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ABSTRACT. We define the basic pluripotential-theoretic operations in terms of
the transcendental theory of non-Archimedean metrics introduced in .
In particular, we establish that the analogue of Boucksom—Jonsson’s envelope
conjecture holds in our theory.
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1. Introduction

Let X be a reduced irreducible unibranch compact Kéhler space of dimension
n and 6 be a closed real smooth (1,1)-form on X. Assume that PSH(X,0) # 0.
The purpose of this paper is to study the pluripotential theory of non-Archimedean
metrics in the cohomology class of 6 following the approach in .

1.1. Background. The non-Archimedean pluripotential theory has been de-
veloped by many authors for different purposes in the last three decades. The
study of semipositive metrics on line bundles on non-Archimedean spaces dates
back to the breakthrough of Zhang |Zha95|. In |[CL06|, Chambert-Loir initiated
the study of the non-Archimedean Monge—-Ampere measures. The pluripotential
theory on non-Archimedean curves was developed in detail in the thesis of Thuillier
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[Thu05|. All these developments together lead to the natural question: to what
extent is there a pluripotential theory on Berkovich spaces similar to its complex
counterpart?

This question has drawn the attention of many authors. In particular, so far
we know that there are two general approaches in the literature.

The first approach is the local approach, initiated by Chambert-Loir—Ducros
[CLD12] and Gubler [Gub16]. In this approach, one defines the notions of dif-
ferential forms and currents on a Berkovich space based on local tropicalizations.
Then one can define the Monge—Ampere operator using the usual differential for-
mula. The problem is that this approach only works for regular plurisubharmonic
functions and completely fails when a singularity is presented. This is an essential
obstacle for applications to complex geometry.

The second approach was initiated by Boucksom—Favre-Jonsson in [BFJ15)
BFJ16|, following the original ideas of Zhang. In the trivially valued case, this
theory was further developed by Boucksom—Jonsson [BJ22a]. In this approach,
one first considers metrics obtained from semipositive models and then defines gen-
eral global plurisubharmonic metrics using approximations. This approach allows
singularities but does not work in the local situation. It does not yield a sheaf of
plurisubharmonic metrics. Both approaches have their own drawbacks. We do not
have a completely satisfactory non-Archimedean pluripotential theory yet.

1.2. The transcendental theory. The non-Archimedean pluripotential the-
ory is closely related to complex geometry. We refer to |[BBJ21] and the references
therein. The basic idea is that the degeneration in the space of Kahler potentials can
be characterized using global plurisubharmonic metrics on the non-Archimedean
space. This idea has been intensively studied in [BBJ21}, [Li20, DX21, Xia23|.

We observe that there is a strong obstacle in applying the non-Archimedean
geometry to complex geometry: the envelope conjecture |BJ22al Conjecture 5.14]
of Boucksom—Jonsson remains open. This conjecture together with its various
consequences is indispensable for various applications.

In our previous work [DXZ23|, we introduced a different framework for the
non-Archimedean global pluripotential theory based on the series of works start-
ing from [BBJ21, RWN14]. Roughly speaking, we represent a non-Archimedean
metric in PSHY* (X, 0) by a test curve T' = (T';),, a concave curve of Z-model po-
tentials. Due to the pathology caused by zero-mass, the rigorous definition requires
a projective limit construction as well, we refer to [Definition 3.5 for the rigorous
definition. In this short introduction, we will only talk about test curves to simplify
our presentation.

In the algebraic setting, when Boucksom—Jonsson’s theory is applicable, there
is an obvious comparison map sending I' to a function on the non-Archimedean
space. See for the details. The main result in [DXZ23| asserts
that when X is smooth, this comparison map is in fact a bijection to Boucksom—
Jonsson’s theory, hence giving a complex representation of the non-Archimedean
pluripotential theory. When X is only unibranch, Boucksom—-Jonsson’s theory is
still applicable. In this case, we prove the following result:

THEOREM 1.1 (SCorollary 5.3). Assume that X is a reduced irreducible uni-

branch projective variety over C and L is a pseudoeffective line bundle on X. Then
the following are equivalent:
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(1) Boucksom~-Jonsson’s envelope conjecture holds for (X, L);

(2) The comparison map extends to a bijection from the space of non-Archi-
medean potentials in the sense of [DXZ23| to the corresponding space in
the sense of |[BJ22a).

Note that Boucksom—Jonsson’s envelope conjecture is known to hold when X
is smooth, as confirmed in [BJ22b|. A different proof was given in [DXZ23].

Using the comparison map, we can effectively translate the pluripotential-
theoretic operations in Boucksom—Jonsson’s theory to our transcendental theory.
It turns out that in most cases, these translations can be extended to more general
situations where the comparison fails or when Boucksom—Jonsson’s theory is not
applicable. This is exactly what we do in this paper. The final result is summarized
in It can be regarded as a duality between non-Archimedean geometry
and convex geometry.

NA potentials Test curves

Addition by a constant Translation

Maximum Concave envelope of maximum

Decreasing limit Decreasing limit

Increasing limit Increasing limit

Regularized supremum Increasing limit of concave envelopes of maxima
Rescaling Rescaling and reparametrization

Addition Infimal involution

Restriction to subvarieties | Trace operator

TABLE 1. Correspondence non-Archimedean,/convex

Most results from this table are quite straightforward to experts. The only ex-
ception is perhaps the last line (, where we establish a quantitative
version of the fact that a non-Archimedean plurisubharmonic metric is determined
by its restriction to divisorial points. We hope that this result, after suitable ex-
tension, could serve to give a proof of Boucksom—Jonsson’s envelope conjecture in
general.

As a particular case from this table, we have

THEOREM 1.2 (=STheorem 4.13|). The transcendental analogue of the envelope
conjecture holds in the theory of |DXZ23).

This result slightly generalizes [DXZ23| Theorem 1.2] in that the latter only
concerns the regularized supremum of increasing nets while the former works for a
general bounded from above family.

Given the fact that Boucksom—Jonsson’s envelope conjecture is widely open in
general, we expect that our theory is more useful on normal varieties. In particular,
we hope that the non-Archimedean theory of K-stability could be effectively trans-
lated to our theory. The very first step in this direction is carried out in [Xia23|.
On the other hand, our theory works more generally for transcendental classes on
compact Kéahler manifolds. It should be useful to the transcendental applications
as well, for example in the study of cscK metrics as in [SD18| or probably in the
study of the transcendental Morse inequality.
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Most results from the current paper have been announced in several conferences.
The author hopes that the details presented in the current paper are of interest to
general readers as well. We assume that the readers are familiar with the complex
pluripotential theory and Berkovich geometry.

