A Proposed Construction of a Complex Structure on
the Six-Sphere

A streamlined reconstruction of the S° argument, revised

Reconstructed from the source manuscript [1]

August 2026

Abstract

We reconstruct, in a streamlined form, the chain of arguments of the source manuscript [1]
that is claimed to produce an integrable complex structure on the standard smooth six-sphere.
The object is a compact complex threefold X fibred by complex two-tori over P!, with a
reduced normal-crossings fibre over the cusp of the (3,4, 00) orbifold and multiple fibres
of multiplicities 3 and 4 over its two elliptic points. We give the period family, its three
analytic fillings, the fundamental-group computation, the integral nearby-cycle and Leray
computations, and the recognition of X as S®. Compared with the previous version of this
reconstruction, the rational homology is obtained by a short argument that bypasses most of
the transgression bookkeeping, the integral generator of the base transgression is obtained
from torsion-freeness alone, the degree-two specialization index at the order-four point is
obtained from the parity of an intersection form, and the sign conventions in the multiplicative
Leray argument are shown to be immaterial. A final section records two consistency checks
on the complex-analytic invariants of X.

Status of the argument

This is a reconstruction of a proposed solution, not an independently refereed resolution of
the Hopf problem. In preparing this version, all finite integral data used below (monodromy
matrices, invariant and coinvariant lattices, Smith normal forms, specialization indices,
parabolic cohomology) and all transformation identities (the laws for 7, u, 8, the cocycle sums,
the equivariance RyII = ITog- Ay, the invariance of D) were verified by computer algebra, and
the analytic and topological arguments were re-derived; no gap was found. The statements
that carry the weight of the argument, and on which a reader should concentrate, are
Theorem 2.1 (existence of the period functions), Theorem 3.2 (properness of the cusp filling),
Theorem 4.6 (integral invariant cycles at the cusp) and Proposition 4.9 (the multiplicative
Leray argument).
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1 Claim, conventions, and logical dependencies

Theorem 1.1. The standard smooth siz-sphere S admits an integrable complex structure.

The proof has four blocks: an analytic construction (the first two) and an integral-topological
verification (the last two).

1. Construct a compact complex threefold f: X — B over

B = ]P)la Y= {pOap17p2}7 (mlamZ) = (374)3

whose general fibre is a complex two-torus, whose fibre over pg is reduced with normal
crossings, and whose fibres over pi,p2 have multiplicities three and four with smooth
reductions.

2. Prove 71(X) = 1 by van Kampen’s theorem, using fixed logarithmic translations at the
two elliptic fibres.

3. Prove Hy(X;Z) = Hy(S% Z) by the integral Leray spectral sequence, using nearby cycles
at the cusp and a multiplicativity argument.

4. Hurewicz—Whitehead gives X ~ S% and ©g = 0 gives X =gg S%. Transporting the
holomorphic atlas of X along this diffeomorphism produces an integrable complex structure
on S6.

Conventions. Deck transformations act on the left and compose as maps, so gh means “first
h, then g”; loops in the base are composed from left to right. The three small meridians in the
base are oriented clockwise; reversing all three orientations changes every boundary coefficient
below by the same sign and leaves every conclusion unchanged. Throughout, e(-) denotes the
topological Euler characteristic and Yy AuAw A § =~ AuAwAJ the generator of A*V fixed in
Section 2.1; the relation between ¥ A u A w A d and the complex orientation of a fibre is recorded
in Remark 2.2 and is never needed.

2 The torus family over the punctured sphere

2.1 Monodromy and the cusp lattice

Let

~

V:Z4:<%u,w,5>, A=V*=(7,u,w,9).

V will be the first integral cohomology of a fibre and A its first homology. Define the following
matrices, whose columns are the images of the basis vectors:

1 0 -6 2 16 0 -3
0 -1 1 1 00 —1 1
Li=1g 21 o 1] L=1o1 0 o
0 0 0 1 00 0 1

Direct multiplication gives
Tli)):TQZl:Ia T227£17 TO::(TlTZ)_1:I+Na N2:07

with
N~v=Nu=0, Nw = —u, N6 =+, ker N =Im N = (y,u).
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On A set Aj = (T;l)t for j = 1,2 and My = (T )%, so that

1 0 0 0 1 0 0 0 1 00 0

6 0 1 0 0 0 -1 0 0 100
A= 6 -1 —10’A2_ 61 0 ol M=19g 11 0|

2 1 0 1 30 1 1 100 1

and A1 AyMy = I. Since the first row of each A; is (1,0,0,0), the linear form

~

v:A—=Z, v(a7 + bu + cw + db) = a,

is invariant under Ay, As, My; equivalently Ty = v for j = 0,1, 2.
Set

~

Ator = <’U/}, >a A = A/Ator — <7Ya fL>
Since (Mo — I)(a” + bu + cw + dg) = bl — ad,
ker(Mo — I) = Im(My — I) = Ator,

and My — I induces the unimodular isomorphism

By : A= Atory Byy = _8\’ Bou = {5’ [BO] B (_01 1) .

2.2  Orbifold uniformization
Let B = P! have coordinate ¢, and set
pr=0t=0), p=(@t=1), p=(t=00), 1=t to=t—1 te=t"

The orbifold Euler characteristic of the signature (0; 3,4, 00) is 2 — s—9—-1= —% < 0, so the
orbifold is uniformized by the upper half-plane § [2, Ch. 10]: there are a Fuchsian group

A=(g,0 |91 =g5=1)=Z/3xZ/4,  go:=(g192)" ",

and a holomorphic quotient map 7 : h — B\ {po}. The element g; fixes a point z; € 7~ 1(p;),
and there is a local coordinate s; with

Y m;
s;j(zj) =0, sjog; =(jsj, (i=e m/mf, tjom=s;".

The element gg is a primitive parabolic element. A sufficiently small cusp neighbourhood U, is
simply connected, precisely invariant under its stabilizer (go), and U, /{go) = {0 < |tc| < r}.

With the clockwise convention of Section 1, g1, go are the clockwise meridians around p1, po
and the relation go = (g192) ! makes gy the clockwise meridian around py.
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2.3 The period-function theorem

Theorem 2.1. There exist holomorphic functions

T:h—=b,  wp:h—=C

satisfying

j(t) =1728t o, (1)

-1 1
ToglzT , Togy=——, Togy=1—1, (2)

T T

1—
j1ogi = TM, uogz‘=1+%, f1o go = K, (3)
6(1 — p)? 61>

gogp=pr2-U"B g3 M pogmpr1
Write p == €™/3. Then 7(z1) = p and 7(22) = i; on U, the functions u and B+ are holomorphic

functions of t. that extend over t. = 0. After adding a suitable constant to B one can moreover
arrange

6(Im p)?
D:=Impg— <Im7'>

<0 everywhere on b. (5)

The three transformation laws define an action of A on (7, i, B)-space: the assignments for g;
and go have orders exactly 3 and 4, and the composite g1g2 acts by (7, pu,5) — (7 + 1, u, 58— 1),
whose inverse is the law stated for gyg. These facts are verified by direct substitution.

