A COUNTEREXAMPLE TO POSITIVE LOWER HERMITIAN
MONGE-AMPERE MASS

ABSTRACT. We construct a compact complex threefold X, a Hermitian form w on X, and
smooth strictly w-plurisubharmonic functions ¢; such that f < (w + dd®p;)® — 0. Thus the
lower Monge—Ampeére mass v_(w) can vanish. The construction combines a Gauduchon-cone
separation argument with accumulating deck translates of a local hypersurface, bounded-degree
averages of rational curves, and the Hermitian Calabi—Yau theorem.

1. INTRODUCTION

We use ) )
i = i,z
d°=—(0— dd® = —00.
27r(8 0), Waa
For a Hermitian form w on a compact complex n-fold X, set
_ = inf dd®p)".
) = e g o 0%

The question addressed here is whether this number must be positive.

Theorem A. There are a compact complex threefold X, a Hermitian form w on X, and functions
p; € C°(X,R) such that

w+ddp; >0,  supp; =0, / (w+ddp;)* — 0.
X X

In particular, v_(w) = 0.

The threefold is an elliptic quotient of the complement of two projective lines in P3. Its deck
translates of one local hypersurface accumulate inside the covering space. Lamari-type separation
and Siu’s analyticity theorem then force arbitrarily large local traces in the normalized cone of
positive dd®-closed (2, 2)-forms. Holomorphic automorphisms spread such a trace over a fixed
horizontal region. A second average, now of compact rational curves, supplies a transverse
cofactor spike without increasing the Hermitian degree. A determinant inequality converts
the overlap of the two concentrations into unbounded root volume. Finally, the Hermitian
Calabi—Yau theorem turns these dual forms into the potentials in Theorem A.

The proof is arranged accordingly. The quotient and the dual Monge—Ampére estimate are
established in Section 2. The trace concentration is proved in Section 3, and the bounded-degree
root-volume construction occupies Section 4. The theorem is assembled in Section 5.

2. THE QUOTIENT AND THE DUAL ESTIMATE
Write homogeneous coordinates on P? as [2g : 21 : wo : wy] = [z : w], and put
Q =P\ ({20 =21 =0} U {wy = wy =0}), q= e,
Let g: Q — Q be the biholomorphism
glz :w] = [z : qu].
Proposition 2.1. The quotient
X =9/(g)
18 a compact connected complex threefold. If

wl®

t=log e
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2 A COUNTEREXAMPLE TO POSITIVE LOWER HERMITIAN MONGE-AMPERE MASS

if a and B are the pullbacks from the two factors of Pt x P! of the forms dd®log||z||* and
ddlog||w||?, respectively, and if

D = dt A d°,
then
w=a++D
1s a Hermitian form on X.
Proof. Both blocks z and w are nonzero on Q. If g¥[z : w] = [z : w], projective equality gives

one scalar that is simultancously 1 on the z-block and ¢* on the w-block. Hence k = 0, so the
action is free. Moreover,
tog="t+4r.
This implies that the action is properly discontinuous: a compact subset of {2 has bounded
t-image and therefore meets only finitely many translates of any other compact subset. The
closed strip 0 < t < 47 is closed in P? and stays a positive distance from the two omitted lines;
it is compact and meets every orbit. Thus the quotient is compact. It is connected because €2 is
connected.
The map [z : w] — ([z], [w]) descends to an elliptic fibration

7 X — P x PL.

Indeed, after taking a logarithm of the relative scalar between the two blocks, a fiber is
C/(2rZ + 27wiZ). The forms « and /3 are semipositive and are positive in the two base directions;
with the present normalization, each has integral 2 on the corresponding P!. Although ¢ itself
changes by 4, its differentials descend. On every fiber, ¢ is twice the real part of the logarithmic
fiber coordinate, up to an additive base term. Hence D is semipositive and positive on the
vertical complex line. The kernels of a + 8 and D have zero intersection, so w > 0. U

We next record the pointwise convention used for positive (2,2)-forms. In a holomorphic
coframe on a threefold, the cofactor identification sends a real (2, 2)-form O to a Hermitian 3 x 3
matrix Q. If © = n? and H is the coefficient matrix of 7, then

Qo = 2cof (H).
Lemma 2.2. FEvery strictly positive real (2,2)-form © on a complex threefold has a unique
strictly positive real (1,1)-form n satisfying n* = ©. If
NE
v = <1> dz1 Adz Adee A dZp A deg A dzs,
0

then

(2.1) 032 .= = \%\/det Qo v.