1.3. Conventions. In the whole paper, the Monge-Ampeére type products
are always taken in the non-pluripolar sense. We adopt the convention that dd® =
5-00. A variety refers to a separated scheme of finite type over C.

2. Pluripotential theory on unibranch spaces

Let X be a reduced irreducible unibranch compact Kéahler space of dimension
n and 6 be a closed real (1,1)-form on X. Here and in the sequel, a (1,1)-form
is always assumed to be smooth. Assume that PSH(X,6) # (. There is a well-
developed pluripotential theory in this setting. For the Bedford—Taylor theory, we
refer to [Dem85| and for the non-pluripolar theory, we refer to [Xia21a).

Note that we have assumed X to be irreducible. This is not a very severe
restriction: since X is unibranch, its irreducible components are just its connected
components. Every result in this paper extends in the obvious way to general
reduced unibranch compact Kahler spaces.

2.1. Divisorial valuations.

Definition 2.1. A prime divisor over a reduced irreducible compact complex space
Z is a connected smooth hypersurface £ C X', where X’ — Z is a projective
resolution.

Two prime divisors F; C X| and Ey C X} over Z are equivalent if there is
a common resolution X” — X dominating both X7 and X/ such that the strict
transforms of Fy and Fs coincide.

The set Z4Y is the set of pairs (¢, E), where ¢ € Qs and E is an equivalence
class of a prime divisor over Z. For simplicity, we will denote the pair (¢, E') by
cordg, although one should not really think of this object as a valuation unless Z
is projective and irreducible.

Note that a prime divisor on Z does not always define a prime divisor over Z
if Z is singular.

Definition 2.2. Given ¢ € PSH(X,6), we define its associated non-Archimedean
potential as the map ¢ : X4V — R given by

e (cordg) = —cv(p, E).

Here associated with E, there is a projective resolution 7: Y — X such that F is
a connected smooth hypersurface in Y. The notation v(p, E) means the generic
Lelong number of 7% along E. By Siu’s semicontinuity theorem, this quantity is
independent of the choice of 7.

2.2. The pluripotential theory.
Definition 2.3. Assume that X is smooth. Given ¢ € PSH(X,8), we define

Pyly] :sup{lbéPSH(X,Q):quO,/ 9;:/ 0o < b+ C for someC’E]R},
X X
Pylplz =sup {¢ € PSH(X,0) : ¢ < 0,Z(kp) = Z(ke) for all k € Z<o} .
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A potential ¢ € PSH(X,0) is model (resp. Z-model) if ¢ = Py[p] (resp. ¢ =
Pylelz).
A potential ¢ € PSH(X, ) is Z-good if [, 67 > 0 and P[] = Py[p]z.

Here Z(ky) denotes the multiplier ideal sheaf of ky. For a detailed study of
these notions, we refer to [DX21}, | DX22], Xia22].

Definition 2.4. We say a potential ¢ € PSH(X,0) is model (resp. Z-model, I-
good) if for a projective resolution 7: Y — X, n*¢ € PSH(Y,7%0) is model (resp.
Z-model, Z-good).

All three notions are independent of the choice of .

Definition 2.5. Given ¢ € PSH(X,6), we define Pyly], Pol¢]z € PSH(X,0) as
follows: let m: Y — X be a projective resolution, then we require the following
holds:

T Bylp] = Preglm ], 7 Pylplz = Preo[m" @]z
By Zariski’s main theorem, both Py[p] and Py[p]z are uniquely determined.

Both operations are clearly independent of the choice of .

Definition 2.6. Two quasi-psh functions ¢ and i on X are P-equivalent if for
some Kéhler form w on X such that ¢,¢ € PSH(X,w) and both w, and wy have
positive masses, we have P, [¢| = P,[¢)]. We write ¢ ~p 9 in this case.

Here and in the sequel, when we say a potential has positive mass, we always
refer to the non-pluripolar mass.

Definition 2.7. Two quasi-psh functions ¢ and 1 on X are Z-equivalent if for some
Kaéhler form w on X such that both ¢, ¢ € PSH(X,w), we have P,[¢|r = P,[¢]z.
We write ¢ ~7 1 in this case.

Both conditions are independent of the choice of w: for the Z-equivalence rela-
tion, this follows from [DX22| Theorem 2.13]. The statement for the P-equivalence
relation is trickier. As we do not need it in the paper, we omit the proof.

Proposition 2.8. Suppose that ' € PSH(X,0) (i € I) is a decreasing net of I-
model potentials and inf; ' has positive mass. Then for all semipositive closed real
(1,1)-form w on X, we have

2.1 Pyio linf o' = inf Pyyolof]7.
(2.1) 0+ [;IGIILPL inf Poo [0’z

The proof relies on the dg-pseudometric introduced in [DDNL21].

PrROOF. We may assume that X is smooth. In fact, we can always take a
projection resolution of singularities 7 : ¥ — X, then as explained in [Xia21la,
Section 3.5], we have a canonical bijection PSH(X, ) = PSH(Y,7n*0). Moreover,
under this bijection, the pluripotential-theoretic operations on both spaces corre-
spond to each other. So it suffices to prove with Y, 7*0, 7*w and 7% in
place of X, 6, w and ¢*. This reduces the problem to the case where X is smooth.
In the sequel, we will omit this kind of arguments.

Observe that both sides of are Z-model in PSH(X, 6 + w), so it suffices
to show that they have the same generic Lelong numbers. Fix a prime divisor F
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over X. As shown in [DDNL21,, Proposition 4.8] Pyio[oz 95, infyer Pyio[oz.
Hence, by [Xia22, Theorem 0.10],
limv(¢*, E) = v (}rg Potole'lz, E) :
By |[DDNL21, Proposition 4.8] again, ¢° LEN infjcr¢?. It follows from [Xia22,
Theorem 0.10] that
. i _ : i
limv(p', B) = v (gs@ E) :

We conclude (2.1)). O

Lemma 2.9. Suppose that o' € PSH(X,0) (i € I) is a non-empty family of Z-good
potentials, uniformly bounded from above. Then sup*;c; @' is also I-good.