Proof. Step 1: construction of 7. Let h° be h with the PSLy(Z)-orbits of p and i removed. The
modular function j restricts to a regular covering h° — C\ {0, 1728} with deck group PSLy(Z),
in which the meridian around 0 maps to an element of order three and the meridian around 1728
to an element of order two. Put F := 1728t o 7. Since t; o = 53 and tg o 7 = 53, the function F
has zeros of order three at the points of Az; and F' — 1728 has zeros of order four at the points
of Azy; these are the only points where F' € {0,1728}. Hence a small meridian around a point of
Az; maps under F' to the cube of an order-three element, and one around a point of Azy to the
fourth power of an order-two element; both are trivial in the deck group. Because b is simply
connected, 71 of the complement of the discrete set Az; U Azs is normally generated by these
small meridians, so every loop has trivial image in the deck group, and the lifting criterion gives
a holomorphic 7 on the complement with F' = j o 7. In the disc model of § the function 7 is
bounded, so it extends holomorphically over Az; U Azo, and by the open mapping theorem the
extension takes values in . This proves (1). Comparing orders of vanishing, 7 — p has a simple
zero at z; and 7 — ¢ has a double zero at zs.

For g € A, both 7 and 7o g lift ', so 7o g = ¢(g) o7 for a homomorphism ¢ : A — PSLo(Z).
If ¢(g1) were trivial, 7 — p would be a function of s$, contradicting its simple zero; so ¢(g1) has
order three and fixes p, and after conjugation we may take ¢(g1) : 7 — (7 — 1)/7. Likewise ¢(g2)
is nontrivial (else 7 — i would be a function of s3, contradicting its double zero), hence of order
two. Put P := ¢(go). For R large every component of {|j| > R} is a horodisc neighbourhood of
one cusp; 7(U,) lies in one such component, which P preserves, so P fixes a cusp and is parabolic
or trivial. If P were trivial, ¢ = €™ would descend to the punctured disc U, /(go) and there
would have a single-valued logarithm, whereas j = ¢~ 1(1+ O(q)) and j = 1728/t force q to have
winding number one around t. = 0. So P is parabolic; write

. 2
P:I+k<p§ p), ged(p,r) =1, k0.

T pr

The element ¢(g2) = ¢(g1) ' P~! has trace zero, which reads —k(p? — pr + r?) = 1; positive
definiteness of p? — pr + 2 forces k = —1 and (p,r) € {£(1,0),£(0,1),4(1,1)}. These three
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cusps are permuted by ¢(g1), so after conjugating by a power of ¢(g1) (which does not change
¢(g1)) we may take P : 7 +— 7 — 1, and then ¢(g2) : 7 — —1/7. This proves (2). At the fixed
points, ¢(g1) has derivative p=2 = (; at p and ¢(go) has derivative i =2 = (7 at i, in agreement
with the simple and double zeros.

On U, the function ¢ = e*™7 is gg-invariant, hence a function of t., and j = ¢71(1+ O(q)) =
1728/t. gives q¢ = t. u1(t.) with u; holomorphic and nonvanishing at 0. Set

h = (27i) "' logus (t. o ), s:=T—h.

Then e*™ = t,om and so gy = s — 1, with h a holomorphic function of t. at 0.

Step 2: construction of . Define factors of automorphy on the generators by

j(glaz) = _T(Z)v .7(9275) = 7‘(2),

and extend by the cocycle rule 7(gh, z) = 7(g, hz)j(h, z). Using (2), the factors of g3 and g3 equal
1, so the extension is consistent, and 7(go, ) = 1. Let £ be the sheaf on B whose sections over U
are the holomorphic functions v on 7=1(U \ {po}) with

vog=v/jg,) (g€A),

subject, when py € U, to the requirement that v|y, (which is go-invariant, hence a function
of t.) extend holomorphically over t. = 0. Near z; a section satisfies v o g; = e;v with e; a
unit whose value at z; is —1/p = (2, respectively 1/i = (o; after dividing by a unit kj with
Kjog;j/kj = e€;/e;(z;) (such k; exists because H'(Z/m;, O.;) = 0), the sections become s?j times
functions of s;-nj with a; = 2, as = 1. Hence L is an invertible sheaf on B, with local generators
of s;-order a; at p; and generator 1 at po.

We now exhibit a meromorphic section. The form FEg has a simple zero at ¢ and 7 — ¢ has
a double zero at 29, so the divisor of Fg o 7 on the simply connected surface b is even and
H:= (FEso 7)1/2 exists, unique up to sign, with a simple zero at each point of Azo and no other
zeros. For both transformations in (2) the modular factor c¢r + d equals 7, so the weight-six law
of Eg gives H o g; = x;7°H with y; = 1. Evaluating at z1, where H # 0 and p? = —1, gives

x1 = —1; at zp the simple zero of H transforms by sg > (259 = —isy while i3 = —i, so y2 = 1.
Put
(EZ oT)H
Froa == A s
mod © T

of weight 8 + 3 — 12 = —1. The characters just computed give exactly

Ja o Fmodi Finod 7Fm0d7 Fiod
modogl—_ T _j]v(gl _)7 FmodOQZ— T _7(92 .)7

50 Fluod is @ meromorphic section of £. Its zeros are the points over py, of order 2 (from E3),
and over po, of order 1 (from H); these orders equal a1, ag, so the coarse orders at pj,ps are
(2—a1)/3=0and (1—ag2)/4 =0. At the cusp, E4 and Eg are units and Ay oqo07 = q(1+0(q)) =
te - (unit), 80 Fyoq has coarse order —1. Therefore £ 22 Op1(—pg) and H*(B, L) = 0.

The local solutions of (3) form an L-torsor: two solutions differ by a section of £, and adding
a section of L to a solution gives a solution. Local solutions exist everywhere: 0 on one sheet
over an ordinary point, extended to the other sheets by the laws; 0 on U, at the cusp (consistent
because o gg = p1); and near z1, zo respectively

2—7 1=
3 3 M2 = 9

p1 =

which satisfy the laws by direct substitution. Since H'(B, L) = 0, a global solution p exists, and
on U, it differs from 0 by a section of L, so it is a holomorphic function of t. extending over
t. = 0.
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Step 3: construction of B. Set

Substituting (2)—(3) repeatedly gives

2 3
> progi=0, ) wog;=0,
k=0 k=0

so the equations o g; — 8 = ¢; are compatible with g;-nj = 1, and near z;

m;—1
1 J
pi=— Z k(tijgf)
L —

is a local solution (a one-line verification using the vanishing sums). Take 0 on one sheet over
an ordinary point and = —7 on U, at the cusp. Local solutions form an Op-torsor (at the
cusp, require 3 + 7 to extend over t. = 0); the obstruction lies in H' (P!, Q) = 0, so a global
exists, unique up to an additive constant, and b := 8 + 7 is a holomorphic function of t. on U,
extending over t, = 0.

Step 4: nondegeneracy. For 7 € hh and a € C one has the identity

6a> 6 Tm(a/7)? 6(Im a)?
Im(——) ~ Im(—1/7) T (6)

T

checked by writing 7 = = + iy, a = r + is and multiplying by |7|?y (both sides become —6s%|7|?).
Applying (6) with a = u for g2 and a = 1 — p for g1, and noting that Im((7 —1)/7) = Im(—1/7),
Im(1 — ) = —Imp and that the remaining constants in (3)—(4) are real, one finds D o gj = D
for j = 1,2. Thus D is A-invariant and descends to a continuous function on B\ {pp}. On U,,
D =Tmb—Im7—6(Im u)?/Im 7 with b, u bounded and Im 7 = Im s +Imh — +o00, s0 D — —o0
at pg. Hence D is bounded above by some M, and replacing 8 by 8 + ¢g with Im ¢y < —M gives
(5). O

2.4 The period matrix, its lattice, and equivariance

Define

e = (%8 76§ )=z 2= (% ). 7)

Regard II(2) as a real-linear map A ® R — C2. Expanding along the last two columns,
detgll = —detIm Z = Im7 Im 8 — 6(Im p)? = Im7- D < 0. (8)

Thus L(z) := II(2)A is a full lattice in C? for every 2.

