫
M
v dµ

∣∣∣ = 1
2n

∣∣∣∫
M

⟨∇Gx,∇v⟩g dµ
∣∣∣ ≤ K∇

2n
(∫

M
|∇v|qg dµ

)1/q
, q = s

s− 1 .

7.2 Sobolev inequalities

Proposition 7.2. Assume (H) and fix a fibre. For every 1 < r < n
n−1 (1 < r < ∞ if n = 1)

there is Sr, depending only on r and the family data, such that

∥u− µ(u)∥2
L2r(µ) ≤ Sr

∫
M

|∇u|2g dµ (u ∈ W ). (7.2)

If Ω ⊂ M̂ is open with b0 := µ̂(M̂ \Ω) > 0, a := µ̂(Ω), and u ∈ W0(Ω) (the closure of C∞
c (Ω∩M)

in W ), then
∥u∥2

L2r(Ω∩M,µ) ≤ 2Sr
(
1 + a

b0

) ∫
Ω∩M

|∇u|2g dµ. (7.3)

Every u ∈ W 1,2
loc (Ω ∩M) with

∫
Ω∩M (u2 + |∇u|2) dµ < ∞ that vanishes outside a compact subset

of Ω belongs to W0(Ω) after extension by zero.

Proof. The global inequality on C∞
c (M). Choose b > 0 with (1 + b)r < n

n−1 (any b > 0 if n = 1).
Let u ∈ C∞

c (M,R); it is bounded and d-Lipschitz, so Proposition 5.1(5) and the Cauchy–Schwarz
inequality with weight H1+b

x , together with Lemma 6.5, give for every x ∈ M

|u(x) − µ(u)|2 ≤ 1
4n2

(∫
M

|∇yGx(y)|2

Hx(y)1+b dµ(y)
)(∫

M
Hx(y)1+b|∇u(y)|2 dµ(y)

)
18



≤ 1
2nb

∫
M

Hx(y)1+b|∇u(y)|2 dµ(y).

Taking the Lr(dµ(x)) norm and applying Minkowski’s integral inequality (first with Hx truncated
at a finite level, then letting the level tend to infinity by monotone convergence),

∥u− µ(u)∥2
L2r(µ) ≤ 1

2nb

∫
M

(∫
M

Hx(y)r(1+b) dµ(x)
)1/r

|∇u(y)|2 dµ(y).

By symmetry Hx(y) = Hy(x), so the inner integral is µ(Hr(1+b)
y ), which is bounded uniformly in y

by Corollary 6.4 and the choice of b. This gives (7.2) on C∞
c (M) with Sr = 1

2nb supy µ(Hr(1+b)
y )1/r.

Extension to W . If u ∈ W and uj ∈ C∞
c (M) converge to u in W , then (7.2) applied to uj −uk

shows that uj − µ(uj) is Cauchy in L2r(µ); its limit is u − µ(u) by L2-convergence, and (7.2)
passes to the limit.

The local inequality. Let u ∈ W0(Ω). Its approximants vanish on M \ Ω, so u = 0 and ∇u = 0
almost everywhere on M \Ω; in particular

∫
M |∇u|2 dµ =

∫
Ω∩M |∇u|2 dµ. Put m = µ(u). If a = 0

then u = 0. Otherwise, by the Cauchy–Schwarz inequality and
∫
M u2 dµ =

∫
M (u−m)2 dµ+m2,

m2 =
(∫

Ω∩M
u dµ

)2
≤ a

∫
M
u2 dµ = a

(∫
M

(u−m)2 dµ+m2
)
,

so, using 1 − a = b0 and µ(M) = 1,

m2 ≤ a

b0

∫
M

(u−m)2 dµ ≤ a

b0
∥u−m∥2

L2r(µ).

The triangle inequality in L2r(Ω ∩M,µ), (A+B)2 ≤ 2A2 + 2B2, and a1/r ≤ 1 give

∥u∥2
L2r(Ω∩M) ≤ 2∥u−m∥2

L2r(µ)+2a1/rm2 ≤ 2
(
1+ a

b0

)
∥u−m∥2

L2r(µ) ≤ 2Sr
(
1+ a

b0

) ∫
Ω∩M

|∇u|2 dµ.