PrOOF. We may assume that X is smooth. Assume that this result is known
when I is finite. By Choquet’s lemma, we therefore assume that I = Z+( and ¢’ is
an increasing sequence. In this case, the result follows from |[Xia21b| Theorem 4.6].

It remains to handle the case where I has two elements. The argument can be
found in [Xia) Section 6.2]. O

Lemma 2.10. Let w be a semipositive closed real (1,1)-form on X. Let ¢/ €
PSH(X, 0 +€,w) be a decreasing sequence of model potentials, where €; is a decreas-
ing sequence converging to 0. Define ¢ = inf; 7.

(2) Assume that ¢ has positive mass. Then for any prime divisor E over X,

lim v(¢?, E) = v(p, E).

PROOF. We may assume that X is smooth.
In this case, the result is proved in [DX24, Proposition 2.1]. O

2.3. The trace operator. The results in this section are simple extensions
of the results established in [DX24]. The proofs are almost identical, so we omit
the details.

Assume that X is smooth. Let E be an irreducible reduced closed subspace of
X of dimension m. Let E — E denote the normalization of E. It is well-known
that £ is a normal Kéhler space, see [GK20, Proposition 3.5].

Consider ¢ € PSH(X, ) with generic Lelong number v(p, E) = 0. The trace
operator gives a canonical and non-trivial way to restrict ¢ to E, different from the
naive restriction ¢|g.

The problem with the naive restriction is that even under the assumption
v(p,E) = 0 it can happen that ¢|g = —oo. Moreover, the naive restriction is
usually poorly behaved with respect to sequences of quasi-psh functions. The trace
operator is a novel way of solving these issues.

Let ¢ € PSH(X,0) such that v(p, E) = 0. We will define Trg(p) as a gpsh
function on the normalization E of E, well-defined up to Z-equivalence. The defi-
nition is given in [DX24], which we recall now.

LThe result is stated for a sequence, but the proof works for a net as well.
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Definition 2.11. Suppose that ¢ has analytic singularities, then we let Trg(¢) =
¢|5- In general, fix a Kéhler form w on X and take a quasi-equisingular approxi-
mation (¢;); of ¢ in PSH(X, 6 + w). We define Trg(p) as a ds-limit of ¢;| 4.

Note that Trz(y) is not identical to Tr%(p) in [DX24], but they are Z-
equivalent whenever the latter has positive volume. Hence we can freely apply
the results in [DX24].

The following result is proved in [DX24] Section 3].

Proposition 2.12. Given ¢ € PSH(X,0) with v(p,E) = 0, its trace operator
Tre(p) as a quasi-psh function on E is well-defined up to T-equivalence. Moreover,
Trg(p) depends only on the T-equivalence class of .

Moreover, consider a decreasing sequence of Z-good potentials ¢; € PSH(X,6)

with pointwise limit ¢ satisfying v(p, E) = 0. Suppose that @, LEN p, then we have
d
Tre(p;) = Trp(p).

Here ¢; ds,  means the same holds after pulling-back to an arbitrary projec-
tive resolution of singularities.

In general it is desirable to have a definition of Trg(p) when X is just uni-
branch. Unfortunately, due to the lack of Demailly regularization on X, the author
cannot define the trace operator when F is contained in the singular locus of X.
Subsequently, in we have to assume that our Kahler space is smooth.

3. The theories of non-Archimedean metrics

In this section, we briefly recall two different theories of non-Archimedean met-
rics.

3.1. Boucksom—Jonsson theory. In this section, we recall the basic con-
cepts in Boucksom-Jonsson’s theory as in [BJ22a].

Let X be an irreducible reduced variety over C of dimension n. Let X" denote
the Berkovich analytification X" of X with respect to the trivial valuation on C.

The set of real valuations on C(X) trivial on C is denoted by X*#!. The center
of a valuation v is the scheme-theoretic point ¢ = ¢(v) of X such that v > 0 on
Ox, and v > 0 on the maximal ideal mx . of Ox .. The center is unique if exists.
It exists if X is proper.

In the remaining of this section, we assume that X is projective.

As a set, X" is the set of semi-valuations on X, in other words, real-valued
valuations v on irreducible reduced subvarieties Y in X that is trivial on C. We
call Y the support of the semi-valuation v. In other words,

xXan — H Yval‘
Y

We will write v,y € X for the trivial valuation on X: wiy(f) = 0 for any
f e C(X)*. See [Ber93| for more details.

We will be most interested in divisorial valuations. Recall that a divisorial
valuation on X is a valuation of the form cordg, where ¢ € Qs and E is a prime
divisor over X. The set of divisorial valuations on X is denoted by X9. This
notation is compatible with that in
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Given any coherent ideal a on X and any v € X?", we define

(3.1) v(a) :=min{v(f) : f € agw} € [0,00],

where ¢(v) is the center of the valuation v on X.
Given any valuation v on X, the Gauss extension of v is a valuation o(v) on
X x Al:

o(v) (Z fiti> = miin(v(fi) +1).

Here ¢ is the standard coordinate on A' = Spec C[t]. The key property is that when
v is a divisorial valuation, then so it o(v). See [BHJ17, Lemma 4.2].

Non-Archimedean plurisubharmonic functions. Let X be an irreducible com-
plex projective variety of dimension n and L be a holomorphic pseudoeffective
Q-line bundle on X. Through the GAGA morphism X?* — X of ringed spaces, L
can be pulled-back to an analytic line bundle L®" on X.

Following |[BJ22a| Definition 2.18], we define H(g@f(L), the set of (rational)
generically finite Fubini—Study functions ¢: X** — [—00,00), that are of the fol-
lowing form:

1
(32) ¢ = — max{log|s;| + A;}.
m

Here m € Zs is an integer such that L®™ is a line bundle, the s;’s are a finite
collection of non-vanishing sections in H°(X, L®™), and \; € Q. We followed the
convention of Boucksom-Jonsson by writing log |s;|(v) = —v(s;).

Now we come to the main definition of this paragraph:

Definition 3.1 ([BJ22a, Definition 4.1]). A psh metric on L*" is a function
¢ : X — [—00,00) that is not identically —oo, and is the pointwise limit of
a decreasing net (¢;);cr, where ¢; € ”Hg(L?n) for some Q-line bundles L; on X
satisfying ¢ (L;) — ¢1(L) in NS'(X)g.