Let 01 = 6puy + 7u+ w and o2 = By + pu + d be the rows of 11, viewed as elements of V @ C.
Substituting the transformation laws gives

o1og1 =—7 Toy, ogogy =Tioa+ (1 — u)rilTlal,
o109y =7 'Tho, 09 0 g = Taog — pur 1 Thoy,

0; 0 gy = T()O'i.

Equivalently, with

b (7 ) e ()
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one has

Ry(2)I(2) = 1(92)Ag,  Rgn(z) = Bg(hz)Ra(2), (9)

where A, = Ay, Ay, = A, Ay, = My and A, for a general word is the corresponding product;
the cocycle rule follows from the first identity because II(z) is surjective. In the flat coordinate
z € A®R of a fibre, ( =II(2)z, the deck transformation g acts by x — Agx.

Let A act on h x C? by A- (2,¢) = (2, + II(2))\) and let g € A act by (2,¢) — (g2, Ry(2)¢).
By (9) the second action normalizes the first, so

T :=(hxC*)/A — b

is a holomorphic family of complex two-tori with a A-action covering the action on h, and with
the invariant zero section. Removing the fibres over Az; U Az (where A has fixed points) and
dividing by A gives

fO:J_>BO ::B\{p()ypl?pQ}v (10)
a proper holomorphic submersion with fibres complex two-tori and with a holomorphic zero

section. The clockwise meridians act on the first homology A of a fibre by Ay, As, My and on the
first cohomology V by 11,15, Tp.

At the cusp, r=s+hand 8 =b—s— h give

Z = s By + C(te), C(tc)_<b6_“h Z) (11)

with C holomorphic at ¢, = 0. Hence, for A € A,
exp(2miZ\) = tcBo;\ cx(te), cx(te) = exp(2miC(tc) ), (12)

where 50X denotes the vector with entries £{Bod)i.

~

Remark 2.2. By (8) the basis (7, u,w,d) of A is negatively oriented with respect to the complex
orientation of a fibre. All intersection numbers below are computed with the class v A u A w A &;
passing to the complex orientation changes every such number by the same sign and affects no
conclusion.

3 Compactification

3.1 The cusp py: the infinite-fan toroidal filling

This subsection uses (11)—(12) to construct a proper complex threefold over a disc around pg
that extends J.

3.1.1 The A, triangulation and the infinite fan

Let N’ = Z3, write its elements as (y,y3) with y € Z2, and put M’ = Hom(N’,Z). On the
algebraic torus Ty = (C*)3 use coordinates (1, z2,t.), the characters of the standard basis of
M'. Let Ta, be the periodic triangulation of R? with vertex set Z? and triangles

{v,v+e1,v+ ez}, {v+er,v+e2,v+e +eat} (v € Z?);
its edge directions are +ej, +eg, £(e; — e2). For every cell P (vertex, edge or triangle) put

P =cone(P x {1}) C N,  F={0}uU{P}.
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Lemma 3.1. F is a locally finite smooth rational fan with support (R? x Rsq) U {0}. The
associated toric variety Y = Yr is a connected, Hausdorff, second-countable smooth complex
threefold. The character t. extends holomorphically to Y, and

t.'0) = | By, div(te) =) E..

vEZ2

If o is a triangle with vertices vo, vy, ve, and mqg, my, ms € M’ denotes the basis dual to the ray
generators (vo, 1), (v1,1), (ve,1), then

Ua—g(cs, Zi:Xmi’ tc:ZOZ1227 EvZﬂUa_:{ZZ:O}

Each E, is the toric surface dPs (P? blown up in three points), and its toric boundary is an
anticanonical hexagon of six (—1)-curves.

Proof. The generators ((v,1), (v+e1,1), (v+ez,1)) and ((v+e1,1), (v+e2,1), (v+e1+e2,1)) of
the three-dimensional cones have determinant +1, so every cone is unimodular, and intersections
of triangles are common faces, so intersections of cones are common faces. Local finiteness is
inherited from 74,. Glue the charts U, = Spec C[o¥ N M'] = C? along the open sets of common
faces. Any two points lie in the toric variety of a finite subfan, which is open in Y and separated
[5, Sect. 1.4]; hence Y is Hausdorff. The charts are indexed by Z?2, so Y is second countable. The
functional (0,0,1) € M’ takes the value 1 on every ray generator (v, 1), so t. vanishes to order
one along each E,; in a triangle chart (0,0, 1) = mgo + m1 + ma, whence t. = zpz122. The star of
E, in N'/Z(v,1) has rays e1, e, €2 — e1, —€1, —ea, €1 — ea in cyclic order, the hexagonal fan of
dPs. O

3.1.2 The lattice action

For A € A = 72 let ¢5(y,y3) = (y + y3BoA, y3). On the height-one plane this is an integral
translation, so it preserves F and induces a toric automorphism ®5 of Y, given on the dense

torus by B
O5(z,t.) = (tPz, ).

Since t. is a holomorphic function on Y and the torus acts holomorphically, multiplication by
the torus element (c5(t:(p)),1) is a holomorphic automorphism of ¥ preserving t¢.; it commutes
with every ®; because ¢; acts trivially on torus elements with third coordinate 1. Define

U5 (p) = (cx(te(p)), 1) - @5(p). (13)

Since ¢xcp = €54y, the map A+ Wy is an action of A on Y by automorphisms preserving ¢.; on
the dense torus, U5 (z,t.) = (exp(2miZ\) z, t.) by (12).

Theorem 3.2. For sufficiently small € > 0, the action (13) of A on Y, := {|t/| < e} C Y is
free and properly discontinuous. The quotient No := Y./A is a Hausdorff complex threefold, and
t. descends to a proper surjection fy : Ng — Ac. Fort. # 0, fo is a submersion with fibres
complex two-tori. The central fibre W = fo_l(()) is reduced, compact, irreducible, and has normal
CT0SSINgs.

Proof. Put R(t.) = —2rImC(t.) (a real 2 x 2 matrix) and By = By + R(t.)/log|t.|; then
lex(te)| = exp(R(tc)A) entrywise. Choose € < min(r/2,1) with |loge| > 2supy <, /2 [[R(t)]|-
Since By is orthogonal, || By — Byl < 3 and [B;A| > $|A| for |tc| < e.

Freeness. 1If Wy fixes a torus point (z,t.), taking logarithms of absolute values gives
log [te| BoA + R(tc)A = 0; the first term has norm |log |t.|| |A| and the second at most |loge| |Al,
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so A = 0. On the central fibre, ¥5 maps the orbit of a cell P to that of P 4+ By, and a nonzero
translation moves every bounded cell.

Proper discontinuity. For a torus point p with |t.(p)| < 1 put y(p) = log |z(p)|/ log |t.(p)| € R2.
In a triangle chart U, one has log |z;| = log |t.| 67 (y), where 67 are the barycentric coordinates
with respect to o; hence on Uy (2) := {|z;| < 2} all 67 (y) exceed —log2/|loge| and y(p) lies in a
fixed bounded enlargement of . Moreover

y(Usp) = y(p) + B (14)

Consequently, if WU, (2) N U, (2) contains a point with ¢, # 0, then |)| is bounded by a constant
depending only on o, ¢’; if it contains a point with ¢, = 0, the translated cell P + By of that
point shares a face with a cell of ¢/, which again leaves finitely many A. The open sets U,(2)
cover Y: a torus point lies in the closed unit polydisc of the chart of any triangle containing
y(p) (see the next paragraph), and for a point of the central fibre in the orbit of a cell P the
coordinates that are not forced to vanish are characters on that orbit, which can be made of
modulus at most one by choosing o O P in the appropriate sector of the star of P. A compact
subset of Y¢ is therefore covered by finitely many sets U,(2), so it meets only finitely many of its
translates. The quotient by a free properly discontinuous action is therefore a Hausdorff complex
manifold and Y, — Np is a covering.