Zero extension. Let u be as in the last assertion, with u = 0 outside the compact set K ⊂ Ω.
Its extension by zero is in W 1,2

loc (M) (it vanishes on the open set M \K) with finite norm, hence
in W by Lemma 2.2. The approximation procedure of Lemma 2.2 (truncation, multiplication
by ηj , and mollification in charts) produces functions in C∞

c (Ω ∩M), because ηj has compact
support in M , the supports stay in K ∩ supp ηj , and mollification enlarges supports by an
arbitrarily small amount. Hence the extension lies in W0(Ω).

7.3 Completion estimates and the capacity of the boundary

Proposition 7.3. Assume (H) and fix a fibre. Then:

(1) M̂ is compact, diam(M̂, d̂) ≤ Cd, and for every 0 < δ < 1 there is Cδ with µ̂(B
d̂
(z,R)) ≥

C−1
δ min{1, R2n+δ} for all z ∈ M̂ , R > 0.

(2) M is open in M̂ , and µ̂(M̂ \M) = 0.

(3) Cap1(M̂ \M) = 0.

Proof. (1) Given δ ∈ (0, 1), let q = 2n + δ and s = q/(q − 1) < 2n
2n−1 . Lemma 6.6 provides

K∇ = D
1/s
s , and Proposition 7.1 gives compactness, diam ≤ 2Λδ with Λδ = K∇/2n, and

µ̂(B(z,R)) ≥ min{1
2 , (R/2Λδ)2n+δ} ≥ C−1

δ min{1, R2n+δ}. Take Cd = 2Λ1/2.
(2) Each point of M has a relatively compact coordinate ball on which d is comparable to the

Euclidean distance; a smaller closed ball is complete for d, hence closed in M̂ , and its interior is
a d̂-neighbourhood of the point contained in M . The measure statement holds by definition of µ̂.
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(3) Let ηj be the cutoffs of Proposition 3.1 and vj = 1 − ηj ∈ W . Since supp ηj is compact in
M , hence closed in M̂ , the function vj extends continuously by 1 to M̂ \M and equals 1 on the
open set M̂ \ supp ηj ⊃ M̂ \M . Dominated convergence and (CUT) give ∥vj∥2

L2(µ) + E(vj , vj) =
∥1 − ηj∥2

L2(µ) + E(ηj , ηj) → 0.

Proof of Theorem A

Proposition 3.1 and Lemma 2.2 give the first half of part (1), and Theorem 4.3 the bounded
inverse. Proposition 5.1 gives part (2), Theorem 6.7 gives part (3), Proposition 7.3(1)–(2) give
part (4), Proposition 7.2 gives part (5), and Proposition 7.3(3) gives part (6). All constants
depend only on the family data and the displayed exponents.

8 Two examples

The hypotheses of Theorem A address two distinct phenomena: a reducible fibre changes
the kernel of the Friedrichs operator, and at a non-normal point the Green’s function is not
determined by the natural normalizations. In this section n = 1; to keep the formulas classical
we use the Riemannian Laplacian ∆g (so ∆g = a−1(∂2

ξ + ∂2
ζ ) for g = a(dξ2 + dζ2)), unnormalized

area measures, and the corresponding Dirichlet form
∫

⟨∇u,∇v⟩g dAg. The phenomena exhibited
are insensitive to these normalizations.

8.1 A reducible conic degeneration

Proposition 8.1. Let [Z0 : Z1 : Z2] be homogeneous coordinates on P2, x = Z0/Z2, y = Z1/Z2,
and let Ω = i

2∂∂̄ log
(
1 + |x|2 + |y|2

)
be the Fubini–Study form. Consider the family

C = {(Z, t) ∈ P2 × D : Z0Z1 = tZ2
2} −→ D,

with fibres Ct, and give Creg
t the metric gt induced by Ω and the area measure µt. Then C is

smooth, the projection is proper with connected fibres, Ct is a smooth conic for t ̸= 0, and C0 is
the union of two lines meeting at o = [0 : 0 : 1]. All fibres have area µt(Creg

t ) = 2π; taking the
metric itself as reference form, the normalized volume density is identically 1 and the potential
is 0. Nevertheless:

(1) On M = Creg
0 = M1 ⊔M2, let D0 be the closure of C∞

c (M) for
∫
M (u2 + |∇u|2g0) dµ0, and

let A0 be the Friedrichs operator of E0(u, v) =
∫
M ⟨∇u,∇v⟩g0 dµ0 on D0. Then kerA0 =

span{1M1 ,1M2}. The bounded mean-zero function f0 = 1M1 − 1M2 is not in the range of
A0, and for y ∈ M there is no Gy ∈ L1(µ0) with

∫
M GyA0ϕdµ0 = ϕ(y) − 1

2π
∫
M ϕdµ0 for

all bounded ϕ ∈ Dom(A0) ∩ C∞(M) with bounded A0ϕ.