3.2. The transcendental theory. Let X be a reduced irreducible unibranch
compact Kéhler space of dimension n and 6 be a closed real (1,1)-form on X.
Assume that PSH(X, 0) is non-empty.

We briefly recall the transcendental theory of non-Archimedean metrics intro-
duced in [DXZ23|.

Definition 3.2. The space PSH* (X, 0) is defined as the set consisting of maps
I: (—00,Thax) — PSH(X, ) for some I'yax € R satisfying the following conditions:

(1) for each 7 € (—00, 'max), L'+ is Z-model;
(2) the map (—o00,Tax) 3 7 — I'; is decreasing and concave.
We write
I = sup* T,

7€(—00,Mmax)

We define PSHY* (X, 6)~0 as the subset of PSHY*' (X, §) consisting of I' satisfying
furthermore

(3) Jx bt _>0.
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The curves I' € PSHN (X,0) are sometimes known as test curves. Here we
choose the Greek letter I" simply because it resembles the reflection of £, the notation
usually used to represent a geodesic ray, in view of their duality.

The object that we are eventually interested in is the space PSHNA(X ,0) de-

fined in [Definition 3.5 The set PSHNA,(X, 0) only plays an auxiliary role. In the
notation PSHY* (X, #)~¢, we did not put a prime in the index. Intuitively we would

like to think of PSHYA (X, 6)-, as a subset of PSHY* (X, ) instead of a subset of
pPSHN (X,0). See|Lemma 3.10

Remark 3,.3. Sometimes it is convenient to extend the domain of definition of
I € PSHY* (X, 0) to the whole R as follows: for 7 > I'jjax, we simply set I'; = —oc0
while for 7 = I'jhax, we let

I'r inf T,.

T<I'max

max

In particular, for each € X, the function R 3 7 — T'.(z) is either constantly
—00, or a proper usc concave function. In particular, it is a closed concave function
and the Legendre-Fenchel duality applies. We will frequently make use of this
convention without further explanation.

Lemma 3.4. Assume that T’ € PSHNA(X7 0)so0, then fX Or > 0 for any T €
(—OO,Fmax).

PRrROOF. Fix 7 € (—00,'nax), we want to show that

(3.3) / o > 0.
X

We may assume that X is smooth.
By assumption, I'_, has positive mass. By [DDNL18| Theorem 2.3], we have

/Xegw :ngloo/xeﬁ.

In particular, for a sufficiently small 79 < 7, we have

/ or,, > 0.
X

Now take 7/ € (7,T'max) and ¢ € (0,1) so that
7=01-t)7"+tr.
From the concavity of ', we find that
T, > (1— )T +tTs,.
By the monotonicity theorem [WN19|,

/XHFT > /Xe?l—t)l“rl-i-tr‘m > tn/XquT0 >0
and follows. O
Definition 3.5. Given any Kéhler form w on X, we define transition maps
Po.6+0: PSHYY (X, 0) — PSHYY (X, 0 + w),
Po,6+w: PSHYA(X,0)50 — PSHY (X, 0 4+ w)~0
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as follows: the image of I': (—00, T'iax) — PSH(X, ) is given by
p9’9+w(1—‘): (—OO, Fmax) — PSH(X, 0+ w), T Py [FT]I'

Note that {PSH Y (X,0 + w), pp.gsw}tew and {PSHY (X, 0 + w)>0, pg.g1w e form
projective systems, where the set of Kahler forms w’s is ordered by the reverse of
the usual ordering. We define

(3.4) PSHYA (X, 0) = lim PSH"' (X, 0 + w),

where the projective limit is taken in the category of sets.

We will denote the components of an element I" € PSHNA(X, ) by T0+v ¢
PSHNA (X,0 + w). Observe that T'%t% is independent of the choice of w, we will

max
denote this common value by T'yax.

Remark 3.6. The extension in is compatible with transition maps in
the following sense: Suppose that I' € PSH A(X ,0), then for any Ké&hler forms w
and w’ on X,

Pt [Flg-l-w] — [otwte’

maxd T max

Lemma 3.7. The natural maps

lim PSHYA(X, 0+ w)~o — PSHNA (X, 6) — @PSHNA(X, 0+ w)

w w

are both bijective.

In the sequel, we will be constantly making use of these identifications without
further mentioning.

PROOF. It is clear that both maps are injective, so it suffices to verify that the
map

lim PSHYA(X, 0 + w)~o = lim PSHYA (X, 0 + w)

is surjective. Consider an element I' € lim | PSHYA(X,0 + w) with components
I+« e PSHY*(X,0 + w). For cach w, It has components [0« f+wte’ o
pSHN (X,0 +w+ ). It is easy to verify that I" is the image of the following
element in lim PSHNA (X, 0 + w)<o with components [0+«/2.0+w O
Also note that the transition maps give natural injections
(3.5) PSHYA (X, 0) — PSHYA(X, 0 + w).
In particular, we can define
QPSHY(X) = lim PSHYA(X, 0 + w),

where w runs over all Kahler forms on X. This definition is clearly independent of
the choice of 6.

Lemma 3.8. The natural map
(3.6) lim PSHYA(X, 0 + )0 — PSHY (X, 6)
n

is a bijection, where n runs over the set of semipositive closed real (1,1)-forms on
X with positive total mass.
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PrOOF. The injectivity is trivial. In order to prove the surjectivity, let I' €
PSHN*(X,0). We want to show that T' can be extended to an element in the
domain of (3.6). For this purpose, take a semipositive closed real (1,1)-form 1 on
X with positive total mass. Fix a Kahler form w on X. We define

[0+7 — inf [oHntkTw
T k€Zwo |

for any 7 € (—00, I'max). By [Lemma 2.10
/ (0 +n+dd°T? " >0
X
and
v (9P E) = v (DY E)

for any prime divisor E over X and any 7 € (—00,'phax). It is clear that I'7 €
PSH*(X,0 +n)>o. The (D9+7), defined in this way is clearly an element in the
domain of (3.6)) with image T O

Definition 3.9. The non-pluripolar mass of I € PSHNA(X, ) is defined as the
limit

lim/ (6 +w+dd°T%)"

v Jx

where w runs over the direct set of all Kéhler forms on X. In other words, if we fix
a Kahler form w, the limit means

tim [ (04K w+ ddCFG_T;j’IW)" ,

k—oo Jx
Since the net is decreasing, the limit exists.
Lemma 3.10. The image of the canonical injection
PSHN (X, 0)~0 — PSHY*(X, 0)
is given by the set of I' € PSHNA(X, 0) with positive non-pluripolar mass.