Properness. Fix 0 < €1 < €. For a torus point with 0 < |t.| < €1, choose \ with B{ly +Xe
[—2,11% by (14) the translate has y = By(B; 'y + )) in a fixed disc. Let o be a triangle
containing ¢’ and y' = " ;v; its barycentric expression; then 6; € [0,1] and the chart coordinates
of the translate satisfy |z;| = |t.|% < 1. Only finitely many triangles meet the fixed disc. For
a point of the central fibre lying in the orbit of a cell P, choose a vertex vy € P and A with

Bo\ = —vy; the translated cell contains 0, so the translate lies in Ey. With
Ky ={p€Us,: |20, || |22| <2, |202122| < €1},

the finite union K = Ey U |J, K, is compact and meets every A-orbit over |t.| < ¢;. Hence
£y Y({|tel < e1}) is the image of the compact set K and is compact; as ¢ < e is arbitrary, fo is
proper.

Fibres. Over t. =ty # 0 the exponential covering C? — (C*)? identifies
Fol(to) = C2/ (22 + Z(s)Z2) = C2/L(z), e =1,

a compact torus by (8). In the covering space the central fibre is {29z122 = 0} in each chart,
reduced with normal crossings, and these properties descend along the locally biholomorphic
covering. Compactness of W follows from properness; irreducibility is Proposition 3.3. 0

3.1.3 The central fibre and its normalization

Proposition 3.3. The map v : Ey = dPs — W induced by the quotient is finite and surjective,
injective away from the hexagonal boundary, and identifies the three pairs of opposite sides of
the hexagon. It is the normalization of W. The double locus of W consists of three copies of P!
meeting exactly in two triple points P, Q, each double curve passing through both. In particular
W is irreducible and connected, and

e(W) = e(dPs) — e(hezagon) + e(double locus) =6 — 6 +2 = 2.

Proof. Since ByA = Z?, the action on vertices is simply transitive, so every orbit of the central
fibre is equivalent to one in Fy: v is surjective. Two points of Ey are identified only if they lie in
orbits of cells P, P’ > 0 with P/ = P+ Bg\, A # 0. For an edge the only possibility is P = {0, v},
P’ ={0,—v}, giving the identification of opposite sides. The six triangles at 0 alternate between

10
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the two types and fall into two translation classes, which become the two points P, Q. So v is
injective on the open orbit and has finite fibres; being proper with finite fibres it is finite, and
being bimeromorphic from the normal surface Fy onto the reduced W it is the normalization.
Each of the three edge directions gives one double curve, whose two ends are the two triangle
classes, hence pass through P and (). The Euler characteristic count is immediate: the hexagon
has six rational components and six nodes, and the double locus has three rational components
and two triple points. O

3.1.4 Biholomorphic identification with the punctured family
Set Ue :={z € U, : 0 < |[t.om(z)| < €} and define
ngp . Ue « (CZ N ((C*)S, (Z, C) — (627riC1’ 627'(2'(27 e27ris(z)).

It is invariant under gy (because so gy = s — 1 and Ry, = I) and under translation by A¢or
(because IIw = (1,0) and 116 = (0,1)), and by (12)

EgP(z, ¢+ (2)A) = U5 (Ey™(2,0)) (A €A).

It therefore descends to a holomorphic map Jo<s,<c — No \ W. This map is injective (two
preimages of a point differ by an element of A, a power of gy, and a A-translation, hence
coincide in J), surjective (every point of Y, with ¢. # 0 has logarithms), and locally biholomorphic
(local logarithms give the inverse). Thus it is a biholomorphism

The zero section corresponds to (1,1,%.). In the chart of the cone over the triangle {0,e;,es},
with coordinates (2o, 21, 22) = (t./x122, 21, 22), it is the disc (t., 1, 1), which extends over ¢, =0
and meets W transversally in the smooth open orbit of Ey; its image in Ny is an embedded disc.

3.2 The elliptic points p{, ps: logarithmic transforms

Set
€ =7+ 2u — 4w, g =74 3u — 3.

Direct multiplication gives A = & and Age’ = &’; in fact A% = (5, ) and A42 = (5, ¢'). Choose

vy =€, vy 1= —¢/, so that y(v1) =1, 7(v2) = —1.

Fix j € {1,2}, a g;-invariant simply connected disc A; 3 z; on which s; is a coordinate, and
let J} = T]|a;. For b€ A®@R define

9/(2,¢) = (gj2, Ry;(2)¢ +11(g;2)b).

Because Ry, Il =1l o g; - Aj, this descends to a biholomorphic automorphism of .J j’ which in the
flat coordinate x € (A ® R)/A reads (z,z) — (gjz, Ajx +b). Put

g;og = gjvj/mj . (16)

Since Ajv; = vj, the m;-th power of §}°g is (z,2) = (2,7 +v;), the identity of J}; here Rgm]‘ =1
i
because Rgmj I(z) = O(2)A7 =TI(2) and II(2) is surjective. So (§;°g> = 7Z/m;.
i

J

Lemma 3.4. The group (§;Og> acts freely on Jj’, for 7 =1,2.

11
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Proof. A fixed point of a nontrivial power lies over z;, since g; acts freely on A; \ {z;}. Over z;
the k-th power is the affine map = — A?ac + kv;j/m;j of (A®@R)/A. An affine map x — Az +b of
finite order has a fixed point if and only if ¢(b) € Z for every A-invariant ¢ € V' = A*: indeed,
a fixed point exists iff —b € (A — I)(A ® R) + A, a closed subgroup whose annihilator under
Pontryagin duality consists exactly of the integral linear forms vanishing on Im(A — I), i.e. of
VA, The form ~ is invariant under every power of A; and A, and

Hence no nontrivial power has a fixed point. O
Define
~lo
Nj = J;/(G%),  fi:Nj— Dj:=A0;/{g;).

The function s;-nj descends to t;, and

fi(pj) = m;S;, Sj = (C*/L(z)))/(z — Ajz + v;/my).

By Lemma 3.4, Nj is a complex manifold and S; a smooth compact complex surface; S; is a free
quotient of a torus by Z/mj;, so e(S;) = 0.
To glue N; to J, let

2) = log;;fz) (=)o, (17)

a;(
a section of J]’- over AJ: different branches of the logarithm change o; by kII(2)v;, which is
trivial in the torus. Let h; be fibrewise translation by ;. Using logs; o g; = log s; — 2mi/m;,
Ry Il =10 g;- Aj and Ajv; = vj, the translation part of hjﬁ;ogh;1 is
log s; 1 log s; 1

v
—Ry,;(2)0;(2) + H(gjz)m—]j +0j(g52) = (—Tm + E + g mj)l_[(gjz)vj =0,

dogr -1 _ ~0 a -
S0 hjgjoghj 1 - gjo. Since J]/-]AJ*_/@JQ) =J
identification

D: by construction of J, this yields a biholomorphic

Gj:Nj\ Sj — Jlp: (18)

*

7, under which the zero section of J corresponds to the

compatible with the projections to D
image of the section —o;.

Finally, N; is aspherical (a free quotient of .J; ~ T4) with
m(Ny) =m(S)) =Ty = (NG5 | G291 = A0, G = t,), (19)
where ¢y denotes the loop A € A = m(fibre) and g; is the class of a path from a base point p to
77%(p)-
3.3 The global compact complex threefold
Choose pairwise disjoint small discs Dy, D1, D2 around pg, p1, p2, and use (15) and (18) to glue
X =(JUNgUN UNy)/~. (20)

All transition maps are biholomorphic and commute with the projections to B, so they define a
holomorphic map f: X — B.