(2) For 0 < t < e−4 put ℓ = log(1/t) and At = −∆gt . There are ft, Ut ∈ C∞(Ct) with |ft| ≤ 1,∫
ft dµt =

∫
Ut dµt = 0, AtUt = ft and Ut(p) ≥ ℓ/48 at p = [1 : 0 : 0]. Consequently

every Γt,p ∈ L1(µt) with
∫

Γt,pAtϕdµt = ϕ(p) − 1
2π

∫
ϕdµt for all ϕ ∈ C∞(Ct) satisfies

∥Γt,p∥L1(µt) ≥ ℓ/48, and the Poincaré constant

λP (t) = inf
{∫

Ct
|∇v|2gt

dµt∫
Ct
v2 dµt

: 0 ̸= v ∈ C∞(Ct,R),
∫
Ct

v dµt = 0
}

tends to 0 as t ↓ 0.

Thus connected reducible fibres admit no uniform inverse, Green, Poincaré, or Sobolev estimate,
even with fixed area, fixed reference form, density 1 and zero potential.
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Proof. Geometry. For t ̸= 0 the gradient (Z1, Z0,−2tZ2) of the defining polynomial does not
vanish on P2, so Ct is smooth; near (o, 0) the total space is smooth because ∂t(xy − t) = −1.
Properness follows from compactness of P2, and for t ≠ 0 the map [u : v] 7→ [u2 : tv2 : uv] is an
isomorphism P1 → Ct, so the fibres are connected. In the chart x 7→ (x, t/x) write w = log |x|,
ϑ = arg x and ht(w) = log

(
1 + e2w + |t|2e−2w)

; then

gt = bt(w) (dw2 + dϑ2), dµt = bt(w) dw dϑ, bt = 1
4h

′′
t .

Hence µt(Ct) = 2π
4

(
h′
t(+∞) − h′

t(−∞)
)

= π
2 · 4 = 2π, and C0 consists of two lines of area π each.

(1). Let χ : R → [0, 1] be smooth, 0 on (−∞, 0] and 1 on [1,∞), and in a coordinate z centred
at o on the line Mi put χϵ(z) = χ

(
(log |z| − 2 log ϵ)/ log(1/ϵ)

)
, which vanishes for |z| ≤ ϵ2 and

equals 1 for |z| ≥ ϵ. The function equal to χϵ on Mi and 0 on the other component lies in
C∞
c (M), converges to 1Mi in L2(µ0), and by conformal invariance of the Dirichlet energy in

dimension two,

E0(χϵ, χϵ) = 2π
∫ ϵ

ϵ2

∣∣∣ χ′(·)
r log(1/ϵ)

∣∣∣2r dr = 2π
log(1/ϵ)

∫ 1

0
|χ′|2 → 0.

Thus 1Mi ∈ D0 with zero energy, so 1Mi ∈ Dom(A0) and A01Mi = 0. Conversely a kernel element
has zero energy, hence is constant on each component. If u ∈ D0 solved E0(u, v) =

∫
f0v dµ0

for all v ∈ D0, testing with v = 1M1 would give 0 = π. If y ∈ M1 and Gy were as in (1),
testing with ϕ = 1M2 (which is bounded, smooth on M , in Dom(A0), with A0ϕ = 0) would give
0 = 1M2(y) − 1

2 = −1
2 ; for y ∈ M2 use 1M1 .

(2): the Poincaré constant. Let η : R → [−1, 1] be smooth, odd, nondecreasing, equal to
±1 on ±[1,∞), let J =