PROOF. It is clear that the image of an element in PSHNA(X7 0)>¢ has pos-
itive non-pluripolar mass. Conversely, take ' € PSHNA(X, 0) with positive non-
pluripolar mass. We want to construct IV € PSHNA(X7 #)o representing T

Fix a Kihler form w on X. Using the same arguments as we find
that

k—o0

lim (9 FE ddcrﬁ+k’1w) >0
X
for any 7 < I'jax. We define

. -1
I/ == lim D¢tk @
k— o0

for any 7 < I'jax. It follows from [Lemma 2.10| that IV represents I'. O
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3.3. Comparison between the two theories. Let X be a reduced irre-
ducible unibranch projective variety over C and L be a pseudoeffective line bundle
on X. Recall that in this case, the Zariski unibranchness is equivalent to the ana-
lytic unibranchness, as proved in [Xia21a), so there is no ambiguity in the adjective
unibranch.

Choose a smooth Hermitian metric hg on L and let 8 = ¢1(L, ho). In this case,
both the Boucksom—Jonsson theory and the transcendental theory make sense, so
we can consider the problem of comparison.

3.3.1. The general case.

Definition 3.11. Given I' € PSHY*(X,6), we define its associated non-Archime-
dean potential T2 : X4V 5 R as follows:

(3.7) I*(cordg) = sup (T¢T“**(cordp)+ 1)
T<Imax

for any Kahler form w on X. Clearly, this map is independent of the choice of w.

The map I' — I'*" is compatible with the inclusions . In particular, given
I'e QPSHNA(X ), we can define I'*" by choosing any representative of T'.

It is clear that the map I' — I'®" is injective.

3.3.2. On a smooth variety. In the sequel we assume that X is smooth. In this

case, we have the techniques of multiplier ideal sheaves.
A potential ¢ € PSH(X,0) defines a potential ¢** € PSH(L*") as follows:

an — 3 1
P (v) = = lim Ev(l(k@))

for any v € X?". As explained in [BBJ21, DXZ23|, the limit exists and lies
in PSHEL“? and this function extends the non-Archimedean potential defined in
on X4V,
We can then define a map

(3.8) an: PSHYA(X,0) — PSH(L™)
as follows: take I' € PSHNA(X ,0), its image is given by

rat: X — [—o0,00), v+ sup (F?.er’a“(v) +7)
T<I'max

for any Kéhler form w on X. Clearly, this map is independent of the choice of w.
The map I'*" extends the corresponding definition in [Definition 3.11

THEOREM 3.12 (|DXZ23]). Assume that X is smooth, then the map (3.8]) is
a bijection.

Motivated by this bijection, we could translate the pluripotential-theoretic op-
erations of PSH(L®") to operations on the space PSHY*(X,6). Furthermore, in
most cases, the resulting operations have natural extensions to the transcendental
case as well. This is what we will carry out in the next section.

4. Pluripotential-theoretic operations

Let X be a reduced irreducible unibranch compact Kéhler space of dimension
n and 6 be a closed real (1,1)-form on X. Assume that PSH(X,0) # 0. When
necessary, we use 6’ and 0” to denote similar forms with the same properties as 6.
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4.1. The partial order.

Definition 4.1. We define a partial order < on PSHN*(X, ) as follows: given
I, € PSHYA (X,0), we say I' < T" if for some (hence for every) Kahler form w on
X, we have 't < T+ for all 7 < T'pax.

It is trivial to verify that this is indeed a partial order. Note that this par-
tial order is compatible with the inclusions (3.5)), so it defines a partial order on
QPSHNA (X).

Lemma 4.2. Suppose that T',T" € PSHNA(X, 0), then the following are equivalent:
(1) <1’y
(2) T*(cordg) < I"*(cordg) for all cordg € X4,
The proof is almost identical to [DXZ23, Theorem 3.12|, we omit the details.
4.2. Addition by a constant.

Definition 4.3. Given I' € PSHY*(X,0) and C' € R, we define the addition
I+ C € PSHY*(X,0) as the element with components (I' + C)?+%: (=00, Tiax +
C) — PSH(X, 0 + w) given by
(I +C)fF =TT
The associated non-Archimedean potential behaves as expected:
Proposition 4.4. Gwen I' € PSHNA(X7 0) and C € R, we have
(4.1) (T + C)**(cordg) = I (cordg) + C
for all cordp € XU and
(T + C)max = T'max + C.

This follows trivially from (3.7)). We will omit similar proofs in the sequel.
Of course, this operation has the obvious compatibility in itself: given another
constant C’ € R, we have

T+C)+C' =T+ (C+C).
It is compatible with the partial order in the following sense: given another I €
PSHNA(X ,0), the following are equivalent:
(1) T <1
2 T+Cc<I'+C.

4.3. Maximum.

Definition 4.5. Suppose that T',I” € PSH (X, 0)<, we define their mazimum
VI e PSHY (X, 6)<0 as the map (—00, Tiax V T,..) — PSH(X, 6):

T — Pg[EC(T/ — IV F;/)T]Ia
where EC denotes the concave hull.

We need to verify that I' VIV € PSHNA(X7 0)s0. The only non-trivial part is
to show that the concave envelope EC(7' + '+ VI',) is a curve of #-psh functions.
For this purpose, we may assume that X is smooth and connected. According to the
Ross-Witt Nystrom correspondence ([RWN14, Section 5, Section 6] and [DXZ23,
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Theorem 2.6]), T" and IV correspond to geodesic rays £ and ¢ in PSH(X, 6): for any
t > 0, we have

¢ =sup(Ty +t1), £, =sup(I, + t1).
TER TER

It follows that

OV Uy, =sup(T, VIL +tr).
TER

Hence,

EC(r—T,VI,), = g(f)(ﬁt vVl —tr')

and EC(1 — I'; VI7),» € PSH(X,0) U {—oc0} by Kiselman’s principle.
By a similar argument, we have

Corollary 4.6. Suppose that I',T' € PSHNA(X7 0)so. For any cordg € X, we
have

—(CVI)2(cordg) = EC (7' — (—=T%(cordg)) V (-T5"(cordg))). -
In particular,

(4.2) (CvI)*(cordg) =T (cordg) VI (cordg).