Theorem 3.5. X is a connected compact Hausdorff complex threefold, and f : X — P! is a
proper surjection with connected fibres. Over B° the fibres are complex two-tori; f~1(pg) = W is
reduced with normal crossings; f*(p;) = m;S; for j =1,2. Moreover e(X) = e(W) = 2.

12
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Proof. Because the discs are disjoint, every nontrivial equivalence class consists of one point of
an annular overlap and its image in the corresponding filling; saturations of open sets are open,
so the four pieces embed as open subsets, and the transition functions are G(fl, Gjﬂ. Hence
X is a complex manifold. Two points with different images in B are separated by preimages
of disjoint discs; two points with the same image lie together in one of the Hausdorff pieces.
So X is Hausdorff. Properness of f is local on the base: f° is a torus bundle, fy is proper
by Theorem 3.2, and each f; is a finite quotient of the proper family J]‘ — Aj. Since B is
compact, X is compact. The four pieces are connected and meet along the annular overlaps,
so X is connected; the fibres are tori, finite quotients of tori, or W, all connected. Finally
e(X)=-e(B%)e(F)+e(W)+e(S1) +e(S2) =0+ 2+ 0+ 0, using that N; deformation retracts
onto its central fibre and e(F) = e(S;) = 0. O

4 Integral topology and recognition

4.1 The integral arithmetic ledger

Let F' be a general fibre, so H4(F;Z) = A1V, and let 7; : F' — S; be the unramified covering of
degree m;. Set

N1 = 2u + w + 30, Ne = u + w + 26, g=uNw+6vAG6.

A sublattice is saturated when its quotient in the ambient lattice is torsion-free. Directly from
the monodromy matrices,

VI = (y,m), VP =(ym), VP=(yu, VIR =7y
and, writing yu for v A u etc.,

(A2V)™0 = (yu, 76, uw,yw —ud),  (A*V)T3 = (yn;, q), (AV)TT) = 74,
(A3V)T0 = (yuw, yud), (A?’V)Tj = (yuw, (j), (A3V)<T1’T2> = Zyuw,
with (1 = —uwd + 2vwéd 4+ 4yud and (o = —uwd + 3ywd + 3yud. All these invariant lattices are

saturated by construction (kernels of integral matrices).
Put G := (T1,T). In the ordered basis (yu,yw,yd, vw,ud, ws) of A2V, integral row and
column reduction of the block matrices

Cy=[T1—I|Ty—1I], Co=[NTy—1]|ATy—1I]

gives nonzero Smith factors (1,1,1) and (1,1, 1,1, 1) respectively, and column spans

Im(A%Ty — I) + Im(A*Ty — 1) = (yu, yw, ud, wd, uw — 6y6), (A*V)g =Z[vd],  (22)
so the coinvariants are free of rank one, with [uw] = 6[yd] and [¢] = 12[yd]. The Smith factors of

Mo —1I, A2My — I, A3My — I are (1,1), (1,1), (1,1), so the cusp invariant lattices have ranks
1,2,4,2 in degrees 0, ...,3 and the cusp coinvariants Vz,, (A2V)7, are free.

Finally, the (A;, As)-invariant closure of Ao, = (W, 3\) is kery = (u,w, §> the closure is

contained in ker v because + is invariant, and it contains u because Ajw = u — .

4.2 The fundamental group of the cusp filling

Lemma 4.1. Y, is simply connected; hence m1(No) = A = 72, the inclusion of a fibre induces the
projection A — A on w1, and the cusp meridian lifted along the extended zero section is trivial in
m1(No).

13
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Proof. Exhaust F by connected finite subfans containing the rays (0,1), (e1,1), (e2,1). The
fundamental group of a smooth toric variety is N’ modulo the sublattice generated by its ray
generators [5, Sect. 3.2], and these three rays generate N', so every finite stage is simply connected;
a loop in Y lies in a finite stage, so m1(Y) = 1. To contract a loop a C Y, inside Y, take a
null-homotopy H : D?> — Y and M = max|t. o H|; the torus element a, = (1,1,7) acts on
Y with t.(ayp) = rt.(p), so for roM < e the map a,, o H contracts a,, o a inside Y, while
(5,0) = a(—g)+srya(0) is @ homotopy in Ye from a to ay, o a. Since Ye — Ny is a covering with
deck group A, m1(Ng) = A. A fibre of Y; over t. # 0 is (C*)? = C?/A¢cr, and its image in Ny is
the torus C2/A; the loops in Ao, die in the simply connected Y, so the map on 7 is A — A.
The extended zero section is an embedded disc in Ny bounded by the lifted cusp meridian. [

4.3 Boundary data and the fundamental group of X

Let aj,as be the clockwise meridians in B° around p1, p2, with ag = (ajaz)™! the clockwise
meridian around pg, and lift them along the zero section to loops p1, p2, po in J. Since f° is a
torus bundle with a section over the thrice-punctured sphere,

m(J) = AxF(pi,p),  pjAp; =4\, po=(pipa)

Lemma 4.2. Under the identification (18), the loop p; maps to the element g; of (19); hence
ﬁ;nj = ty, holds in w1 (N;). Under (15), Ator and po become trivial in m(No).

Proof. By the last sentence of Section 3.2, the zero section of J| D corresponds to the image in
Nj of the section —o; of Jj A, which is @’}Og—invariant because h; conjugates ﬁ;og to 'gvjo and the
zero section is ﬁjo-invariant. The clockwise meridian a; lifts to the arc of A}'f from a point z to
gjz (one mj-th of a clockwise turn in s; is a full clockwise turn in ¢; = s}nj ), so pj is represented
by a path along —o; from a point p to §;Og (p), which is the definition of g;. The cusp statements
are Lemma 4.1. ]

Both elliptic relations are obtained by the same recipe with the same orientation convention,
and the pair-of-pants relation ag = (ajaz)~! ties the cusp to them; reversing all orientations
replaces v; by —v; in both relations simultaneously, which does not affect the computation below.

Theorem 4.3. m(X) = 1.

Proof. Apply van Kampen’s theorem successively to J U Ny, then Na, then Ny; each intersection
is a torus bundle over an annulus, connected, with fundamental group A x (p;). By (19) and
Lemma 4.2,

m(X) = (Mpupe | DD = AN Bl =t PR =tw, PP2=1, Aer=1).

The relations Aior = 1 and ﬁj)\b71 = A;X kill the (Aq, Ag)-invariant closure of A¢or, which is
kery by Section 4.1. The image of A is therefore generated by the image ¢ of 7, which is central
because v(A;7) = v(7) = 1. With z = p1, y = p2 and y(v1) = 1, y(v2) = —1,

71(X) = (c,z,y | c central, zy =1, 2° = ¢, y* =c71).

1 3

Fromy=z'land y* =c ' weget z*=c=2>sox=1,thenc=1and y = 1. O

Remark 4.4. The choice vy = —&’ rather than +¢’ is essential: with y(v2) = +1 the same
computation gives 27 = 1 and 71(X) = Z/7.

14
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4.4 Elliptic fibres and specialization
4.4.1 Integral homology of the elliptic fibres

Abelianizing (19),
Hi(Sj;Z) = (A/(A; = DA @ Zg;) /([vg], —my).