∫ 1
−1 |η′|2, and set ft(w, ϑ) = η(4w/ℓ + 2). The involution Z0 ↔ Z1

acts as w 7→ −ℓ− w, preserves bt and reverses ft, so
∫
ft dµt = 0. Conformal invariance gives∫

|∇ft|2gt
dµt = 2π

∫
(4/ℓ)2|η′(4w/ℓ + 2)|2 dw = 8πJ/ℓ. On the annulus 1 ≤ |x| ≤ 2 we have

w ≥ 0 > −ℓ/4, so ft = 1 there; the area density of the immersion Ft(x) = (x, t/x) for Ω is

at = (1 + |Ft|2)|F ′
t |2 − |⟨F ′

t , Ft⟩|2

(1 + |Ft|2)2 ≥ |F ′
t |2

(1 + |Ft|2)2 ≥ 1
36

on the annulus (as |F ′
t |2 = 1 + |t|2|x|−4 ≥ 1 and 1 + |Ft|2 ≤ 6 there), so

∫
f2
t dµt ≥ 3π

36 = π
12 and

λP (t) ≤ 8πJ/ℓ
π/12 = 96J

ℓ → 0.
(2): the solution Ut. Let w0 = −ℓ/2, kt = btft, Qt(w) =

∫ ∞
w kt, and Ut(w) =

∫ w
w0
Qt. Then

U ′′
t = −btft, i.e. −∆gtUt = ft. The function kt is odd about w0, so Qt is even and Ut is odd

about w0; hence
∫
Ut dµt = 0. For w ≥ −ℓ/4, ft = 1 gives Qt = 1

4(2 − h′
t) and

Ut(w) = ct + w

2 − ht(w)
4 = ct − 1

4 log
(
1 + e−2w + |t|2e−4w)

,

which is smooth at p in the coordinate 1/x; by oddness Ut is smooth at the other pole too. Since
ft ≥ 0 for w ≥ w0, Tonelli’s theorem gives

Ut(p) =
∫ ∞

w0
(w − w0) bt(w)ft(w) dw ≥ ℓ

2

∫ log 2

0
bt(w) dw = ℓ

2 · µt({1 ≤ |x| ≤ 2})
2π ≥ ℓ

48 .

Testing the defining identity of Γt,p with ϕ = Ut gives
∫

Γt,pft dµt = Ut(p), and |ft| ≤ 1 yields
the L1 lower bound. Replacing µt by µt/2π multiplies Γt,p by 2π and leaves its L1 norm
with respect to the normalized measure unchanged, so the conclusion does not depend on this
normalization.
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8.2 A non-normal nodal cubic

Proposition 8.2. Let Xnd = {Y 2Z = X2(X + Z)} ⊂ P2, with node pnd = [0 : 0 : 1], and
let νnd : P1 → Xnd, [u : v] 7→ [(u2 − v2)v : u(u2 − v2) : v3], be its normalization. Then Xnd is
irreducible, pnd is its only singular point, and νnd identifies Mnd = Xnd \ {pnd} with P1 \ {1,−1}
(coordinate z = u/v). Equip Mnd with the Fubini–Study metric g = |dz|2/(1 + |z|2)2, area form
ωnd = i

2∂∂̄ log
(
1 + |z|2

)
and area measure µnd. Then ωnd has smooth strictly plurisubharmonic

ambient local potentials on Xnd, µnd(Mnd) = π, the metric completion of Mnd is the round
sphere of radius 1

2 , and the two completion points over the node are antipodal, at distance π/2.
The Friedrichs kernel is R, every smooth function on the sphere restricts to an element of the
operator domain, and the operator is And = −(1 + |z|2)2(∂2

Re z + ∂2
Im z).

Call G ∈ L2(µnd) ∩ C∞(Mnd) an ambient-test Green’s function at the node if
∫
Gdµnd = 0

and ∫
Mnd

GAnd(Ψ|Mnd) dµnd = Ψ(pnd) − 1
π

∫
Xnd

Ψ dµnd for all real Ψ ∈ C∞(P2).

For c ∈ {1,−1} let

Hc(z) = − 1
4π log |z − c|2

(1 + |z|2)(1 + |c|2) , Γc = Hc − 1
π

∫
Hc dµnd.

The ambient-test Green’s functions at the node are exactly Gs = sΓ1 + (1 − s)Γ−1, s ∈ R.
Each Gs lies in Lq(µnd) for every q < ∞ and has gradient in Lr(µnd) for every r < 2; Gs is
bounded below if and only if 0 ≤ s ≤ 1. Thus mean normalization, lower bounds, and subcritical
integrability do not single out a Green’s function with pole at the node.