It follows from |Corollary 4.6| and [Lemma 4.2| that the maximum operation is
compatible with the projective system (3.4). Hence, we can make the following
definition in general:

Definition 4.7. Suppose that I',)TV € PSHNA(X, ), we define their mazimum
VI’ e PSHY*(X, 6) as the element with components

(v IV)0te = potw o,
The associated non-Archimedean potential behaves as expected:
Corollary 4.8. Suppose that T',T" € PSHNA(G). For any cordg € X4V, we have
(4.3) (CvIT)*(cordg) =T (cordg) VI (cordg)

and

(F \ F/)max = 1_\max \ F/

max"*

The maximum operation is commutative and associative. In particular, finite
(non-empty) maximum makes sense in the obvious way.

The maximum operation is compatible with the partial order in the following
sense: given I', T € PSHNA(H), the following are equivalent

(1) TV =T
(2) T<T.

The maximum operation is compatible with the addition by a constant: if
C € R, then

CVvI)+C=T+C)Vv(I'+0O).
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4.4. Decreasing limit along a net.

Definition 4.9. Let (T';);c; be a decreasing net in PSHY*(X,6). Assume that
inficr I'i max > —00. We define inf;c;I'; € PSHNA(X7 ) as the element with com-

ponents
04w
infI'; = inf TV,
i€l - el ©

This gives an element in PSHNA(X,O) by |Proposition 2.8| together with |[DX22]|
Lemma 2.21(1)]ﬂ

When inf;c; I'; max = —00, we could still formally define inf;c; I'; as a symbol
—00. As one could easily verify, all of our pluripotential-theoretic operations admit
natural extensions to —oo.

Using [DXZ23, Lemma 3.13], we have

Lemma 4.10. Let (T';);cr be a decreasing net in PSHNA(X, 0) with inf;c; T'; €
PSHN(X,0). Then for any cordp € X4V,

(4.4) (125 FZ) (cordg) = 12? I'¢"(cordg).

Moreover,

inf Fz = inf Fi,max~
el max el

This operation is compatible with itself: if I and J are two non-empty directed
set and I';; is a decreasing net in PSHNA(X,O) indexed by I x J with inf; ; T';; €
PSHYA (X, 6), then

inf Pij = inf inf Fij = inf inf F”
2,7 i€l jeJ jeJiel

This operation is compatible with the partial order in the following senses: if
I; € PSHNA(X, 0) (i € I) is a decreasing net with inf;e; T; € PSHY*(X,6). Then
infjerI'; <T for all ¢ € I and it is the biggest element in PSHNA(X, 0) with this
property. On the other hand, if T, € PSHY*(X,6) (i € I) is another decreasing
net with inf,e; I € PSHNA(X, 0) such that I'; <T7 for all ¢ € I, then
inf I'; < inf .
iel iel
This operation is compatible with the addition by a constant: if C' € R, then

i€l icl

4.5. Regularized supremum.

Definition 4.11. Let (I'');c; be an increasing net in PSHNA(X7 0)so. We as-
sume that sup;c; [}, < 0o. We define a map sup,;¢; 17 —o0,sup; I' —

max: (
PSH(X, 0) as follows:
(sup* I‘i> =P [sup* F’T] .
icl - i€l

By it is easy to see that sup*, I € PSH (X, 6) <.

max)
max

2The result is stated for a sequence, but the proof extends to a net.
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More generally, suppose that I € PSHYA(X,6) (i € I) is an increasing net
with sup, %, < co. We define sup*; T € PSHY*(X,60) as the element with

max
components

(4.5) (sup* F’) = sup*IH0+w
il i€l
for any Kéahler form w on X. The compatibility follows from [DX21, Lemma 3.14].

Definition 4.12. Let (I');c; be a (non-empty) family in PSHN* (X, ) such that
sup;e; iy < 00. Let J denote the directed set of finite non-empty subsets of I

ordered by inclusion. Then we define

sup*I'? := sup* <max Fj> .
icl Jeg \J€J

Recall that the maximum is defined right after
THEOREM 4.13. Let (T%);c; be a (non-empty) family in PSHY*(X,0) with

sup;er [ax < 00. Then for any cordg € XU, we have
an
(sup* I‘i> (cordg) = sup '**(cordp).
i€l iel
Moreover,

(sup* Fi) =supl? ..
i€l max €l

This result is the transcendental analogue of Boucksom—Jonsson’s envelope con-
jecture. As explained in [DXZ23| Theorem 3.4], when X is smooth and projective,
this result implies Boucksom—Jonsson’s envelope conjecture.

ProOOF. By |Corollary 4.8, we may assume that (I'%);c; is an increasing net.

Furthermore, it is easy to reduce to the case where I'? € PSHNA(X, 0)so. In fact,

by definition,
) an ) an
<sup* 1”) = <sup* F”0+°’>
iel i€l

for any Kéahler form w on X. A similar equation holds for (). as well. So we
could replace I'V by '+ and assume that I'"? € PSHNA(X, 0)>0.
In this case, the result follows from [DXZ23| Lemma 3.13]. O

In particular, this operation extends the finite maximum.
This operation is compatible with itself: if (I'"7);cr jes is a (non-empty) family
in PSHYA (X, 0) with sup;c; e, I, < co. Then

max
sup* sup* ' = sup* sup* '/ .
i€l jeJ jeJ el
It is compatible with the partial order: Suppose that (I');cr, (I"");es are two fam-
ilies in PSHY*(X, ) with sup*;.; T, < 0o and sup*,c; 7, < oo and T% < T
for each 7 € I, then . 4
sup* I < sup* I
il i€l
It is compatible with addition by a constant: if C' € R, then

sup*(I' + C) = (sup* Fi) +C.
i€l i€l
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There is no non-trivial compatibility with the decreasing limits, as expected.

4.6. Rescaling and addition.

Definition 4.14. Let I' € PSHNA(X, 0) and A € Ry, we define the rescaling
AL € PSHN* (X, \0) as the element with components (AT)* T : (=00, Al yax) —
PSH(X, A0 + w):

AN0+w . 0+2 " w
(AD)M+e o APO Y

for any Kahler form w on X.