In the basis (7, u, w, 5, gj) the relation matrices are

0 0 0 0 1 0 0 0 0 -1
6 -1 1 0 2 0 -1 -1 0 -3

Di=|-6 -1 -2 0 -4, Dy=|-6 1 -1 0 3],
—2 1 0 0 0 30 1 0 0
0 0 0 0 -3 0 0 0 0 —4

with Smith normal form diag(1,1,1,0,0) in both cases. Hence H;(S;;Z) = Z* is torsion-free.
Since i Kg, = Kp = Op, taking norms gives Kgimj = Og,. Poincaré duality gives by = by = 1,
by = b3 = 2, and 0 = e(Sj) = 2 — 4 + by gives by = 2. The universal coefficient theorem
(Ext(H;,Z) = 0) and duality show that

H.(S;;Z) = (2,7*, 7%, 77, 7) (23)
is torsion-free. As ¢1(Kg;) is torsion in the torsion-free group H?(Sj; Z), it vanishes, so wz(S;) = 0

and by Wu’s formula the unimodular intersection form on H?(S;;Z) is even.

4.4.2 Specialization lattices at the elliptic points
Proposition 4.5. For 0 < ¢ <3 the map 7} : HI(S;;Z) — (A5 s injective, with index
q ‘ 0 1
=11 3
j=2|1 4

[NORE V]

3
1
2

Explicitly 7y H'(S1) = (3v,m), n5H(S2) = (4v,m2), 71 H?(S1) = (A2V)TL; moreover q ¢
7 H%(S2) and yuw ¢ 75 H3(S2), so that 2q and 2yuw generate the respective quotients Z./2.
Proof. Injectivity follows from ;.77 = m;id and torsion-freeness.

Degree one. H'(S;;Z) = Hom(T'j,Z), and a homomorphism restricting to £ € Vi on A
exists iff m; | £(v;), because §jmj = ty;. Since 7;(v;) =0, y(v1) = 1 and 7(ve) = —1, the two
lattices displayed follow.

Degree two. Pullback along the covering multiplies intersection numbers by m;, and the form
on H?(S;) is unimodular, so the discriminant of W;HQ(SJ') is :l:m?. With

(ym)ANqg =3y ANuAwAd, (Ym2) Aqg =27y ANuNwAJ, (’ynj)2:0, @ =129 AuAwAS,

the invariant lattices have discriminants —9 and —4, so the indices are 1 and 2. For j = 2, write
x = 7yng; the three index-two sublattices of (x, q) are (x,2q), (2z,q) and (2x, 2+ ¢), and ¢ belongs
only to the second. On (2z, q) the form divided by mg = 4 has matrix ((1) %), which is odd; since
the form on H?2(Sy) is even, w5 H?(S2) # (2z,q) and q ¢ 75 H%(S2).

Degree three. The pairing H' x H> — H* of S; is perfect, so the pairing matrix between
W}-‘Hl(Sj) and W;H?’(Sj) has determinant j:m]?. The pairing matrices of the bases (y,7;) and
A AC)

J v
and three, then k](l)/c](-g) | det | = mj2-, o k‘gg) =9/(3-3) =1 and k:ég) =16/(4-2) =2. For j =2,
the class g lies in 75 H(Ss) and (12, yuw) = —2 is not divisible by 4, whereas the pairing of
two pulled-back classes is divisible by ma = 4; hence yuw ¢ 75 H3(S3). O

(yuw, ¢;) have determinants of absolute value 3 and 2. If are the indices in degrees one

15



A complex structure on the six-sphere Streamlined reconstruction, revised

4.5 Nearby cycles at the cusp: the integral invariant-cycle theorem

Theorem 4.6. Let j : Af — A.. For 0 < q < 3 the natural map R? fo.Z — jij* R fo«Z is an
isomorphism near 0; equivalently, specialization

sp? : HY(W;Z) == HI(F; 7)™
1s an isomorphism of integral lattices in these degrees.

The proof occupies the rest of this subsection. Equality of ranks over Q would not suffice for
the integral Leray computation below.

4.5.1 Local Milnor fibres and the sheaf #'v

Let ¢ = 1, Zn, be the nearby-cycle complex [4, 8]. By proper base change H¢(W; ) = H(F;7Z),
and the edge map Zy — v induces specialization. The local models of Section 3.1 are t. = z,
te = 2021, te = 202122, with Milnor fibres of the homotopy types of a point, S' and T2. Hence

Hoy = Zy, H>) =Zp ® Zg, HZ3p =0,

and V := H'4 is supported on the double locus. Write Cy,Cs, C3 = P! for the three double
curves and ¢, for their inclusions. Each C}, is the image of two different sides of the hexagon of
Ey, so its two local branches are globally distinguishable; orient the vanishing circle along C}, by
increasing argument of the coordinate vanishing on the first branch. Then V is constant of rank
one on Cj, \ {P,Q}. At a triple point with t, = 292120, H1(MF) = {(ag,a1,a2) € Z*: Y a; = 0},
the vanishing circle of the double curve {z; = z; = 0} is ¢; — ¢;, and for ¢ € H LMF) =
Hom(H;(MF), Z) the three restrictions ny = ¢(e; — e;) satisfy one relation. Translating the six
triangles at a vertex of the As triangulation to the origin and keeping the branch order fixed by
the clockwise meridian gives, at the two triple points,

‘ ni no n3
Pl ¢(eo —e1) dleo—e2) ¢ler —ea)
Q| plea—e1) dleg—er) éleg —ez)

so that at both points the relation is nqy — ny + ng = 0. Therefore there is a short exact sequence

3
0—>V—>@Lk*Z@k L)ZP@ZQ%O, 01(ni,n2,n3) = (s,s), s=ni—na+ns: (24)
k=1

away from P, it is the identity of the rank-one sheaf, and at P or @ its stalk sequence is
0 — Z? — 73 — 7Z — 0 with the middle map injective onto the saturated sublattice {s = 0}.

4.5.2 Integral groups on the F, page

Cohomology of W. The normalization gives the exact sequence of sheaves

3
0 = Ziw — vZap, — @ uele, = Zp B Zg — 0, (25)
k=1

where the middle arrow takes the difference of the two branch values along each double curve and
the last arrow is the alternating sum above; at a triple point the stalks form the augmented Cech
complex of three points, so (25) is exact. In cyclic order the hexagon of dFPs is E1, H — E; —
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E>, By, H— Ey — E3, E3, H— E1 — E3, with opposite sides three steps apart, and the difference
map H%(dPs) = Z* — @, H*(Cy) = 72 is

aH — > biE; — (s,—s,s), s =by + by + b3 — a,

with saturated image Z(1, —1,1), kernel Z* and cokernel Z?. The hypercohomology spectral

sequence of (25) has Fj-rows: in fibre degree 0 the complex Z 9, 73 5%1 72 with cohomology
(Z,72,7); in fibre degree 2 the complex Z* — Z3 with cohomology (Z3,Z?); in fibre degree 4 the
group Z. No further differential can be nonzero, and all groups are free, so

H*(W;Z) = (2,7°, 2}, 2%, Z),  e(W) =2, (26)

all torsion-free.

Cohomology of V. From (24): HO(W;V) =ker §; = Z2, HY(W;V) = coker §; = Z?/Z(1,1) =
Z, HX(W;V) = @, H*(Cy) = Z3.

The E5 page. The spectral sequence Eg’b = HY(W;H%)) = H(F;Z) therefore has the
rank table

b=2 2 0 0 0 0
b=1 2 1 3 0 0
b=20 1 2 4 2 1

with every entry free abelian.

4.5.3 Differentials, degree three, and saturation

The possibly nonzero differentials are do : Eg’l — E’22’0, do : Eé’l — ES”O, ds : E22’1 — Eg’o,
ds : ES’Q — E;l and d3 : E§’2 — E:,?:’O, of ranks «a, 8,7,¢,€ say. Since H?(F) has ranks
1,4,6,4,1, comparing total ranks gives

a=7v =0, B4+6 +€ =1.