Proof. For H > 0, the map H +— 2cof(H) is bijective on the positive Hermitian cone: its inverse
is obtained from det(2cof H) = 8(det H)? and H = 2(det H)(2cof H)~!. This proves existence
and uniqueness. Since 7 = 6det(H)v, the determinant identity gives (2.1). O

The following proposition isolates the final Monge—Ampére argument.

Proposition 2.3. Let Y be a compact connected complex threefold with Hermitian form h.
Suppose that smooth strictly positive dd°-closed (2,2)-forms I'; satisfy

Pj::/ hAT; <C, R; ::/F?/2—>oo.
Y Y

Then there are smooth functions u; with h + ddu; > 0, supy u; = 0, and

3 P}
2.2 0< h+ ddu;)® < L.
22) J o+ aacuy < 2

In particular, v_(h) = 0.
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Proof. Let n; > 0 be defined by 77]2- =T';. The Hermitian Calabi-Yau theorem [ , Corollary 1,
equation (1.2)] gives unique b; € R and u; € C*°(Y,R) such that

v; == h 4+ ddu; > 0, SI}J;p uj =0, ’)’]3 = ebjU?-
Pointwise arithmetic-geometric mean, applied to the eigenvalues of «; relative to 7;, gives
v Ay = e,
Because dd°T’; = 0, integration by parts on Y yields
QZL%AQEJW&.

Therefore 3

P
3 _ bip. J
/Y'Yj—eJRJS R§7

which is (2.2). Each u; is bounded because it is smooth on the compact manifold Y. (]

3. TRACE CONCENTRATION IN THE GAUDUCHON CONE
We first prove the separation statement in the precise form needed below.

Lemma 3.1. Let Y be a connected compact complex manifold of dimension m > 2, and let 0 be
a smooth real (1,1)-form. There is a real distribution u with

0+ dd“u > 0

/9A@20
Y

for every smooth strictly positive dd®-closed (m — 1,m — 1)-form ©. The distribution u has a
quasi-plurisubharmonic representative.

if and only if

Proof. Let V be the real space of (1,1)-currents with its weak topology, P C V the cone of
positive currents, and

W = {dd®u : u is a real distribution}.
The subspace W is closed. Indeed, after fixing a Hermitian metric h, the scalar operator
L = trj, dd® is elliptic and its kernel on functions consists of the constants by the maximum
principle. Its inverse from its range to distributions normalized by one fixed mean is continuous.
Thus convergence of dd“u; implies convergence, after normalization, of u; as distributions.

Gauduchon’s conformal theorem | , pp- A387-A390] supplies a smooth strictly positive
dd®-closed (m — 1, m — 1)-form ©g. The cone P + W is closed. Indeed, if Tj + ddu; converges
with T; > 0, then [y T} A ©g stays bounded. Strict positivity of ©9 bounds the masses of T}, so
a subnet converges weakly to a positive current. Closedness of W handles the remaining term.
This argument applies to convergent nets and hence proves weak closedness.

If 6 ¢ P+ W, Hahn-Banach separation gives a smooth real (m — 1,m — 1)-form © that
is nonnegative on P, vanishes on W, and satisfies [, # A © < 0. The first two conditions
say that © is semipositive and dd®-closed. Adding a sufficiently small positive multiple of O
makes it strictly positive while preserving the strict negative pairing, a contradiction. This
proves the nontrivial implication; the converse is integration by parts. Finally, locally adding a
sufficiently large smooth strictly plurisubharmonic function to v makes it plurisubharmonic, so

u is quasi-psh. O
On the chart zgwg # 0 of X, use the coordinates
e=22 y=" (=log € F:=C/(2rZ + 2riZ).
20 wo 20