Definition 4.15. Let I' € PSHY*(X,6)( and TV € PSHY*(X,6')~. We define
D+ T (=00, T'max + Thay) — PSH(X, 0 + 0') as

max

(F + F/)T = Pyyo |:Sup (Ft + F;_t):| .
teR

Observe that 7 — sup,cp(I's +I7_,) is concave. In fact, this curve is just
the concave involution of T' and IV. From the general properties of infimal in-
volution, we know that this map is concave and usc. For each fixed z € X,
T — sup,ep(Li(z) + I _,(x)) is either constantly —oo or proper. In particular,
by [Roc70, Theorem 16.4] and Legendre-Fenchel duality, 7 + sup,cp(I's + I _,)
is the same as the inverse Legendre transform of £ + ¢/, where ¢ and ¢ are the
geodesic rays defined by I' and I”. In particular, sup,ep(I's +I7._;) is either in
PSH(X, 6) or constantly —oco by Kiselman’s principle. By and [Xia22|
Proposition 2.8], we find that T' + " € PSHY*(X,6)<,.

This argument also shows that for any cordg € X4V, we have
(4.6) (T +T")*(cordg) = I (cordg) + " (cordg).

Definition 4.16. Let T' € PSHY* (X, ) and T € PSHN* (X, ¢'). We define T+I" €
PSHN*(X, 0 + ¢') as the element with components

(F+F/)9+w _ F0+w +F/9+w.
Note that ' +I" € PSHY*(X, 60 + ¢') by (4.6).
Lemma 4.17. Suppose that T € PSHY*(X,0), T" € PSHYA(X,0), A € Rso.

Then for any cordg € X9V, we have
(AD)*(cordg) = AI'**(cordg), (I +T")*(cordg) =T*"(cordg) + I"*"(cordg).
Moreover,

()\F)max = )\Fmaxy (F + Iﬂl)ma»x = Fmax + F;nax-

Both operations are compatible with themselves: if \,\' € Ryg and T" €
PSHYA(X, 6), T" € PSHY*(X,¢') and T” € PSHN*(X,6"), then

ANT) = (AN)T
and
C+T)+T" =T+ ("+1").

The addition is clear commutative. Moreover, these two operations are compatible
with each other:

AT +T) = AT+ AV, A+ N)I' = AT+ \T.
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Both operations are compatible with the partial order: if I',IV € PSHNA(X ,0),
A € Rug, then T’ < I" if and only if A\I' < AI'. Suppose that ', I'2 € PSH (X, 9),
" 1”2 e PSHNA(X7 0') and Tt < T2, T <T72 then I'! + Tt < T2 4172

Both operations are compatible with addition by a constant: if C' € R, A € R+,
I € PSHYA(X,0) and I" € PSHY*(X,#’), then

AT+ C)=A'+ XC
and
C+I)+C=T+(IT"+0).

Both operations satisfy obvious inequalities with respect to the limit operations.
We leave the details to the readers.

4.7. The trace operator. We assume in addition that X is smooth. Recall

that in this case, we have a natural bijection (3.8)). Fix an irreducible reduced
closed analytic subspace E of X.
Definition 4.18. Assume that X is smooth. We say I' € PSHYA (X, ) has non-
trivial restriction to E if there is a small enough C' € R so that v(I'%", E) = 0 for
any Kéahler form w on X.

This definition is motivated by the following observation.

Lemma 4.19. Assume that X is smooth and projective. Let T' € PSHNA(X7 0).
Then the following are equivalent:
(1) Fan(vE,triv) 7£ —00;
(2) T*|pan # —o0;
(3) T has non-trivial restriction to E.
Here vg triv denotes the trivial valuation of C(E).

PROOF. The equivalence between (1) and (2) is a simple consequence of the
maximum principle |[BJ22al Lemma 1.4(i)].
To see the equivalence between (1) and (3), it suffices to observe that for any
v € PSH(X,0),
n —o0, if v(p, E) > 0;
'Y (UE,triv) - 0, if U(QO,E) =0.
O

Definition 4.20. Assume that X is smooth. Assume that I' € PSHY*(X,0)
has non-trivial restriction to F, we define the trace operator of I' along E as the
element Trg(T') € PSHY*(E, 0| ;) defined as follows: for any Kahler form w’ on Y
and any Kéhler form w on X satisfying w’ > w|y, the component TrE(F)0|E+“’/ €
pSHN (E,0)| 5 + ') is given by

T Py g [T (T77)],

where 7 € (=00, (Trg(I'))max) and (Trg(T))max = sup{r € R : »(I%t*" E) = 0}
for any Kahler form w” on X.

We remind the readers that E is the normalization of E. It is a normal Kéhler
space by |GK20, Proposition 3.5].

The non-Archimedean potential associated with Trg (") is not very easy to
describe. We will only do this in the following special but important case.



OPERATIONS ON TRANSCENDENTAL NON-ARCHIMEDEAN METRICS 19

THEOREM 4.21. Assume that X is smooth projective and {0} is the first Chern
class of a pseudoeffective line bundle L. Consider an element I' € PSHNA(X, 0)
with non-trivial restriction to E. Then

(4.7) Trp (D)™ gav = T gass.

Observe that there is a canonical identification 4V = Fdiv,
In order to prove the theorem, we need to recall the following notion introduced
in [DXZ23].
Definition 4.22. A piecewise linear curve 1, in PSH(X, ) associated with ., €
PSH(X,#), for a finite number of parameters 79 > 71 > --- > 7y is the affine
interpolation of these data:
(1) oy =ty for T < 7
(2) Fort € (0,1) and i =0,...,N — 1, we have Y _t)r, 44r,,, = (1 = 1)br, +
t’ll)‘l'i+1 )
(3) ¥y = —o0 for 7 > 7.
The analytification ¢*" of a piecewise linear curve v, as above is defined as

(4.8) Y (v) = sup (Y (v) + 1) = max (¢ (v) + 1) for v e X
<70 Ti
PROOF OF [THEOREM 4.211 We may assume that ' € PSHY*(X,0)~. Let
¢ =TI € PSH(L*"). By [Lemma 4.19} ¢(vE triv) # —00.

Take an ample line bundle S on X, a Kéhler form w in ¢;(S). Write ¢ as the
decreasing limit of a sequence ¢’ of elements in ”Hg(L +1i71S). This is possible by
Corollary 12.18].

Take I'' € PSHYA (X, #+i~w) such that ['"*" = ¢’ Note that by
I e PSHNA(X,0 +i!