Thus Eg’o = HY(W) survives to E except possibly in total degree 3, i.e. sp? is injective for
q # 3.

Degree three. Let W° = (C*)? be the open orbit of Ey, on which v is injective, and let
Tt = (Ator @ R)/Agor = (S1)? act on Ny through the compact subtorus of the (x1,z3)-torus; this
action commutes with ¥ and preserves t.. Choose a compact T'y-orbit K = T? in W°. Since f
is a submersion near K, a Tj-invariant metric, horizontal lifts of the base coordinate fields and
compactness of K give a Ty-equivariant open embedding © : K’ x A, — Ny with fopoO(w,t) =t
and ©(w,0) = w, for a T¢-invariant open neighbourhood K’ C W° of K. Excision and homotopy
invariance in the product chart give a commutative square

H3(W,W\K) — H3W)
12 | sp? K, = 0O(K,1t),
H3(F,F\ K;) — H3F),

in which both relative groups are H'(7T?) =2 Z? by the Thom isomorphism. The bottom arrow is
the Gysin map of the submanifold K; C F', which is a translate of the linear subtorus Ty C F.
Since Agor is saturated, A = Ayor ® Ap for a complement Ag, so F' = Ty x T and the Gysin
map is a — a x [Tg]", injective with image a Kiinneth summand, hence a saturated sublattice of
rank two. Thus Imsp? contains a saturated sublattice of rank 2 = rk H3(W); so sp? is injective,
and its image, a rank-two lattice containing a saturated rank-two lattice inside the torsion-free
H3(F), equals that saturated lattice. Hence 8 =€ =0 and ¢’ = 1.
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Saturation. In degree 0 specialization is the identity on constants. In degree 1 the cokernel of
sp' is E% = Eg’l >~ 72, free. In degree 2 the cokernel is filtered with quotients EL = E;’l =7
(as 8 =0) and E%? = ker dg’2, both free. Degree 3 was just treated. Every class extending over
W is invariant under transport around the cusp, so Imsp? C (A9V)70; both sides are saturated
of ranks 1,2,4,2 for ¢ =0, ...,3, so they coincide. This proves Theorem 4.6.

4.6 The global integral Leray spectral sequence

Let j : B® < B and let £L? = R1f,Z|go be the local system with fibre A9V and clockwise
monodromies 11,715, Tg. By Theorem 4.6 the stalk of RYf.Z at py is that of j.L£%, and by
Proposition 4.5 the stalks at p1, p2 are the specialization lattices 77 H?(S;) C (A9V)Ti. Hence
RIf.7Z C j5,.L9 with skyscraper quotient

(Z/?’)pl b (Z/4)pzv q=1,
(Z/Q)pw q= 25 3.

Also R°f,7 = Zp (connected fibres) and R*f.Z C j.L* = Zp with skyscraper quotient.

Q7 := ju LI/ R = { (27)

4.6.1 The E> page

Lemma 4.7. (a) H'(B,R'f.Z) = Z-12v, H(B, R*f.Z) = Z-2q, H*(B, R*{.Z) = Z - 2yuw.
(b) HY (B, Rif.Z) =0 for ¢ =0,1,2.

(c) For every q, H*(B, R1f,Z) = H*(B,j.L9) = (A1V)g; in particular H*(B, R®) = Zw,
H?(B,RY) = Z[§], H*(B,R?) = Z[y6], H*(B,R*) = Z[y Au Aw A 8]. Under these

identifications the cup products are

w-x =z, x- [yl =[x Ayl (x € H (B, R®), [y] €H2(B,Rb/)),

Proof. (a) A global section is an element of (A9V)¢ lying in the stalks at py,po. In degree one,
ny must be divisible by 3 at p; and by 4 at ps; in degrees two and three, Proposition 4.5 says
that ¢ and yuw are not in the stalk at ps but their doubles are.

(c) Since Q7 is a skyscraper, H'(B,Q%) = H?*(B,Q%) = 0 and H?(B, R?) = H*(B, j.L9).
The sequence 0 — ji£ — j.L — (skyscraper) — 0 gives H%(B, j.£) = H?(B°, L), and Poincaré
duality with local coefficients on the oriented open surface B° [3, Ch. V] gives H2(B°, L) =
Hy(B°, L) = Mg for a fibre M. The class w restricts to the compactly supported class of a point,
so w -z is the 0-cycle [pt ® z], i.e. [x] € M¢; naturality of the cap product for coefficient pairings
gives z - [y] = [z A y], which is well defined on coinvariants because x is invariant. The values of
the coinvariants are (21)—(22) and (A*V)g = Z[y Au A w A 6] (all T; have determinant one).

(b) HY(B,Z) = 0. For ¢ = 1,2, the sequence 0 — R? — j, LI — Q7 — 0 gives H"(j,L9) —
H°(Q?) — HY(RY) — H'(j.L%) — 0, and the first map is onto: ny — (n mod 3,n mod 4)
is surjective by the Chinese remainder theorem, and ¢ — the nonzero element of Z/2. So
HY(B,RY) = HY(B,j.L%), the parabolic cohomology, which is the kernel of H'(B°, L) —
@, H(D;, £7). Writing cocycles on the free group (t1,t2) with tg = (t1¢2) ™!, the parabolic
condition is ¢(t;) € (T; — I)M for i = 0,1, 2. Subtracting a coboundary we may assume c(tz) = 0;
the residual gauge is M2, and c(tg) = —Tpc(t1), so
(T — )M N (Ty — )M

(Ty — )M
Forg=1: (I1 — NV = 2y+u+w, 2y —u), (Ty — I)V = (7, u), the intersection is Z(2y — u),
and (T3 — I)ng = —(2y — u) with my € V2. For ¢ = 2: (A2T} — I)A%V = (yu,yw,uw + 3ud —
679, 2ud +wé), (A>Ty — I)A?V = (yu, yw + ud), the intersection is Z~yu (compare the coefficients
of uw, ud, ws), and (A%Ty — I)(yn2) = yu with yn2 € (A2V)2. Both quotients vanish. O

Hl(Baj*'Cq)

12
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Since B has real dimension two, the Leray spectral sequence Eg’b = HYB,R'f.7) =
Hetb (X, Z) has only the columns a = 0, 1,2, and the only differentials are ds : Eg’b — Eg’b_l.
By Lemma 4.7, in total degrees < 3 the page is

b=3|7Z- 2yuw 0 *

b=2| Z-2q 0  Z[yd
b=1| Z-12y 0 Z[6]
b=0 Y/ 0 Zw

(the entry E5” is not needed).

4.6.2 Rational homology
Proposition 4.8. b;(X) = ba(X) = b3(X) = 0.

Proof. by = 0 by Theorem 4.3. Rationally Eg’l = Qv and Eg,o = Qu; since E%' = ker dy must
vanish, ds : Eg’l — ES’O is an isomorphism and E= = 0, i.e. f*w = 0 in H?(X;Q). As ffwis
Poincaré dual to the class of a smooth fibre, [F] = 0 in Hy(X;Q). Now let z € H?(X;Q). Its
restriction to F' is monodromy invariant, hence z|r = kq, and

12k% = ((2|p)?, [F]) = (2% [F]) = (2? — f'w,[X]) =0,
so x| = 0. Thus H?(X;Q) — ES’Q is zero, and with EX = ELY = 0 we get bo = 0. Finally
e(X) = 2 by Theorem 3.5, and with by = by = by = bs = 0 this gives b3 =2 — e¢(X) = 0. O
4.6.3 The integral transgressions
Proposition 4.9. With one common overall sign,
da(127) = tw, do(2q) = £wld], da(2yuw) = ftw[vd];

that is, all three differentials do : Eg’b — Eg’b_l, b=1,2,3, are isomorphisms.