Proof. The curve. In the chart Z = 1 the equation is y2 = x2(x+ 1); it is irreducible because
x2(x+1) is not a square, and Z does not divide the homogeneous equation. The only affine singular
point is (0, 0), and the point at infinity [0 : 1 : 0] is smooth. The map z 7→ (x, y) = (z2−1, z(z2−1))
has inverse z = y/x off the node, sends z = ±1 to the node, and extends to an isomorphism
P1 → Xnd over the point at infinity. Near the node the two branches are smooth and transverse, so
there are ambient coordinates (q, r) in which they are {r = 0} (with q = z−1) and {q = 0} (with
r = z+1); the strictly psh function P (q, r) = log

(
1 + |1 + q|2

)
+log

(
1 + |r − 1|2

)
− log 2 restricts

to log
(
1 + |z|2

)
on both branches. At smooth points a local potential is obtained by extending

log
(
1 + |z|2

)
constantly in a transverse direction and adding the squared modulus of the transverse

coordinate. The area is 2π
∫ ∞

0 r(1 + r2)−2 dr = π, and z 7→ (Re z, Im z, 1
2(|z|2 − 1))/(1 + |z|2)

is an isometry onto the round sphere of radius 1
2 minus two antipodal points. Detouring a

minimizing arc around a puncture disc of radius ϵ costs O(ϵ), so the intrinsic distance of Mnd is
the round distance; the completion is the sphere and the punctures are at distance π/2.

The Friedrichs domain. Logarithmic cutoffs κϵ as in the proof of Proposition 8.1 at the two
punctures have energy 2π

∫ 1
0 |κ′|2/ log(1/ϵ) → 0, so for smooth ϕ on the sphere χϵϕ → ϕ in the

form norm and ϕ|Mnd lies in the form domain; integration by parts against compactly supported
tests and density put it in the operator domain with Andϕ the negative round Laplacian. Kernel
elements have zero energy and Mnd is connected, so the kernel is R. Note that the smooth
sphere function Re z/(1 + |z|2) takes different values at the two punctures, so elements of the
operator domain need not have a common limit over the node.

The functions Γc. In the coordinate ζ = 1/z the argument of the logarithm in Hc is
|1 − cζ|2/((1 + |ζ|2)(1 + |c|2)), so Hc is smooth at infinity. From ∆Euc log |z − c|2 = 4πδc and
∆Euc log

(
1 + |z|2

)
= 4(1 + |z|2)−2 we get, for every smooth ϕ on the sphere,∫

ΓcAndϕdµnd = −
∫

Γc ∆EucϕdA = ϕ(c) − 1
π

∫
ϕdµnd.
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The isometry z 7→ −z exchanges H1 and H−1, so their means agree and Γ1 − Γ−1 =
− 1

4π log
(
|z − 1|2/|z + 1|2

)
̸= 0. For Ψ ∈ C∞(P2), the pull-back ϕ = Ψ ◦ νnd is smooth on

the sphere with ϕ(1) = ϕ(−1) = Ψ(pnd); hence every Gs is an ambient-test Green’s function at
the node.

Classification. Let G be an ambient-test Green’s function and h = G− Γ−1. Every function in
C∞
c (Mnd) is the restriction of an ambient smooth function (extend normally in submanifold charts

and use a partition of unity), so h is harmonic on the twice-punctured sphere. On a punctured
disc around c = ±1 expand h in Fourier modes: c0 = B0 +D0 log r and ck = Bkr

|k| +Dkr
−|k|

for k ̸= 0. Since h ∈ L2, Dk = 0 for k ̸= 0, and the remaining series extends smoothly across
the puncture (its coefficients decay rapidly, being those of smooth boundary data). Hence
Andh = t1δ1 + t−1δ−1 on the sphere, and testing with 1 gives t1 + t−1 = 0. Subtracting
t1(Γ1 − Γ−1) removes both logarithmic singularities, leaving a smooth harmonic function on the
sphere with mean zero, which vanishes. So G = t1Γ1 + (1 − t1)Γ−1.

Integrability and lower bounds. Each Γc is continuous except at c, where it tends to +∞.
Hence Gs is bounded below for 0 ≤ s ≤ 1, while for s < 0 it tends to −∞ at 1 and for s > 1 at
−1. Near a puncture |Gs| = O(1 + | log r|) and |∇Gs| = O(1 + r−1), so Gs ∈ Lq for all q < ∞
and ∇Gs ∈ Lr for all r < 2.

The conic example leaves open a theory with componentwise mean subtraction. The nodal
example shows that a Green’s function with pole at a non-normal point requires a choice
of branch; it does not show that normality is necessary for the regular-centre estimates of
Theorem A.
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