For every complex variable v, write

i
o, = —dv A do.
T
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Let a(s) = e~'/% for s > 0 and a(s) = 0 for s < 0. Let p be the probability density, relative to
oy, proportional to a(1 — |v|?). Define

Yolv) = al — o) (@ 9) = x0@)x0(y).
ol —ToP?) Fa(oP —1/3) ’

Thus xo =1 on |v] <1/2 and xo =0 on |v] > 1. For 0 < § < 1/100, set
(3.1) Bs = x(2,4)0*p(¢/d)oc,

extended by zero outside the coordinate tube. The extension is smooth because both cutoffs are
flat at the boundaries of their supports.

Proposition 3.2. For
Cs ::sup{/ BsAN©:0 >0, dd°© =0, / w/\®:1},
X X

one has Cs — 00 as d | 0.

Proof. For fixed 4, finiteness follows from Bs < Msw. Assume that Cs5, < C' along a sequence
0¢ 1 0. After normalizing any positive test form by its w-degree, Lemma 3.1 applied to Cw — Bs,
gives a quasi-psh function u, satisfying

Cw + dd°u, > Bgz.

Normalize supy ug = 0. The LllOC compactness theorem for psh functions, applied on a finite
coordinate cover after adding fixed smooth strictly psh functions, gives an L!(X)-convergent
subsequence. Its limit v is a nontrivial Cw-psh function. Since B;, — x[( = 0] weakly as
currents, passage to the distributional limit gives

(3.2) Cw + ddu > x[¢ = 0].

On a smaller coordinate ball, add a smooth function p with dd°p > Cw. Then dd®(u + p) >
[¢ = 0] wherever x = 1. Hence the Lelong number of u is at least 1 on a nonempty open subset
of this hypersurface. Siu’s analyticity theorem [ , Theorem I] shows that

Z={ze X :v(ux)>1}

is analytic. It is proper: positive Lelong number forces a quasi-psh function to be —oc at the
point, whereas u is not identically —oo.
Let Z be the inverse image of Z in . It contains an open subset of

HynNQQ, Hy = {wo = Z()}.

The surface Hy N is P? with two points removed and is connected and irreducible. The identity
principle gives Hy N C Z. Deck invariance then gives

HkﬂQCZ, Hk:{w():quO}, ke Z.

Work in the chart z; = 1 near [z : 21 : wo : w1] = [0:1:1:0]. For every large k, the
hypersurface Hj, has equation zg = ¢~ %
(wg, w1) near (1,0), it vanishes at the distinct points ¢~
identity theorem makes it vanish identically in zy5. Thus Z contains a polydisk, contradicting
the properness of Z. Therefore C5 — oo. O

wq. If a local defining function for Z is restricted by fixing
kwg tending to zero. The one-variable

We now fix the trace witnesses without leaving an unspecified choice. On X, define

*

__rw _ it/2
[zl
The real and imaginary parts of the four entries of R and of s give functions Fi,..., Fig. The

resulting map F: X — R0 is a smooth embedding. Indeed, R recovers the two unit vectors
z/||z|| and w/||w|| up to a common phase, while s recovers the ratio of their norms modulo ¢%;
these are precisely the equivalences defining X. The same reconstruction in local gauges proves
immersion.
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Enumerate, by increasing polynomial degree and rational coefficient height and then lexico-
graphically, all pairs (A, ¢) in which A is a 10 x 10 polynomial matrix with coefficients in Q + iQ
and € € Q. For the m-th pair, put

.10
1 —
him == > (A(F)"A(F) +¢€l) ,0F, A OF,.

Q a,b=1

Since F'is an immersion, h,, is a Hermitian metric. Gauduchon’s theorem gives a unique positive
function f,,, under the displayed normalization, such that

A0 (fnh2) =0, [ wA fuh =1.
X

Set ©,, = fimh?2,.

Lemma 3.3. The sequence (©,,) is dense, for the C*° topology, in the set of smooth strictly
positive dd®-closed (2,2)-forms of w-degree one.