Proof. Write da(127) = pw, da(2q) = p’ w[d], do(2yuw) = p" w[yd] with p,p’,p" € Z.

lp| = 1. Since Hy(X;Z) = 0, the group H?(X;Z) = Hom(H(X),Z) is torsion-free. The edge
map EX° = Zw/pZw — H?(X;7Z) is injective, so Z/p is torsion-free, i.e. p € {0,41}; and p # 0
because Egél = ker dy must vanish.

Multiplicativity. The Leray spectral sequence is multiplicative, and by Lemma 4.7(c) the
products on FE, are computed by wedge products in V. Apply the Leibniz rule ds(zy) =
do(x)y + (—1)48%2 dy(y) to the two relations

(129) - (2¢) = 12 - (2yuw) € Ey®,  (2q) - (2yuw) =0 € Ey° = 0.
The first gives, in ]5’22 2 = 7Z[y0] and using [2q] = 24[~4],
12p"[vd] = pw - 2q — 127 - p'w[d] = (24p — 12p")[v4], so p'=2p—9p.

The second gives, in E22’4 = Z[y AuAwA 6] and using § A 2yuw = 2y AuAwAd, 2g A5 =
2y ANuANw A6,

0= [6 A2yuw] + p" [2g A6 = (=20 + 20" ) [y Aunw A 6], SO p=p

Together, p’' = p” = p = +1. O
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Remark 4.10. The conclusion does not depend on sign conventions. If the Leibniz rule, the
graded commutativity of the Ea-products, or the identifications of Lemma 4.7(c) are altered by
signs, the two relations take the form p” = 2s1p + sop’ and p” = s3p’ with s; = £1. If 59 = s3
this forces p = 0, which is excluded; hence s3 = —s9 and 2|p'| = 2|p|, so again [p/| = |p”| = 1.
The direct computation of p from the gluing data is also available: a lift ©; € Hom(I';, Z) of 12y
has m;0;(p;) = 12v(v;), so ©1(p1) = 4 and O2(p2) = —3, the cusp lift has Oy(py) = 0, and the
Mayer—Vietoris coboundary of the three boundary values is 0 +4 — 3 = 1; this reproduces |p| = 1.

4.6.4 Integral homology
Theorem 4.11. Hp(X;Z) =7 for k=0,6 and Hp(X;Z) =0 for 1 <k <5.

Proof. By Proposition 4.9 and Lemma 4.7, the F, terms in total degrees one to three are

HY(X): EX0=o, E%! = kerdy! = 0;
H*(X): FE% = coker dg’l =0, ELL =0, E%? = ker dg,z = 0;
H3(X): FE%' = coker dg’2 =0, EL?2 =0, E%3 = ker dg’?’ =0.

Hence H'(X;7Z) = H*(X;Z) = H3(X;Z) = 0. Now H{(X) = m(X)* = 0. The universal
coefficient sequence 0 — Ext(Hy,Z) — H? — Hom(Hs,Z) — 0 shows that the finitely generated
group Ho(X) is torsion, and then Ext(H(X),Z) = Ho(X) injects into H*(X;Z) = 0, so
Hy(X) = 0. As X is a closed oriented six-manifold, Poincaré duality gives Hs = H3 = 0,
Hy=H?>=0,Hs=H' =0. O

4.7 Recognition as the standard S® and transport of the complex structure

By Theorems 4.3 and 4.11, X is simply connected with the integral homology of S®. Hurewicz,
applied inductively, gives 7x(X) = 0 for k¥ < 5 and 76(X) = Hg(X) = Z; a map S® — X
representing a generator induces isomorphisms on all integral homology groups, and since both
spaces are simply connected CW complexes it is a homotopy equivalence by the homological
Whitehead theorem [6, Ch. 4]. Thus X is a smooth homotopy six-sphere. By Kervaire-Milnor
[7] ©6 = 0, so by Smale’s h-cobordism theorem [9] there is a diffeomorphism ® : S = X. If
(Uq, o) is the holomorphic atlas of X, then (®71(U,), zo o ®) is an atlas on S whose transition
functions are those of X, hence holomorphic. This proves Theorem 1.1.

5 Two consistency checks

The following two observations are not needed for the proof. They were made while checking the
argument and they test the construction against invariants that must agree with the topology of
S6.

Proposition 5.1. The class ¢ € H*(F;7Z) is of type (1,1) on every fibre, and the Hermitian
form it defines is indefinite on every fibre. Consequently the general fibre is a non-algebraic torus
with NS(F') D Zq, and f is the algebraic reduction of X, so a(X) = 1.

Proof. With @ the matrix of g on A, a direct computation gives IIQ~!I* = 0 (the (1, 1) condition)

and
2Im7T 2Imp

; 177t — -2 .
(IIQ™ I _<21m,u éImﬁ)’ det =% Im7-D <0

by (5). An integral 2-form w is of type (1,1) at z iff its pairing with o1 A o9 vanishes, and this
pairing is wyy — Wyw T + (6wyw — Wys) pt + wus B + Wws (612 —73). The functions 1,7, u, 3, 6u% — 73
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satisfy no linear relation (applying go and go to a putative relation and using that y is single-
valued at the cusp while 7 is not forces all coefficients to vanish), so for general z the only integral
(1,1)-classes are the multiples of g. A two-torus whose Néron—Severi group is generated by a class
of negative square has neither a polarization nor an elliptic pencil, hence algebraic dimension
zero; therefore every meromorphic function on X is constant on the general fibre and is pulled
back from B, i.e. a(X) = 1. O

Proposition 5.2. fiwyx/p = Opi(1) and R' f,.Ox = O & O(-1), R?*f,0x = O(—1). Hence
ROLX) = 1, W93 (X) = %3 (X) = 0 and x(Ox) = 0, in agreement with Riemann—Roch
(x(Ox) = c1c2/24 and ¢1(X) =0).

Sketch. The relative two-form Q = d¢; A d(2 on T transforms by det Ry, and Fr;OldQQ is A-
invariant, hence a meromorphic section of fiwy,p. At the cusp, 2o = (27i) 2dlog x1 A dlog xo
generates f.wp, /A, S0 the section has a simple zero there; at p;, since N; = JJ’- /G and p*wp, =

j_(mj_l)Qg with ¢

holomorphic on Aj, and invariance reads ¢ o g; = C;-nj _1<p/ det Ry,; at z1 the factor - (—p)

wa; (—(mj — 1)z;), the sections of fuwy,/p, are the G-invariant forms ¢ s

equals 1 and at zo the factor (3 - i equals —1, so ¢ has sj-order = 0 (mod 3) at z; and = 2
(mod 4) at z9, and the local generators are 31_292 and 52_192 up to units. These are exactly
the orders of Fnjéd at z1, 22, SO F;;dQQ is a local generator at pi,pe2, and deg fiwy,p = 1.

~

Relative duality gives R?2f.Ox = ( frwx/p)Y. For R'f.Ox: on b the classes [v],[u] form a
frame of V¢ /{o1,02); the image of the global section 127y of R!f.Z is a nowhere vanishing
section of R!f.Ox (the maps H'(-;Z) — H'(-;0) are injective on S; and on W), giving
0= O — R'f,Ox — Q — 0, and the quotient Q has the automorphy factor of £ at pi,ps
and generator [u] at pp, so Q = £ =2 O(—1). The extension splits since H'(O(1)) = 0. Then
WOl = RO(R£,0x) = 1, h%? = hY(R'£.0) + hO(R%f.0) = 0, h%3 = RL(R2f,0) = 0, and
x(Ox)=1-140=0. O
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