W)>0-
It follows from [Lemma 4.10| (applied to the images of I' in PSHY*(X, 6 + w))

that for any 7 < I'max, we have

lim T =T,.
1—00
In particular, by [Lemma 2.10} the Lelong numbers of I'. converge to those of T'..

It follows that T LLIGEN I, for all 7 < I'pax-

By |[Lemma 4.19 again, each I'* has non-trivial restriction to E. By |[DX24

Lemma 3.12], for any Kéhler form w’ on E satisfying w’ > w|p we have
’I‘I’E(Fi)i‘Eer/ ds, TrE(F)z‘EJW/
for any 7 < (Trg(T))max. Thanks to [Xia22 Theorem 0.10], the Lelong num-

bers of TrE(Fi)ﬁlé—W converge to those of TrE(F)g‘E+w/. Therefore, by
Lemma 3.13],
Tre(I)* (cordp) = irilf Trg(I)%* (cordp)
for any cordr € E4YV. In particular, it suffices to prove with I'? in place of T.
In other words, we have reduced to the case where ¢ € ’H%f(L) and L is big.
Under this extra assumption, as proved in the proof of Theorem 3.12],

there is a piecewise linear curve i connecting potentials lying in the space of po-
tentials generated by functions of the form

(4.9) m~!log mzax(\siﬁgq, +0)
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using convex combinations and finite maxima, where m € Zxq, the s;’s are finitely
many holomorphic sections of L™ and ¢ € Q such that I'; is the Z-envelope of 7,
for any 7 < I'ax, where 7 is the concave envelope of 1. Moreover, after adjusting
¥ (c.f. |Roc70, Theorem 5.6]), we may guarantee that ¢ itself is concave. In
particular, I' ~7 ¥, for all 7 < T'pax.

It follows that for any cordp € E4V,

@|gan (cordp) = sgp (Y2 (cordp) + T)
T<D'max

= sup ((¥r|)" (cordp) +7)
T<T'max

= sup (Trg(y,)*(cordp) + 7)
T<I'max

= sup (Trg(l;)*(cordr)+7)
T<I'max

=Trg((T)* (cordp).

Here we adopt the convention that (—oc0)**(cordp) = —oo to simplify the nota-

tions. The third equality follows from the linearity of the trace operator [DX24,

Lemma 3.10] and the obvious fact that the trace operator preserves finite maxima.

The fourth equality follows from [DX24, Lemma 3.9]. In order to justify the second

equality, it suffices to show that for 7 < (Trg(T"))max, if ¥; has the form , then
(¥r]5)™ (ordp) = 2" (ordr).

We could easily reduce to the case m = 1 and v, = log |s|%0 for a single holomorphic
section s of L which does not vanish identically on E. In this case, the above equality
is trivial. (]

In particular, the trace operator is compatible with the partial order and the
addition by a constant.
As an interesting corollary,

Corollary 4.23. Assume the same assumptions as in[Theorem .21 Suppose that
¢ € PSH(L*) is a non-Archimedean metric represented by T € PSHYN*(X,6) and

FE is an irreducible reduced subvariety of X. Then
P(vp,uiv) =sup{T €R: vl ) = 0}
for any Kdhler form w on X.

4.8. Functoriality. Let 7: Y — X be a proper bimeromorphic morphism
from a reduced irreducible unibranch compact Kahler space of dimension n. By
Zariski’s main theorem, the obvious pull-back map induces a bijection

7*: PSH(X, 0) — PSH(Y, 7*0).
In particular, it induces a canonical bijection
7 : PSHYA(X, 0)s0 — PSHYA(Y, 7%0)
as follows: the image of I" € PSHNA(X, 0)~o is given by
7T (—00,[max) = PSH(Y, 7*0), (7T, =="T,.
This induces a canonical bijection
7 PSHYA(X, 0) =5 PSHN* (Y, 770).
The injectivity is trivial and the surjectivity follows from
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Note that there is a canonical identification Y4 =5 X4V 5o that we can
identify (7*I')** and I"@".
One trivially verifies that all the previous operations are functorial with respect

to 7*.

5. Comparison with Boucksom—Jonsson’s theory

Let X be a reduced irreducible unibranch projective variety and L be a pseu-
doeffective line bundle on X with £ = ¢1(L). Fix a smooth Hermitian metric kg on
L with 0 = Cl(L7 ho)

Recall the following basic result:

THEOREM 5.1 ([BJ22al Theorem 4.22]). Let ¢,v € PSH(L*"). Assume that
& < on XUV, then the same holds on X",

In particular, as we have computed the effect of our operations on X4V, their
behaviours on X2 are in fact completely determined.

Corollary 5.2. The order relation, addition by a constant, maximum, decreas-
ing limit, rescaling and addition correspond to the corresponding operations in
Boucksom—Jonsson’s theory. Assume that the envelope conjecture holds for X, then
the same holds for the supremum operation.

Briefly speaking, we have established the correspondence between the non-
Archimedean pluripotential theory and the convex geometry of complex potentials
as in [Table 1l

Finally, we have the following comparison result between our theory of non-
Archimedean potentials and Boucksom—Jonsson’s.

Corollary 5.3. The following are equivalent:

(1) The envelope conjecture of Boucksom—Jonsson holds for (X, L);

(2) The comparison map T' — T* defined in [Definition 3.11| admits an ex-
tension as a bijection PSHY*(X,0) —» PSH(L*").

PRrROOF. By [Theorem 5.1} if the map in (2) exists, it is necessarily unique.

Let 7: Y — X be a projective resolution. Consider the following diagram:

PSHYA(X,0) - *".» PSH(L™)

lﬂ* lﬂ*

PSHNA (Y, 7%0) —22 PSH(x*L*™).

Clearly, (2) means that we can complete the dotted map as a bijection so that the
diagram is commutative. We already know that the left-vertical map is a bijection,
see The lower-horizontal map is also a bijection by

Now assume (1), then the right-vertical map is also a bijection by [BJ22a,
Lemma 5.13]. Therefore, (2) follows.

Conversely, assume that (2) holds. Take an increasing net ¢; € PSHNA(L‘”‘)
with ¢; < 0. Recall that the envelope conjecture means that ¢; converges to some
RS PSHNA (L*) with respect to the pointwise convergence topology on X4V, We
write ¢; = I for some I € PSHN*(X,6). Tt suffices to take ¢ = (sup*; '!)*"
and apply
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