Proof. The covectors OF, generate the complex cotangent bundle. A Hermitian metric can
therefore be expressed in them using a smooth positive Hermitian coefficient matrix: take a
smooth right inverse of the generating map and add a positive matrix on its kernel. Extend
the positive square root of this coefficient matrix to a neighborhood of the embedded compact
manifold in R'. Multivariable polynomial approximation on a surrounding cube, with derivatives
through any fixed order, followed by rational approximation of coefficients, shows that the h,,
are C'°°-dense in the Hermitian metrics.

The normalized Gauduchon factor depends continuously in the C'* topology on the metric.
To see this, its equation is a scalar linear elliptic equation with smoothly varying coefficients.
The integral normalization, the Harnack inequality, and elliptic estimates give uniform bounds
in every derivative; every subsequential limit is the uniquely normalized positive solution of the
limiting equation. If ©® > 0 is dd®-closed and has w-degree one, let n > 0 be its square root. The
normalized Gauduchon factor of 7 is 1. Approximating n by h,, proves the assertion. O

For r > 1, let 6, = 27" /100 and let B, = B;,. For each j > 1, let (rj, m;) be the first pair,
ordered by increasing r + m and then by increasing r, such that

(3.3) r> g, J; ::/ B, A©,, > j.
X

The search terminates by Proposition 3.2 and Lemma 3.3.

4. BOUNDED DEGREE AND DIVERGENT ROOT VOLUME

Fix j, and abbreviate
§ =0y, O =06mn,.
For a,b € C and for 7 in the small coordinate disk of E, the map
Taprlzo: 21 i wo:wi] = [20: 21 +azp: e wp : e (w1 + bwp)]

is a holomorphic automorphism of X. It commutes with the deck transformation and acts on
the product chart by

(z,9,0) — (+a,y +b,¢+7).
Average 17, © against
37'p(a/3)p(b/3)o0a Now,  (30)2p(7/(30))o-,
and denote the resulting form by (:)j.

Lemma 4.1. The forms @j are smooth, strictly positive, and dd®-closed. There is a constant
C > 0, independent of j, such that

/w/\@ng.
X
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Ifﬁj is the coefficient of o, N oy in the restriction of (:)j to a C-slice, then a constant ¢ > 0,
independent of j, satisfies

(4.1) f/‘%] > CJj

on
Vi = {lzl, [yl <1/4, || < d/4}.

Proof. The first assertions follow by averaging pullbacks. All parameters lie in one compact set,
so (T, bl ) w < Cw uniformly. Change of variables and [y w A © =1 give the degree bound.

Let F(x,y,() > 0 be the corresponding slice coefficient of ©. Pullback by the translations

N

above makes Fj its convolution with the displayed kernels. For a point of V;, the base kernel
has a fixed positive lower bound at every translation carrying the point into supp x, because
la],|b] < 5/4 there. The fiber kernel is at least a fixed multiple of 62 at every translation
carrying ¢ into |¢’| < 8, because |7| < 58/4. Since 62p(¢’/§) < (max p)d~2 and 0 < y < 1, the
integral in (3.3) gives (4.1). O

We next construct the transverse spike. Put
F(a.) = pldla — D)p(b/2),  wy(r) = 45~ 2p(27/5).
For 0 < e < 1/16, consider the rational curves
Lruap([20 0 21]) = [20 + 21 1 €7 (20 + uz1) @ € (az1 + b2o)].
Average their integration currents against
w;(T)o,, fla,b)og A op, e 2p(u/e)oy,
when € > 0. When € = 0, set u = 0 and omit the last integration. Denote the result by T} ..

Lemma 4.2. For e > 0, the current Tj. is a globally smooth semipositive d-closed (2,2)-form.
There is a constant C' > 0, independent of j and €, such that

/ wATj <C.
X

For fized j, the forms T} . converge in C°° on compact subsets of the product chart as e | 0. On
that chart,

(4.2) Tjo = wj(Q)oc A Ky,
where .

Ky = [Cf(a,y - aaz)%(dy —adx) A (dy — adz) A o,.
The form Ky is uniformly positive on |x|,|y| < 1/4.

Proof. On the parameter supports,

> = —-.
4 16 8
Thus the matrix (11) Z) is uniformly nonsingular, so each map is an embedded compact rational
curve in X. The evaluation map from P! times the parameter space to X is a holomorphic
submersion. At a point with z; # 0, the u- and a-variations span the two vector coordinates; at
21 = 0, the 7- and b-variations do so. The P! variable supplies the remaining direction. Fiber
integration of the smooth compactly supported parameter density is therefore smooth. Positivity
and closedness follow by averaging positive closed integration currents.

The matrices and all parameters range over one compact set, and the w-area of the curves
varies continuously there. Since the 7- and u-weights have mass one and the a, b-weight has
fixed finite mass, the degree is uniformly bounded.

For u = 0, the curves have local equations

(:7’7 y:CLJI—Fb

Integrating first in b and 7 gives (4.2). For |z|, |y| < 1/4, the function f(a,y — az) has a fixed
positive lower bound as a ranges in a sufficiently small disk about 1. No nonzero horizontal
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tangent vector is annihilated by all covectors dy — a dz in this disk. Compactness of the unit
tangent sphere gives a uniform positive lower eigenvalue for K.
For general u, the local equations are

ar+b
= log(1 = .
¢ =17 +log(1l + uzx), Y=

On a fixed compact subset and for small u, solve smoothly for
7= ( — log(1 + ux), b= (14 uzx)y — ax.

The local coefficients and all their derivatives therefore depend smoothly on u. Averaging against
the approximate identity ¢ ~?p(u/e)o, proves the asserted local C™ convergence. O

The following determinant estimate is the only pointwise inequality needed to combine the
two averages.

Lemma 4.3. If
A p
Q= (p* F ) >0
is a Hermitian 3 x 3 matriz with a 2 X 2 block A, and if B > 0 is a Hermitian 2 X 2 matriz, then

(4.3) det (Q + (ff 8)) — Fdet(B + A — pp*/F) > Fdet B,

Proof. The equality is the Schur-complement formula. Positivity of @ gives A — pp*/F > 0, and
determinant is monotone on the positive Hermitian cone. O

Proposition 4.4. There are constants Co,c1 > 0 and a specified sequence of smooth strictly
positive dd°-closed (2,2)-forms I'; such that

4.4 P, = AT, < C R = [ 1%?> %2
(1.0 = [ont <0 Ry [ 13225

Proof. In the product coframe, write the cofactor matrix of @j as

_ (A v
o (i )

By (4.2), the cofactor matrix of 7} ¢ has the form diag(B;,0). The lower bound for Ky and the
definition of w; give

Bj 2 00(5_212
on Vj. Combining Lemmas 4.1 and 4.3 with the root density formula (2.1), we find that
(@j + T}j0)3/? is bounded below on V; by

0(5_2\/57]' oz Noy N og.

Wi = {lzl, [yl <1/8, [¢] <4/8},

the base area is fixed and the fiber area is a fixed multiple of 2. Hence

(4.5) Ij:= /W_(@j +Tj0)*% > 01\/7j > c1j”.

J

For

Let s; be the least positive integer s such that
~ I
/Wj( j j2-5/16) 9
This integer exists by the local C"*° convergence in Lemma 4.2 and the smooth dependence of
the positive square root on a strictly positive (2,2)-form. Define

Lj =0 +T; 95 16
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The first summand is strictly positive and dd®-closed; the second is smooth, semipositive, and
d-closed. Thus I'; is smooth, strictly positive, and dd°-closed. The two uniform degree bounds
give the first inequality in (4.4), while (4.5) gives the second. O

5. THE MONGE-AMPERE POTENTIALS

Proof of Theorem A. Apply Proposition 2.3 to the threefold and Hermitian form in Proposi-
tion 2.1, using the forms from Proposition 4.4. It gives smooth normalized functions ¢; with
w + dd®p; > 0 and
P3 4C3
()<t/ ddép;)3 < 2L < 22 4.
X(W+ ©;)” < RJZ = 24
These smooth functions are bounded on X, so they belong to the class in the definition of v_(w).
Since their Monge—Ampeére masses are positive and converge to zero, v_(w) = 0. (]
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